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The Petz recovery channel plays an important role in quantum information science as an operation that
approximately reverses the effect of a quantum channel. The pretty good measurement is a special case of
the Petz recovery channel, and it allows for near-optimal state discrimination. A hurdle to the experimental
realization of these vaunted theoretical tools is the lack of a systematic and efficient method to implement
them. This Letter sets out to rectify this lack: Using the recently developed tools of quantum
singular value transformation and oblivious amplitude amplification, we provide a quantum algorithm
to implement the Petz recovery channel when given the ability to perform the channel that one wishes to
reverse. Moreover, we prove that, in some sense, our quantum algorithm’s usage of the channel
implementation cannot be improved by more than a quadratic factor. Our quantum algorithm also
provides a procedure to perform pretty good measurements when given multiple copies of the states that

one is trying to distinguish.
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Introduction.—Pretty good measurements [1-5] and
Petz recovery channels [6—10] are workhorses of quantum
information theory: They are used ubiquitously to prove
basic results in quantum communication and measurement
[11]. Although important for attaining quantum channel
capacities [12-16] and performing state discrimination
[1-4.9], these useful theoretical constructions are less
common in experiment, for the simple reason that there
has not been a systematic method for performing them
efficiently in practice. Our goal here is to fill this gap.

The Petz recovery channel was introduced in the context of
quantum sufficiency in Refs. [6,7] and later rediscovered in
Ref. [9] in the context of quantum error correction. It can be
understood as a critical part of a quantum version of the
Bayes theorem (see Sec. IV in Ref. [17]). To review it, let us
begin with the classical case. A classical channel with input
system X and output system Y over the alphabets X, ) is a
conditional probability distribution { py|x (y]x) } v yey- We
consider a probability distribution py (x) over the alphabet X
as the input to the channel. It then follows from the Bayes

theorem that py(x)pyx(v[x) = py(y)pxy(x]y), where

py(y)=>_.Px(x)pyx(¥]x). Hence, for all x € X,y € V),
we define the “reversal channel” via the formula
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. px(x)pyx(y[x)
pX‘Y(Xb)) B ZXPX(X)PY\X()’|X) ' M

This channel acts on the output system Y. If the particular
distribution py(y) defined above is “sent in” through this
channel, then the input py(x) is recovered perfectly:
px(x) =, pxjy(x[y) py (). The computation of the rever-
sal channel py, y(x|y) requires a specification of the input
probability distribution py(x) and the forward channel
Pyix(¥|x). The Petz recovery channel is a quantum gener-
alization of the reversal channel above: It is a function of a
quantum channel N and an input state o to the channel, with
the former generalizing pyjx(y|x) and the latter py(x). We
discuss it in more detail in what follows.

The Petz recovery channel appears often in quantum
information as a proof tool, showing that near-optimal
recovery from undesired quantum operations is possible.
Reference [9] demonstrated how this recovery channel can
be an effective means for reversing the effects of noise.
Thereafter, Ref. [18] showed that the Petz recovery channel
(therein called “transpose channel”) is a universal recovery
operation for approximate quantum error correction, which
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performs comparably to the best possible one in terms of
worst-case fidelity (see also [19,20]). The Petz recovery
channel also goes by the name “pretty good recovery,” as
used in Refs. [21,22], due to the result of Ref. [9]. Yet
another application comes from the field of quantum
communication: Reference [16] showed explicitly how
to use the Petz recovery channel in a decoder to achieve
the coherent information rate of quantum communication.
It has also found use in developing physically meaningful
refinements of quantum entropy inequalities [23—-27]. See
[28-32] for further uses.

As an application of our results, our quantum algorithm
can be used to implement the pretty good measurement
(PGM) [1-5]. This measurement was used in Refs. [12,15]
as part of a coding scheme to approach the Holevo
information rate for classical communication over a quan-
tum channel. It has also been instrumental in proving bounds
for quantum algorithms. Reference [33] showed that the
PGM is an optimal measurement for solving the dihedral
hidden subgroup problem and that it is helpful in proving a
lower bound on the sample complexity of this problem.
Similar techniques have been used for quantum probably-
approximately-correct learning [34]. Reference [35] showed
how to implement the PGM for pure states, while our
algorithm for Petz recovery channels is capable of perform-
ing the PGM in the general case.

We now begin the technical part of our Letter, starting
with an explicit description of the Petz recovery channel
and the resources that we work with for its implementation.

Petz recovery channel.—The Petz recovery channel is a
function of a quantum state 6, on a system A and a
quantum channel \ ,_, 5 taking system A to a system B. It is
given explicitly as follows [10]:

Pila(@p) = o) "N (N (04)wopN (4) o). (2)

where AT is the Hilbert-Schmidt adjoint [11] of the
channel N and we have omitted the system labels of
N 4_p for brevity.

It is a composition of three completely positive maps:

() = W (o) 2N (0)] /2, (3)
() = N, (4)
() = oy’ (o). (5)

None of these maps are trace preserving individually, but
overall the map in Eq. (2) is trace preserving on the support
of the state NV (c4) [23]. We note here that the main idea
behind our algorithm is to implement the Petz recovery
channel as a composition of the three maps given in
Egs. (3)—(5), while taking into account the fact that the
overall map in Eq. (2) is trace preserving in order to
implement it deterministically with some desired accuracy.

Block encoding.—The Petz recovery channel depends on
the state o4, and so our algorithm needs some form of
access to it. In order to cover a wide range of scenarios, we
employ the block-encoding formalism, which generalizes
the most common input models for matrices used in
quantum algorithms [36,37].

Let ||-|| denote the spectral norm of a matrix (also known
as the Schatten co-norm). For a complex matrix A and
a > ||A||, the matrix A/« can be represented as the upper-
left block of a unitary matrix:

U—[A_/" :]©A—a(<0|®I)U(|O>®I). (6)

The unitary matrix U is said to be a block encoding of A.
Henceforth, we do not write identity operators explicitly,
but we instead include system subscripts as a guide. If the
linear map A/« acts on a qubits, then the unitary U can be
thought of as a probabilistic implementation of this map:
Given an a-qubit input state |w), applying the unitary U to
the state |0)|w), measuring the first system, and postselect-
ing on the |0) outcome, the second system contains a state
proportional to Aly)/a.

This generalizes the two most relevant input models in
our case. If we are given copies of the quantum state o,
then we can implement an (approximate) block encoding of
o4 by using density matrix exponentiation [38,39] and
“taking the logarithm” of the time evolution [37].
Alternatively, if we have access to a quantum circuit
U%, that prepares a purification |y)gy = U%4]0)z|0)4
of 6,4, such that Trg[|w?) (W°|g4] = 04, then we can directly
implement an exact block encoding of o4 with only two
uses of U%, as follows [36,37]:

- o .
Vi = (Uh) (1 @ SWAPW U, = | ™ ] (1)

where system A’ is isomorphic to system A.
Assumptions.—The resources that we use for implement-
ing the Petz recovery channel are as follows: (i) Quantum
circuits U% and UN() that are (approximate) block
encodings of 6, and V(s ), respectively, and (ii) a quantum
circuit U/E\{A_)EB

that U/g{A_)EB|O)E/ =V . where V), is an isometric

that implements the channel AV, in the sense

extension of N satisfying Trg[V, op(@4) (VAL 1p)T] =
N (w,), for every input density operator .

We note that, given an efficient description of the
channel N in terms of its Kraus operators, the unitary
U/E\{ A1_pp can be efficiently implemented on a quantum
computer [40]. Also, given copies or “purified access” to
o4, we can achieve the corresponding access to N (¢, ) after
applying Ujgf A g Which then results in an efficient block
encoding for A (c,).
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Rewriting the Petz recovery channel.—Equation (4) calls
for the application of the adjoint A/* of the channel . We
now explain how this can be accomplished using Uy B ASEB"
The action of the adjoint on an arbitrary operator wg is
given by N (wp) = (0| UNT(I; ® wp)UN[0)p [11]. Let
[z == [0)(I'|zz denote an operator proportional to the
maximally entangled state on E and a reference system E,
where [T) 5z == %" |i)z|i)z and dj is the dimension of

system E. Then extending the identity operator with 'z,
we rewrite the previous identity as

N‘( ) TrEKO|E’( E’A—>EB> (FEE®(UB)U2{A_,EB|O>E’}'

(8)

Now the interpretation of the adjoint map as a probabi-
listic quantum operation is clear: The adjoint map N
acting on the operator wg can be applied by tensoring in the
maximally entangled state I'p/d, performing the inverse
of the unitary UV, measuring the system E’, accepting if the
all-zeros outcome occurs, and, finally, ignoring the system
E (which corresponds to tracing it out).

Thus, our plan is to implement the linear extension of the
adjoint map, as given in Eq. (8). Sandwiching this between
the other two maps in Egs. (3) and (5) comprising the Petz
recovery channel, we obtain the following isometric exten-
sion of the Petz recovery channel:

V? AT (O @1 ® 01/2)(U£_{A_)EB)T
(e ® V(0,1 72). o)

Tracing over E then implements the Petz recovery channel

PLL A(wB) Note that, in the rewriting above, the imple-
mentation of the adjoint map discussed in the preceding
paragraph is no longer contiguous. It proceeds in two

phases: the apphcatlon of the unitary (U2 M) before

multiplication by o-A (which applies Eq. (5) ) and the
measurement and postselection after that step.

Quantum singular value transformation.—Our imple-
mentation is based on quantum singular value transforma-
tion (QSVT) [37]. QSVT transforms the singular values of
a block-encoded matrix and, thus, provides an efficient
means of quantum matrix arithmetic. Often we need to rely
on approximations, and so, when doing so, we keep track of
the error or precision &, as well as the subnormalization
factor a: We say that U is an (a, §)-block encoding of A
if [A—a((0]®1U(|0) ® I)|| <6.

In what follows, we manipulate block encodings U” of
density operators p. The power of QSVT is that it allows for
transforming U’ to a block encoding of f(p), where f is a
function applied to the singular values of its argument. More
precisely, f denotes a polynomial approximation of some
function f; in view of the maps given in Egs. (3) and (5)

above, the particular functions of interest here are f(x) =
x712 and f,(x) = x'/2.

The complexity of realizing the transformed block-encod-
ing unitary U/() is stated in terms of the number of uses of
U? (which dominates the overall gate complexity), and it
depends on the parameters of the functional approximation f.
For a function f, let || f(x)||; = sup,ez|f(x)|. Using tech-
niques from Ref. [41], for the two functions above, one can
find polynomial approximations f; and f, such that
(91/2/2)||f1 (x) = X_1/2||[9,1] <é and%||f2(x) - x1/2||[9,1] <
6 for 0,5 € (0,1/2]. If p has minimum singular value A,
then it suffices to set 8 < A,. Since 1/4,,, behaves like a
“condition number” for p, being proportional to the difficulty
of transforming p, we denote it with the symbol x and employ
this notation later. Indeed, using the functional approxima-
tions from Refs. [41,41], QSVT achieves the desired trans-
formations up to the errors indicated above, with
O((1/0)1og(1/6)) uses of U”.

The quantum algorithm.—We implement the isometric
extension of the Petz recovery channel given in Eq. (9).
This consists of applying the maps in Egs. (3)—(5) sequen-
tially, with the first and third steps employing QSVT.
Equation (9) also has a measurement component as the
final step, arising from the implementation of the map in
Eq. (4). By exploiting the trace-preserving property of
the Petz recovery channel, we amplify the probability of
success of this measurement (i.e., the projection onto |0) ;)
using oblivious amplitude amplification [42], which is a
special case of QSVT [37]. Overall, the implementation is
precise up to ¢ error in diamond distance [43] (see [11] for a
definition of diamond distance). Theorem 1 below states
the guarantees of this technique.

Theorem I.—Let N,, N y(), and N - denote the number
of elementary quantum gates needed to realize the unitaries
U, UN(©4) and UY oA gpe TESpectively (noting that in our
applications Ny, < N, + Ny). Let k, denote an upper
bound on the reciprocal of the minimum nonzero eigen-
value of 6,4, and, correspondingly, let k() denote the same
for N'(o,4). There exists a quantum algorithm realizing the

channel PB_, 4> which is an approximate implementation of
the ideal Petz recovery channel in Eq. (2), in the sense that

||7)B—>A PB—»AHo <e, (10)

with gate complexity (up to polylogarithmic factors)

O|:«/dE’<N [ ()NN( )+NN+N mln(KU,dEKN /8 )] .
(11)

In Eq. (11), d is the dimension of the system E, which is
not smaller than the Kraus rank of the channel N (-).
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In Supplemental Material [44], we provide a modified
algorithm that substitutes the dependence on dg in Eq. (11)

with the rank of the state N (o), where A is a channel
complementary to A [11]. For certain choices of A/ and o,
this provides a dramatic reduction in the run-time.

We now break the algorithm down into its four steps and
analyze each step individually (assuming without loss of
generality that ¢ = O(1) ). We indicate the steps using the
numbers (1)—(4).

(1) To simulate the first step of the Petz recovery
channel, as described by Eq. (3), we transform the block

encoding of N(c,) to a (2,/Kx(,). (O(e)/\/dg))-block
encoding U, 'W ) of [N (64)]7"/? using QSVT, which has
gate complex1ty O(kn'(5)Nn(0) log(dg/€)). Then the fol-
lowing error bound holds:

11 (N (64)) = (N (o)™ 2]l < Oe)/ Vi, (

which suffices for our purposes, as shown later.

(2) Let E be a system with dimension equal to that of E.
The second step of the algorithm is simply to prepare the
maximally entangled state |®) .z == |[')zz/+/dE alongside
the state prepared above and then apply the unitary

(U%E,_) sz) |- Note that [®@) . is a normalized quantum state,
introducing an additional factor of 1/d in the output density
operator, which resurfaces in the subnormalization factor of
the overall unitary (see Eq. (15) ). The maximally entangled
state |®) 1 is prepared by means of a unitary U 7 acting on
the state |0) gz, so that @)z = UT:|0) gz Note that the
unitary U 7 1s easy to implement. For example, if systems E

and E con51st of qubits, one can apply Hadamard gates on the
qubits of E and CNOT gates between pairs of qubits of £ and
E. In this step, we have described the first half of the
procedure for implementing a linear extension of Eq. (4); the
final part, which consists of measurement and postselection,
is deferred to the fourth step.

(3) The third step of the algorithm is to apply an
appr0x1mat10n of the map in Eq. (5) that conjugates the
state by o A/ Analogous to the first step, we transform the

block encoding of o, to a (2,(O(e)//dgkp(s)))-block
encoding U’;z,,(AA of f»(0,4) using QSVT, which has gate
complexity O(k,N,; 1og((dgkp(s))/€)). Then the following
error bound holds:

172(04) = 0} ?Il < O(e)/\/dexn). (13)
We can now apply the unitary U{://E;TA) to the output of

step 2. In detail, letting p, denote the output state of step 2,
we tensor in the state |0)(0|gs to the input state p, and

perform the unitary U Rz,/(fA).

Let us summarize the algorithm up to this point. We have
described the addition of auxiliary systems as happening

separately in each step. However, we are free to tensor them
in to the input state wp at the start, enlarging the input state
to [0)(O|gr ® [0){(0|zz ® |0){(0|x ® wp. Then to this state,
we apply the following product of unitaries:

W= Uf”‘("A)(UN (”A)))’ (14)

R"A E’A—>EB) (UdE>E ® UR1’1<RN
where U R%(GA) and U Ril(gN(gA)) are implemented using QSVT.
The unitary W approximates the isometric extension in
Eq. (9) and can be represented as the following block
encoding:

5 1 1 ‘77’ ~ .
W = |:4 dEK.‘\"(n) B—EA :|’ (15)

where the linear operator V7 iS an approximate iso-

B—EA
metric extension of the Petz recovery channel and is

defined through its action on a ket |y), as

Vg_,EA|W>B’:}2(UA)(V£/—>EB)T]~C1 N (6A)I0) glw) - (16)

After applying W to the enlarged input state, we would
like to measure the R”E'R’ systems and obtain the all-zeros
state as the outcome (which corresponds to the top-left
block of W). Receiving this outcome signals the successful

implementation of the desired map VB Fa Up to 2
subnormalization factor of 4, /ky () dg. To compare this
to the ideal isometric extension in Eq. (9), we should
account for the accumulated errors due to the approximate
172 12 in W. It follows

implementations of A (s4)~"/* and o,

that

(%4 I < OCe), (17)

B—EA ~ B—>EA

where Vg A is defined in Eq. (16) and VB A in Eq. (9).

To see this, observe that the left-hand side of Eq. (17) can
be bounded from above by the following quantity:

12 % _
o = F2(o) 11 (VA ) N (02) ™21

17200 (VAL ) T g2 1INV (64)72 = FL N ()11

(18)

which follows from applying the triangle inequality and

submultiplicativity of the spectral norm. Noting that |I') ;.

is the unnormalized maximally entangled vector, we further
bound the following terms:

(VAL £s) N (04) ™20 gl < 3 f i,y (19)

. (20)

172(ea) (VAL ) ) gl <2
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The second bound follows because f,(c4) is a block
encoding with norm at most 2. Putting Egs. (18)—(20)
together with the bounds in Egs. (12) and (13), we conclude
an overall error between V7 and V7 of O(e).

(4) Finally, we move on to the last step, which is a
measurement of the R”E'R’ systems. Equation (15) makes
it clear that the probability pg.cees Of measuring the all-
zeros state, at this point, is approximately 1/(16dgk ().
We would like to amplify this probability, and so we use
oblivious amplitude amplification to implement an approxi-
mate projection onto this state. This, too, can be achieved
using QSVT techniques [37] and requires a number of
repetitions of W that scales as O(1//Pyuccess)» Which in this
case i8S Ny = O(y/dgkp(s)). After applying (robust)
oblivious amplitude amplification (see Theorem 28 in
Ref. [46]), we obtain a unitary that is a (1, O(e))-block
encoding of the isometric extension Vg_) 74> Providing an
O(¢e)-approximate implementation of the Petz recovery
channel.

The complexity of our algorithm is given by N, times
the complexity of implementing W. As we discussed
previously, the cost of implementing the first step in W is
O(kn(5)N (o) log(dg/ €)). The complexity of implementing
the second step is O(N + log df), where the logarithmic
term is the cost of implementing U ‘IE’E. Finally, the complexity
of the third step is O(e,N,, log((dgen(s))/€)). An alternative
for this last step is to consider choosing a threshold 0 higher
than 1/k, and approximating the square root function by
constant zero below the threshold. Indeed, then choosing

~e?/(dgk (o)) suffices, resulting in the alternative complex-
ity O((dgkp(s)/€*))N, l0g((dgk (s /€)) of the third step.

Lower bounds.—Our algorithm uses the forward channel
unitary U~/ about O( /dgk () times. We now prove

E'A—EB
that there is no generally applicable algorithm that uses

U . pp fewer than Q(dy* k5, times, forall a € 0.4,
thereby ruling out the possibility of large improvements on
our algorithm that would simultaneously improve the
dependence on both parameters dg and Ky (,).-

We consider solving the problem of unstructured search
of N > 2 elements with only a single marked element. Let
O be a search oracle that recognizes the single marked
element. Let the input state o, be the maximally mixed
state representing a uniformly random index i € [N]. The
forward channel N ,_p applies the search oracle and
outputs its output, which is equal to 1 if i is the marked
element and is equal to O otherwise. Hence, N'y_3(c4) =
diag(1 — (1/N). (1/N)) and Ky (,) = dg = N. Let PN
be the Petz recovery channel defined from N and o4 as
specified above. Now applying the exact channel PV %4 on
the state wp = |1)(1| finds the marked element with
certainty. Thus, for every constant ¢ < 1, applying a

c-approximate channel PNoa on wy still finds a marked

element with probability at least 1 —c. This requires
Q(VN) = Q(dg/z)_akj‘v(g)) uses of O, as the well-known
quantum search lower bound states [47].

Pretty good measurement.—One can use our algorithm
to implement the pretty good measurement [1-5], which is
a special case of the Petz map. In this application, one is
given a set {o}; }, of states and a probability distribution py.
Let oyp denote the following classical-quantum state:
Oxp = Zx pX(x)|x> <X|X ® (Tg Let NXB—>B = TrX be the
partial trace channel that discards system X.

We now plug these choices into Eq. (2). The adjoint map
(Nxpgp)" appends the identity on system X. Let
53 = NXB%B(UXB) = Zx px(x)aj_f; The resulting Petz
recovery channel is as follows:

Pg’f';;"(wg) = Z[x]x ® px(x)(o)' ()72

X

X wg(65) 72 (ap)"/2,

which is known as the “pretty good instrument” [23] and
where [x] = |x)(x|. This is a generalization of the pretty
good measurement that has a quantum output in addition to
the usual classical measurement output; the PGM is
obtained by discarding the quantum output.

We check the necessary assumptions for our technique
against what is potentially available for experiments. The
isometric extension of the channel Try(-) is simply the
identity. If we have copies of oyp, then our algorithm is
applicable, but it is more efficient in the case when we can
prepare a purification of oyp. Applying Theorem 1, we
arrive at a quantum algorithm implementing the pretty good
instrument with performance guarantees as in Egs. (10) and
(11), where
de =X, Kyt =Ko kp=minpx(y. (21)

Conclusion.—We have developed a quantum algorithm
for implementing the Petz recovery channel and the pretty
good measurement. This solves an important open problem
in quantum computation, and, more generally, it opens up a
new research paradigm for realizing fully quantum
Bayesian inference on quantum computers.
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