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Quantum states of light have been shown to enhance precision in absorption estimation over classical
strategies. By exploiting interference and resonant enhancement effects, we show that coherent-state probes
in all-pass ring resonators can outperform any quantum probe single-pass strategy even when normalized
by the mean input photon number. We also find that under optimal conditions coherent-state probes equal
the performance of arbitrarily bright pure single-mode squeezed probes in all-pass ring resonators.
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Quantum metrology seeks to determine and attain the
fundamental quantum limits in estimating physical param-
eters [1]. Its primary focus is to identify quantum strategies
that outperform classical sensing schemes for an equivalent
set of resources [2]. For example, given a mean number of
probe photons, nonclassical states have been used to
enhance precision in estimating both phase and absorption
in various applications including interferometry, magne-
tometry, and spectroscopy [3–7].
Detecting and characterizing analytes using optical ring

resonators has been applied in a wide range of scenarios
such as gas sensing [8], measurements of mechanical strain
[9], and biochemical analysis [10]. The fundamental limits
in estimating analyte properties using these structures is a
largely unexplored topic in quantum metrology. A goal of
this study is to quantify whether engineered photonic
circuits with a classical light source can outperform non-
classical state probes in a standard single-pass (SP) scheme.
Compared to SP strategies, resonant optical cavities raise
the prospect of enhanced precision both as a result of a
buildup of the optical intensity and the increased number of
interactions.
In this work, we quantify the magnitude of these

precision gains when estimating the absorption coefficient
and refractive index changes induced by an analyte
evanescently coupled to an all-pass ring resonator. Using
quantum estimation theory, we determine the experimental
parameters that yield the highest possible precision for
single-mode Gaussian probe states. At the optimal operat-
ing point, we find there is no advantage in using bright
squeezed states over coherent state probes. Furthermore,

coherent-state probes in all-pass ring resonator systems are
capable of outperforming SP strategies with quantum
probes, including squeezed light and Fock states with
the same mean input photon number.
The system we consider is an all-pass ring resonator

composed of a ring resonator coupled to a bus waveguide,
as depicted in Fig. 1. This contrasts to a SP strategy where
the analyte is slotted into or surrounds a single-bus wave-
guide [8]. Light traveling in the ring is evanescently
coupled to an analyte with an unknown absorption coef-
ficient αA, which we seek to estimate.
The intensity transmission of this system is [11]

ηR ¼ a2 − 2ra cosϕþ r2

1 − 2ra cosϕþ ðraÞ2 ; ð1Þ

FIG. 1. All-pass ring resonator with a self-coupling coefficient
r, round-trip phase ϕ, and attenuation a. We seek to estimate the
absorption coefficient αA or refractive index nA of an analyte
evanescently coupled to the ring resonator.
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where r is the self-coupling coefficient, ϕ is the round-trip
phase, and a is the attenuation coefficient. A phase shift

θR ¼ πþϕþ arctan
rsinϕ

a− rcosϕ
þ arctan

rasinϕ
1− racosϕ

; ð2Þ

is imparted on the optical mode of the bus waveguide.
The buildup factor, i.e., the ratio between the circulating
intensity in the ring and the incident intensity is

B ¼ ð1 − r2Þa2
1 − 2ra cosϕþ ðraÞ2 : ð3Þ

Note that B is independent of the intensity as the all-pass
ring resonator is a linear system.
From the Beer-Lambert law, a ¼ e−αTL=2 where L is the

ring length and αT the total linear absorption coefficient,
which has two contributions

αT ¼ αI þ ΓαA: ð4Þ

Here, αI characterizes the intrinsic ring-waveguide loss in
terms of an effective absorption coefficient and αA is the
targeted analyte absorption coefficient. The fraction of
guided light in the ring that interacts with the analyte is
quantified by the confinement factor Γ.
The all-pass ring resonator can be modeled as a channel

Λ that imparts a loss
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − ηRðαAÞ
p

and a phase shift θRðαAÞ
on the probe state.
Fundamental quantum limit.—The precision with which

αA can be estimated is bounded by [12]

Δ2αA ≥
1

νQðαAÞ
: ð5Þ

For a given experimental strategy repeated ν times, the
quantum Cramér-Rao bound (QCRB) relates the variance
Δ2αA to the quantum Fisher information (QFI),QðαAÞ [13].
It specifies the best precision achievable for a given channel
and probe state.
Coherent-state probes.—We now quantify the perfor-

mance of a coherent state probe in estimating αA. A coherent
state jβiwithmean photon number jβj2 is fully characterized
by a displacement vector d with elements di ¼ hx̂ii and a
matrix Σ ¼ I=2 of covariances of the quadrature operators
x̂1 ¼ ðâ† þ âÞ and x̂2 ¼ iðâ† − âÞ [14]. Application of the

channel transformation jβi↦Λ j ffiffiffiffiffi
ηR

p
eiθRβi results in a dis-

placement vector d ¼ β
ffiffiffiffiffi
ηR

p ðcos θR; sin θRÞT.
The QFI of a single-mode Gaussian state is [15]

QG ¼ Tr½ðΣ−1Σ0Þ2�
2ð1þ P2Þ þ 2P02

1 − P4
þ ΔX0⊺Σ−1ΔX0; ð6Þ

where •0 ≡ ∂αA•, P ¼ detðΣÞ−1=2 is the purity of the state
and ΔX0 ¼ dhXαAþϵ − XαAi=dϵjϵ¼0 with X ¼ ðx̂1; x̂2Þ.

For a coherent-state probe, the first two terms in Eq. (6)
are null, resulting in a QFI

QC ¼ ðjβjLΓBeαTL=2Þ2: ð7Þ

as derived in Supplemental Material A [16]. Equation (7) is
maximized when r ¼ a and ϕ ¼ 2πm,m ∈ Z, that is when
the all-pass ring resonator is critically coupled and on
resonance. Under these conditions, Eq. (7) reduces to

QCjr¼a;ϕ¼2πm ¼ jβj2 L2Γ2B
1 − e−αTL

: ð8Þ

Note that we assume that the incident optical field has a
temporal coherence length that is sufficiently large to
permit interference between light circulating in the ring
and light entering the ring via the bus waveguide. In this
respect, Fock state probes are beyond the scope of this work
due to their wave packets’ finite temporal coherence.
Instead of estimating loss, the above formalism readily

allows one to estimate phase or equivalently refractive
index changes nA induced by an analyte. This quantity is
related to the round-trip phase ϕ ¼ 2πðnI þ ΓnAÞL=λ,
where λ is the free-space wavelength and nI is the intrinsic
refractive index. The only difference is a scaling factor
ð4π=λÞ2, such that the QFI when estimating nA with a
coherent-state probe under optimal operating conditions is

QCðnAÞ ¼ jβj2
�
4π

λ

�
2 L2Γ2B
1 − e−αTL

: ð9Þ

Single-mode Gaussian probes.—We now determine the
performance of pure single-mode Gaussian state probes.
Using a numerical optimization algorithm, we find that the
QFI in estimating αA for these probes is also maximum at
critical coupling and on resonance (see Supplemental
Material, Sec. A [16]). At this optimal operating point,
the QFI is given by

QS ¼ ðjβj2 þ sinh2sÞ L2Γ2B
1 − e−αTL

; ð10Þ

where s is the squeezing factor. Note that the term in
parenthesis is equal to the mean number of photons in this
bright squeezed state. Therefore, when normalized by the
mean input photon number, an arbitrarily bright pure
single-mode squeezed state performs at the same level as
a coherent-state probe given in Eq. (8).
Correlated phase and loss estimation.—Birchall et al.

[18] considered the situation where both the phase θ and
loss η imparted on a channel depend on a common
parameter χ. Using a unitary dilation with a single free
environmental parameter, the following upper bound on the
QFI was derived when estimating χ
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QðχÞ ≤ hn̂iin
4η2ð∂χθÞ2 þ ð∂χηÞ2

ηð1 − ηÞ : ð11Þ

Here, hn̂iin is the mean number of input probe photons. For
an all-pass ring resonator where the parameter of interest
χ ¼ αA, this upper bound takes the form

QðαAÞ ≤ hn̂iin
L2Γ2B

1 − e−αTL
≔ Qub: ð12Þ

As shown in Fig. 2, Qub is identical to the QFI for a
coherent-state probe at the optimal operating point given in
Eq. (8). This upper bound is thus tight for pure single-mode
Gaussian probe states.
Optimal measurement strategy.—Having derived the

fundamental precision limit that can be achieved with pure
single-mode Gaussian probes, we now show that intensity
measurements are capable of saturating it.
The variance in the photon number n̂ with this meas-

urement strategy is

hΔ2n̂i ¼ η2RhΔ2n̂iin þ ηRð1 − ηRÞhn̂iin: ð13Þ

For a coherent-state probe, the input variance hΔ2n̂iin and
mean photon number hn̂iin are both equal to jβj2. The mean
photon number at the output hn̂i ¼ ηRjβj2. Using error
propagation, the variance in estimating αA for a resonant,
critically coupled ring resonator is

Δ2αA ¼ hΔ2n̂i
�
�
�
�

∂hn̂i
∂αA

�
�
�
�

−2
¼

�

jβj2 L2Γ2B
1 − e−αTL

�−1
; ð14Þ

which is the reciprocal of Eq. (8). Thus, an intensity
measurement saturates the QCRB. Note that under critical
coupling and on resonance where the QFI is maximum, no
light is transmitted. A null output in this case is not

synonymous with no information. At critical coupling,
r ¼ a and, provided one knows the all-pass ring parameters
fαI; r;Γ; Lg with high precision, maximum information in
estimating αA is obtained. While operating at this optimal
point can be experimentally challenging, slight detunings in
r and/or ϕ still yield near maximumQFI as shown in Fig. 2.
Single-pass strategies.—We now compare the perfor-

mance of the all-pass ring resonator with SP strategies
where the analyte is directly probed by an input quantum
state. The transmission ηSP ¼ e−αAL in the ideal case where
propagation and reflection losses are neglected.
Fock states with photon number N0 have been shown to

be optimal in estimating the transmission of an analyte on a
per input photon basis [19]. This is also the case when
estimating αA, with an associated QFI [20]

QF;SP ¼ N0

L2

eαAL − 1
: ð15Þ

This expression is maximized for an analyte length
LF;opt ≈ 1.59=αA. Despite yielding the highest precision
in estimating αA for a fixed number of input photons in a SP
strategy, Fock state probes are of limited practical use due
to the difficulty in generating these states with high photon
number. Their performance can be readily surpassed by
coherent-state probes with higher brightness as the QFI
scales with the mean input photon number [20]

QC;SP ¼ jβj2L2e−αAL: ð16Þ

The optimal analyte length in this case is LC;opt ¼ 2=αA.
Comparing Eqs. (8) and (16), we observe that a ring

resonator amplifies the mean input photon number by the
buildup factor B leading to an effective mean photon
number jβj2eff ¼ Bjβj2 in the ring. Additionally, the effec-
tive analyte path length Leff ¼ ΓL is decreased due to the
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FIG. 2. QFI when estimating the absorption coefficient αA normalized by the mean input photon number hn̂iin as a function of the all-
pass ring resonator’s (a) self-coupling coefficient r and (b) round-trip phase ϕ. At critical coupling (r ¼ a ¼ 0.8) and on resonance
(ϕ ¼ 0), the QFI for a coherent-state probe is maximum and equals the upper bound in Eq. (12), i.e.,QC ¼ Qub. Common parameters to
both subfigures are as follows: αA ¼ 20 cm−1, αI ¼ 5 dB cm−1, Γ ¼ 0.43, and ring radius R ¼ 75 μm. ϕ ¼ 0 was set in subfigure (a)
and r ¼ 0.8 in subfigure (b).
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finite coupling factor Γ of the evanescent waves interacting
with the analyte. Finally, the SP strategy transmission
factor e−αAL is converted into ð1 − e−αTLÞ−1 reflecting
the fact that at critical coupling the light remains circulating
in the ring until it is lost by an absorption or scattering
event. Thus, in a critically coupled ring resonator, every
photon interacts with the analyte in the limit of negligible
intrinsic loss. The combination of the enhancement due to
the buildup factor with high analyte interaction efficiency
can result in an appropriately designed ring resonator
structure reaching higher QFI values than SP strategies.
When intrinsic loss is present, not all of the input

photons are absorbed by the analyte. Nevertheless, pro-
vided the intrinsic loss is small enough, the critically
coupled all-pass ring resonator with a coherent-state probe
will outperform an optimal SP strategy employing Fock
state probes on a mean input photon number basis. The
limiting value for the intrinsic loss under which this occurs
can be readily obtained by comparing Eqs. (8) and (15)
with LF;opt, yielding the inequality

αIL≲ 2csch−1ð1.61=LΓαAÞ − ΓαAL: ð17Þ

As an example, we consider estimating the absorption
coefficient of N-methylaniline near 1500 nm which has
been previously studied using a classical approach by
Nitkowski et al. [21]. The silicon all-pass ring resonator
used had a radius R ¼ 50 μm and confinement factor
Γ ¼ 0.43. Using a coherent-state probe, an average stan-
dard deviation ΔαA ¼ 0.25 cm−1 for ν ¼ 8 trials was
reported. The peak absorption measured was approxi-
mately αA ¼ 10 cm−1. With current technology, intrinsic
silicon waveguide loss rates αI < 2.0 dB cm−1 ≈ 0.6 cm−1
are achievable [22]. In Fig. 3, we plot the standard deviation
ΔαA normalized by the mean number of probe photons for
a ring resonator with the aforementioned parameters and a
self-coupling coefficient r ¼ 0.93 chosen to induce critical
coupling at a target αA ¼ 10 cm−1. This results in a
standard deviation ΔαA ¼ 11.1 cm−1 per mean input pho-
ton number for a single trial. For comparison, we also plot
the standard deviations achievable with Fock and coherent-
state probes in ideal SP strategies where the length of the
analyte has been continuously optimized as the absorption
coefficient varies. At the target absorption coefficient
αA ¼ 10 cm−1, these are, respectively, 12% and 23%
worse. Using Eq. (17), the critically coupled all-pass ring
with optimal r outperforms any SP strategy when
αA > 4.4 cm−1. For perspective, operating an all-pass ring
resonator with αI ¼ 2.0 dB cm−1 at the optimal condition,
a coherent-state probe with hn̂iin ¼ 2000 would be suffi-
cient to reach a standard deviation better than that reported
by Nitkowski et al. [21].
Multipass (MP) strategies without resonant enhance-

ment, where an analyte with a fixed length L0 is traversed k
times by the incident light, have been proposed to improve

precision beyond that of a SP strategy [3,23]. However,
since for a given analyte thickness, the net effect of a MP
strategy is to increase the analyte thickness by an integer
multiple, it can never surpass the precision of a SP strategy
with an optimal analyte length.
Tunable coupling regime.—Operating at critical cou-

pling maximizes the QFI in estimating αA and nA. This
would require fabricating customized all-pass ring reso-
nators for each individual analyte. This can be overcome by
using a Mach-Zehnder interferometer-coupled ring reso-
nator, which is formally equivalent to an all-pass ring with a
tunable complex self-coupling coefficient [24]

ρ ¼ i exp½iðϕ1 þ ϕ2Þ=2� cos½ðϕ1 − ϕ2Þ=2�; ð18Þ

where ϕ1 and ϕ2 are the phases in the upper and bottom
arms, respectively [see Fig. 4]. By carefully tuning both of
these phases, one can shift the operating point of the
equivalent all-pass ring resonator from undercoupled to
overcoupled passing through the desired critical coupling
condition. For the case displayed in Fig. 3, the all-pass ring
resonator maintains its performance for analyte absorption
coefficients within 20% of the target value αA ¼ 10 cm−1,
highlighting its robustness.
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FIG. 3. Standard deviations ΔαA normalized by the mean input
photon number for an all-pass ring resonator probed by a
coherent state (in blue), the quantum limit for a single-pass
(SP) strategy attainable with a Fock state (in purple) and SP with a
coherent-state probe (in green). For both SP strategies, the analyte
length has been continuously optimized as αA varies. The all-pass
ring resonator is critically coupled for a target αA ¼ 10 cm−1.
Optimizing the self-coupling coefficient r further improves its
performance (dotted blue).

FIG. 4. Mach-Zehnder interferometer-coupled ring resonator
with tunable phase shifters ϕ1 and ϕ2.
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Conclusion.—We have quantified the performance of
pure single-mode Gaussian probes in estimating the
absorption coefficient and refractive index changes induced
by an analyte evanescently coupled to an all-pass ring
resonator. We found the highest precision in estimating
these parameters is achieved at critically coupling and on
resonance. At this optimal operating point, there is no
advantage in using bright single-mode squeezed states over
coherent-state probes. Practically, operating at this ideal
point can be facilitated by using a Mach-Zehnder interfer-
ometer-coupled ring resonator.
There are many cases, such as when there is a limit in

total optical probe power or competing noise sources in an
experiment [25,26], where a key performance metric is the
precision attainable by a given strategy normalized by the
mean input photon number. On this basis, an all-pass ring
resonator with coherent-state probes can yield higher
precision than any single-pass strategy, including those
using Fock or squeezed state probes with optimal analyte
length.
Fully integrated, low-loss ring resonator systems [27]

with shot-noise limited coherent-state sources [28] and
state-of-the-art detectors [29] can surpass the precision
attainable with single-pass quantum probe sensors. More
generally, our results suggest that engineered photonic
circuits are promising candidates for enhancing precision
in parameter estimation. As is the case for the all-pass ring
resonator, these precision gains can preclude the need for
sophisticated quantum probe state generation and detection
schemes.
Our findings are relevant for lab-on-chip resonator sensors

[30], which have important practical applications ranging
from environmental monitoring [31] and ultrasonic imaging
[32] to antibody profiling [33] and cancer detection [34].
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