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Using a combination of neutron scattering, calorimetry, quantum Monte Carlo simulations, and analytic
results we uncover confinement effects in depleted, partially magnetized quantum spin ladders. We show
that introducing nonmagnetic impurities into magnetized spin ladders leads to the emergence of a new
characteristic length L in the otherwise scale-free Tomonaga-Luttinger liquid (serving as the effective low-
energy model). This results in universal LT scaling of staggered susceptibilities. Comparison of simulation
results with experimental phase diagrams of prototypical spin ladder compounds bis(2,3-dimethylpyr-
idinium)tetrabromocuprate(II) (DIMPY) and bis(piperidinium)tetrabromocuprate(II) (BPCB) yields
excellent agreement.
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Understanding the interplay of electron correlation and
disorder is one of the central problems of condensed matter
physics. The influence of disorder becomes crucial in one
dimension where the nontrivial topology does not allow for
quasiparticles to avoid even the smallest defects [1]. The
impact of such interaction can be especially dramatic in
gapless many-body 1D systems realizing a quantum critical
Tomonaga-Luttinger liquid (TLL)—a one-dimensional ana-
log of the celebrated Fermi liquid [1–4]. Similarly to the
latter, the TLL is characterized by the analog of Fermi
velocity v that sets the energy scale (conveniently expressed
in units such as Kelvin), and additional exponent K reflect-
ing the strength and type of interactions in the system.
A paradigmatic model for the study of the TLL physics is

the simple S ¼ 1=2 Heisenberg chain. Recent studies of
site disorder in spin chain materials have shown that
introduction of defects into the chain lattice effectively
divides the liquid into finite pieces [5,6]. Such segmenta-
tion has a profound effect on the low temperature properties
of the TLL: the pure system, being in a quantum critical
state is characterized by only a single energy scale—
temperature T. Introduction of defects imposes a novel
scale: the average distance between defects L and leads
to discretization of the TLL energy levels with a v=L step
[see Fig. 1(a)]. This in turn leads to the replacement of the

original T universality by a new LT universality: all
dynamic and thermodynamic observables become func-
tions of the product LT only [6–8]. However, for the
general anisotropic XXZ case such theoretical studies were
performed only in the T ¼ 0 limit so far [9].
A central question in the study of defects in low-

dimensional quantum magnets is whether the LT scaling
is a truly universal property of disordered TLLs, even when
defects do not break the liquid’s continuity and for arbitrary
TLL exponent K. The simplest realistic model allowing
for the study of this problem is the depleted Heisenberg
S ¼ 1=2 ladder. Unlike the spin chain, it offers a much less
restrictive geometry since removing one spin from the
lattice does not break the ladder continuity, as shown Fig. 1.
In addition, different interaction parameters K can be
achieved in ladders with different rung and leg exchange
coupling ratios J⊥=Jk, with strong leg ladders displaying
attractive and strong rung ladders repulsive interactions
[10]. This K exponent is also tunable by the magnetic field,
and is usually found from numeric simulations for a given
system [11]. Thus, the depleted spin ladder magnets open
up an avenue to explore the “dirty TLL” physics in the most
generic, controlled, and tunable way.
In this Letter we experimentally and theoretically study

the effect of spin depletion on two organometallic spin
ladder materials: BPCB [12–15] and DIMPY [16–19].
Both of these materials are well-established realizations
of the S ¼ 1=2 Heisenberg ladder Hamiltonian and harbor
an attractive (DIMPY) and repulsive (BPCB) TLL when
magnetized [10,12,16]. The most relevant parameters of the
materials are given in Table I [20]. Using inelastic neutron
scattering we experimentally confirm the applicability
of the depleted ladder model to Zn2þ (S ¼ 0)-substituted
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BPCB. Using a combination of QMC simulations [21],
analytical calculations, and an extensive low temperature
heat capacity survey we show that the LT scaling of
staggered susceptibilities is a robust, universal property
of disordered TLL regardless of the K parameter. Our
findings suggest that such scaling persists even if the
continuity of TLL remains preserved, a situation inacces-
sible in the segmented spin chain settings studied before
[6–9]. Thus, LT universality appears to be a generic
property of “dirty” TLLs.
The samples were grown in house by the thermal

gradient [ðC7H10NÞ2Cu1−zZnzBr4 DIMPY] and solvent
evaporation [ðC5H12NÞ2Cu1−zZnzBr4 BPCB] methods,
similar to the pristine materials [13,17], with replacement
of the relevant amount z of CuBr2 by ZnBr2. Both in
specific heat and neutron scattering experiments we have
used fully deuterated chemicals for growth of BPCB
crystals. The Zn2þ content in the studied samples was
verified using micro x-ray fluorescence chemical analysis
and independently cross-checked through comparison
of low field magnetization measurements with QMC

simulations. The DIMPY samples were already used in
the previous study [23].
In a depleted spin ladder, at low magnetic fields the

nonmagnetic defects were shown to lead to the emergent
clusters of staggered magnetization (“spin islands”), as
typical for a gapped system [23,24]. The effect of Zn
substitution in DIMPY at low fields has been already
thoroughly studied revealing that Zn-doped DIMPY is
an excellent realization of a depleted strong leg spin ladder
Hamiltonian [23]. However, despite the structural and
chemical similarity between BPCB and DIMPY, an
assumption that BPCB also realizes a depleted spin ladder
Hamiltonian cannot be taken for granted. In order to verify
that this is the case we have studied the emergent Zn-
induced spin island degrees of freedom in the gapped phase
of BPCB. Thanks to the short correlation length in BPCB,
these “islands” are expected to exhibit no overlap for low
Zn substitution levels and thus behave as uncorrelated
paramagnetic impurities and scatter neutrons elastically.
Their presence could thus be only detected as a magnetic
field induced Zeeman resonance. The localized spin-1=2
degrees of freedom should appear as a nondispersive level,
very broad in momentum, centered at ℏω ¼ gμBμ0H. A
similar kind of Zeeman resonance has been observed in a
depleted Haldane material Y2BaNi1−zMgzO5 [25].
In order to test those predictions we have performed

an inelastic neutron spectroscopy study of 5 co-aligned
z ¼ 0.02 BPCB crystals with total mass 0.9 g, at the IN5
time-of-flight spectrometer [26] (ILL, Grenoble) with a
split-coil vertical magnet. Figures 2(a) and 2(b) show a
comparison between magnetic neutron spectra collected
at T ¼ 60 mK and in 0 and 2.5 T with the magnetic field
applied along the crystals b axis. The data were collected

TABLE I. Magnetic Hamiltonian constants of BPCB [12] and
DIMPY [16] for rung, leg, and interladder interaction and the g
factor [13,22] for the relevant field direction. Also the corre-
sponding correlation length ξ in the gapped phase, and TLL
parameters at 8 T: Luttinger velocity v, and dimensionless
exponent K are given.

J⊥ (K) Jk (K) J0 (mK) gHka ξ (lat. u.) v (K) K

DIMPY 9.5 16.74 75 2.13 6.3 22.04 1.23
BPCB 12.96 3.6 80 2.06 ∼0.8 3.94 0.93

FIG. 1. (a) Origin of LT scaling in Tomonaga-Luttinger liquids.
Finite-size effect results in equidistant discretization of the energy
spectrum at critical wave vector and in effect to suppression
of corresponding susceptibility. (b) A QMC simulation of the
transverse two-spin correlator in a pure and depleted 400-site
magnetized DIMPY and BPCB spin ladders. The two randomly
placed defects in the ladder (shown by red arrows) are partially
“transparent” to correlations.

FIG. 2. (a),(b) Magnetic neutron scattering intensity as a
function of energy and momentum transfer (along the ladder
leg) of depleted BPCB in 0 and 2.5 T. The spectra were taken
using an incident neutron energy of 2.2 (in the main panels) and
1.2 meV (in the insets). For 2.5 T case inset shows the back-
ground-subtracted intensity; the arrow shows the position of the
impurity-related scattering. Dashed line in 0 T panel is the
reference magnon dispersion in clean BPCB [28]. (c) Intensity
profiles IðωÞ near Qk ¼ 0.5 r.l.u. Zeeman resonance at 0.3 meV
is well visible in the magnetized case.
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with 2.2 and 1.2 meV incident energy, then treated with
HORACE software [27]. Neutron intensity is shown as a
function of energy transfer ℏω and momentum transfer
along the leg direction Qk. The 0 T spectrum demonstrates
that introduction of nonmagnetic defects does not alter the
magnon dispersion [28] in any obvious way compared with
the pristine material. The dispersion itself is well captured
by the strong-rung limit expansion of the spin ladder model
[29]. There are no novel low energy features visible over
the magnet-related background, justifying the weakly
correlated picture of the defects in BPCB, contrasting
the case of DIMPY. In contrast, at 2.5 T there appears a
clearly distinguishable nondispersive level at 0.3 meV [see
Figs. 2(b) and 2(c)]—the expected resonance. The S ¼ 1
magnon’s dispersion remains unchanged apart from split-
ting into three branches due to Zeeman effect. This is
exactly the behavior one would expect from the depleted
spin ladder with the parameters of BPCB. The availability
of the “isolated island” analytic solution in the strong-rung
limit with short correlations is very helpful, as the numeric
simulations of spectral properties are extremely demanding
in the presence of disorder. Thus, we are confident that the
chemical substitution in both materials functions the same
way (merely depleting the spin ladder) and further com-
parison of critical properties in high magnetic fields would
be meaningful.
In magnetic fields strong enough to close the magnon

gap, the fate of the spin impurities is expected to change.
Above the critical field the spin ladder enters the gapless
TLL phase [1,30]. The most distinct difference between
TLLs realized in spin chain and magnetized spin ladders is
that ladder lattices offer a much less restrictive geometry.
Thus it can be expected that introduction of nonmagnetic
defects could induce a novel length scale into the problem
without sacrificing the TLL continuity. To test if non-
magnetic defects would remain at least partially transparent
to spin correlations in magnetized spin ladders we have
performed direct quantumMonte Carlo (QMC) simulations
of the transverse components of spin-spin correlations
hŜx00Ŝxmni on two ladder lattices with coupling constants
resembling that of our target materials. The calculations
have been performed using the dirloop-sse algorithm
of the ALPS package [21,31]. The results of those calcu-
lations displayed in Fig. 1 suggest that as naively expected,
spin correlations can propagate along the ladder despite
the presence of nonmagnetic defects for both DIMPY and
BPCB. Comparing the left and right panel of Fig. 1(b)
reveals that defects suppress spin correlations much more
efficiently in the case of the repulsive TLL realized in
BPCB than in the attractive case of DIMPY.
In order to verify that introduction of defects that do not

lead to segmentation of the TLL still leads to the presence
of LT scaling in the critical (transverse staggered χ�π )
susceptibility of magnetized depleted ladders, we have
performed another series of QMC simulations. Although

the ALPS dirloop-sse algorithm [21,31] does not give
direct access to χ�π for magnetized systems, it does allow
for the calculation of the static transverse correlation
function hSþ00S−nmi. While this quantity is in general not
directly related to the susceptibility, in the case of TLL it
can be shown that per mol of spins we have

χ�π ðL; TÞ ¼
NA

kB

ðgμBÞ2
LTRðKÞ

X

n;m;k;l

ð−1Þn−mþk−lhSþnkS−mli; ð1Þ

with RðKÞ being a prefactor of the order of 1, that can be
analytically derived [20].
Using the QMC results and Eq. (1) we have computed

the staggered transverse susceptibility for a series of
spin ladder lattices of 10, 20, 50, 100, and 200 rungs with
coupling constants resembling those of DIMPYand BPCB,
in the 8 T field, and with the boundaries being open. The
resulting susceptibilities are plotted in the inset of Fig. 3(a).
However, as we can see, the simple χ�π ðL; TÞ × T product
does not show apparent scaling as it would in the open
boundaries Heisenberg spin chain case with K ¼ 1=2 [7].
The temperature-related power law requires a modification
here, and we argue that the generalized scaling relation
should be [20]

χ�π ðL; TÞ ∝
�
T
v

� 1
2K−2

FK

�
LT
v

�
; ð2Þ

with FKðxÞ being a K-parametrized single argument
function. Once the data are replotted in the respective
coordinates [Fig. 3(a)], the presence of scaling (2) in the
low-T regime becomes apparent. This is consistent with
the power law T1=2K−2 for the thermodynamic limit [1].
At higher temperatures the behavior is non-TLL in general
and the scaling breaks down.

FIG. 3. Comparison of LT=v scaling properties of staggered
susceptibilities in finite spin ladder segments and depleted spin
ladders. Susceptibility is extracted from QMC data according to
Eq. (1); simulations are done at 8 T field for coupling constants of
DIMPYand BPCB. (a) Scaling of finite spin ladder segments with
open boundary conditions. (b) Scaling of 400 rung diluted spin
ladder lattices, here L ¼ ð1 − z=2z − z2Þ is the average interdefect
distance. In both panels the dashed lines show the scaling law
expected for the infinite system. Insets shows the unscaled data.
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To test the hypothesis that introducing random spin
depletion also introduces a new length scale leading to LT
scaling we have performed a second set of QMC simu-
lations. Assuming the same coupling parameters and
applied magnetic fields we have computed the susceptibil-
ities for both ladder systems with 400 rungs and 1%, 2%,
4%, and 6% spin depletion and averaged over 20 different
random impurity distributions. The results of these calcu-
lations are displayed in Fig. 3(b). Strikingly despite some
differences in overall shape of the curves compared to the
finite length pieces, the susceptibilities in “depleted lad-
ders” closely follow the derived scaling law.
These theoretical results would be best confirmed

through a direct comparison with measurements of trans-
verse staggered susceptibilities of several samples with a
different level of dilution. Although such measurements
could be, in principle, carried out using inelastic neutron
scattering, in practice it would be a formidable task.
Another avenue for testing our QMC results can be
provided through testing the ability of our target systems
to achieve 3D ordering. One of the most spectacular ways
spin depletion influences low temperature properties of
quasi-1D magnets is through altering their ordering capa-
bilities: in ultrapure site diluted SrCuO2 samples the
presence of less than 1% of impurities suppresses Néel
ordering beyond experimental detection [6]. The mean field
condition for magnetic ordering ties the ordering temper-
ature, critical susceptibility, and the strength of residual 3D
couplings J0 [30,32,33]:

χ�π ðTNÞ ¼
NA

kB

ðgμBÞ2
J0

: ð3Þ

This explains the strong suppression of TN in depleted
spin chains: addition of impurities effectively cuts them,
truncating the spin-spin correlations and leading to depres-
sion of the relevant susceptibility. Equation (3) defines the
critical susceptibility magnitude that triggers long-range
ordering. Thus to confirm the validity of our QMC
simulations we have calculated the full phase diagram of
both pure and depleted DIMPY and BPCB for a direct
comparison with experimental phase diagrams obtained
from specific heat measurements. We would like to stress
that the simulations and measurements are performed away
from the critical fields, and so possible Bose-glass related
phenomena [34] are not relevant.
The magnetic phase diagrams for all samples were

determined through locating the maxima of the specific
heat anomalies attributed to 3D ordering via fitting
Lorentzian-like peak functions (details are shown in the
Supplemental Material [20]). The specific heat measure-
ments were performed in the Quantum Design PPMS
dilution refrigerator equipped in a standard specific heat
option and a 9 T superconducting magnet. Representative
datasets after subtracting the nuclear spin contribution for

samples with different Zn substitution level of both DIMPY
and BPCB are shown in Fig. 4. Inspection of both datasets
reveals that spin depletion apart form quickly suppressing
magnetic order additionally leads to broadening of the
specific heat anomalies. It was shown that such broadening
can be an effect of weak random fields arising due to
chemical disorder [35]. Indeed it can be expected that spin
depletion of a single ladder not only decreases its staggered
transverse susceptibility leading to the depression of TN
but also exerts an effective random field on the neighboring
ladders. Interestingly, apart from altering the shape and
location of the specific heat anomaly spin depletion seems
to have no influence on the high temperature specific heat.
This simple observation suggests that although adding
nonmagnetic impurities changes the span of correlation
functions it does not influence the spinon velocity v as
CTLL
v ðTÞ ¼ Rðπ=6vÞT. Moreover, previous studies of

equal-time correlations scaling in depleted chains [5]
suggest that defects do not alter the exponent K either,
in agreement with our QMC analysis.
To verify that our QMC procedure is reliable in comput-

ing physical properties of the relevant materials we have
calculated the longitudinal uniform susceptibility which is
a directly observable quantity. For comparison with sim-
ulations we have measured the susceptibility of both
materials using the PPMS AC-susceptibility option at 8 T.
As shown in the inset of Fig. 5(a) the agreement of the
QMC result with experiment is excellent confirming the
validity of our approach.
The first crucial step in simulating phase diagrams of

depleted spin ladders is the determination of the inter ladder
coupling constant J0. To do this we have calculated the
transverse staggered susceptibility for pure 400 rung
systems with periodic boundry conditions and then fitted
Eq. (3) to the experimental specic heat data using J0 as a
fitting parameter, following the procedure of Ref. [16]. As a
result we have established the interladder coupling to be
106 and 110 mK for DIMPY and BPCB, respectively,
values slightly higher than previously obtained through a
combined DMRG and field theory approach. Although
estimating TN for the case of depleted ladders from

FIG. 4. Comparison of the spin dilution effect on the specific
heat anomaly of DIMPY and BPCB measured at 8 and 9 T,
respectively. Dashed lines show the expected TLL linear specific
heat. Arrows mark the transition temperature.
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susceptibility calculations with a similar level of averaging
to those used for the scaling analysis to qualitatively
reproduce the experimental phase diagram, the predicted
phase boundaries showed to be off by over 20% compared
to the experimental results. In order to correct for the effect
of under averaging we have thus calculated the expected TN
for several fields averaging over 100 random impurity
configurations. This allowed us to obtain predictions for TN
with excellent agreement with empirical data.
The final comparison of experimental and calculated

phase diagrams is shown in the main panels of Fig. 5. For
both materials the QMC result seems to accurately repro-
duce the phase diagrams for both pure and diluted samples.
The excellent predictive power of our QMC calculation
confirms that our simulation method can be used to
accurately calculate χ�π ðTÞ for a range of magnetic fields.
This in turn reassures the validity of the LT scaling analysis
in depleted spin ladders. Finally, we would like to note that
in the case of attractive TLL in DIMPY the ordered phase
is much more resistant to defects compared to the case of
repulsive TLL in BPCB. This seems to be the experimental
consequence of spontaneous defect “healing” in an attrac-
tive TLL [36], and is also in line with the direct calculation
of (small) correlation suppression in the DIMPY case
shown in Fig. 1(b).
Our results combined, with Ref. [23], paint a full picture

of the interplay of spin depletion and magnetic fields in spin
ladders. At low magnetic fields H < Hc1 defects introduce
packets of localized staggered magnetization that can give
rise to a new emergent magnetic system if located densely
enough to interact with one another. On the other hand
at high fields H > Hc1 defects truncate the spin-spin

correlation introducing a new length scale and introducing
the new LT universality even when the TLL is not fully
segmented. Those results suggest that the quantum critical
state is in general susceptible to adjusting to externally
imposed length scales such as disorder. We have verified
that the LT scaling generally emerges in the presence of
impurities for any degree of continuity and any Luttinger
exponent K. Our analysis is expected to be directly trans-
ferable to other TLL systems such as nanowires, or the
quantum Hall edge states. Another interesting possible
application are the 1D disordered quantum magnets with
charge degrees of freedom, such as Sr14Cu24O41 [37] or
BaFe2S3 [38]. It remains to be verified if our results will
hold in these more complex situations.
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