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Moiré-Induced Optical Nonlinearities: Single- and Multiphoton Resonances
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Moiré excitons promise a new platform with which to generate and manipulate hybrid quantum phases
of light and matter in unprecedented regimes of interaction strength. We explore the properties in this
regime, through studies of a Bose-Hubbard model of excitons coupled to cavity photons. We show that the
steady states exhibit a rich phase diagram with pronounced bistabilities governed by multiphoton
resonances reflecting the strong interexciton interactions. In the presence of an incoherent pumping of
excitons we find that the system can realize single- and multiphoton lasers.
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Introduction.—The ability to tune the optical, electronic,
and transport properties in van der Waals heterostructures
has opened the door for the engineering, realization, and
detection of intriguing complex many-body phases of
matter [1]. Much attention has focused on the electronic
properties, which show novel quantum phases arising from
strong interactions and provide a new test bed for quantum
simulation [2,3]. However, these materials also hold inter-
esting opportunities to study new hybrid quantum states of
light and matter [4,5], and offer promising potential
optoelectronic applications based on valleytronics [6—10]
and twistronics [11].

In twisted bilayers of transition-metal dichalcogenides
(TMDs) the emergent moiré periodicity [12—-15] has
significant effects on the nature of the excitons. In general
these excitons are hybrids of the intralayer excitons formed
by an electron and hole in the same layer and interlayer
excitons with an electron and a hole belonging to different
layers [16,17]. Hybrid excitons have attracted much atten-
tion as they possess tunable features of both intra- and
interlayer character [18-20], and have strong mutual
repulsion due to the dipole moment from their interlayer
component.

In this Letter, we study the nature of the many-body
states of polaritons formed by combining these strongly
interacting hybrid excitons with a microcavity. We show
that the optical nonlinearities arising from the interactions
between the hybrid excitons can lead to features with no
parallel in conventional two-dimensional polariton gases
based on semiconductor quantum wells. When the cavity is
driven coherently, the steady-state exhibits a bistability
which, in contrast to two-dimensional polariton gases [21],
is modulated by a discretized pattern, reminiscent of the
equilibrium Mott insulating phase. When the excitons are
pumped incoherently, we demonstrate that the strong
correlations can cause the system to act as a multiphoton
laser, akin to that of Rydberg and multilevel atoms [22-25].
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In conventional semiconductor microcavities, most features
—including the experimental realization of weakly inter-
acting Bose-Finstein condensates [21,26,27], superfluid
phases [28], and quantum vortices [29] of polaritons—
can be understood in terms of weakly interacting polaritons
described by the Gross-Pitaevskii equation, or other non-
linear classical description. Strong polariton-polariton
interactions have been recently studied in the context of
Feshbach polaritonic resonances [30,31], trion-mediated
[32], and medium-induced optical nonlinearities [33-35].
However, to account for the physics of strongly inter-
acting hybrid excitons in TMD bilayers [36], we must go
beyond these works to consider the steady state properties
of a Hubbard model of excitons coupled to a high-finesse
cavity.

Model.—Consider a van der Waals heterostructure
formed by two semiconductor monolayers, labeled A
and B, coupled to a microcavity as shown in Fig. 1(b).
For small twist angles, the lowest excitonic band acquires a
hybrid character mixing intralayer and interlayer excitons
[18]. In Fig. 1(a) we illustrate the relevant band configu-
ration; intralayer excitons, in which the strong spin-orbit
coupling makes the bands spin polarized at the points 7K 4,
are formed by an electron and a hole with spin fixed by the
valley index 7K, (r = %1) hybridize preferentially with
interlayer excitons formed by 7K 4 electrons and 7' K 5 holes
with 7 =17 for K, ~Kpg [19]. We consider a single
component 7 = +1, exploiting the valley-dependent selec-
tion rules, assuming that the light has circular polarization
(c1) thus couples only to one valley. The properties of this
band of hybrid excitons can be well described by a two-
dimensional Bose-Hubbard Hamiltonian
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FIG. 1. (a) Band configuration of the intralayer and interlayer
excitons. (b) Schematic representation of spatially localized
hybrid excitons in a microcavity. (c) Enlargement of typical
polariton, photon, and exciton dispersions, for @y, = 5 nm, Q =
15 meV and m, = 5 x 10~>m,, with m, the electron mass.

where fcj creates a 7 = +1 hybrid exciton in the Wannier

orbital of the lowest band on site i. From now on we simply
refer to this as an exciton. We consider N sites arranged on
a triangular lattice with on-site energy wy, connected by the
tunneling coefficients #;;. The resulting band dispersion
will not play a significant role in our results, since the local
and repulsive interaction Uy will be assumed to be much
larger than 7;;, as is typical for experimental systems [18].

The light-matter coupling is described by >, Q(&Efck—i-
3L ay), where a; (3]) creates a cavity photon (exciton) with
in-plane momentum Kk, and Q is the Rabi coupling. (The
photon is assumed to be circularly polarized.) The
dispersion of free photons is B, = >, a)c(k)alak, with
w.(k) = o, + |k|*/(2m,), where m, is the cavity photon
mass.

The light-matter coupling only retains terms within the
rotating wave approximation as the typical exciton energies
(~eV) are orders of magnitude larger than the Rabi
coupling (~meV). We assume, however, strong light-
matter coupling, that is, we consider that the Rabi coupling
Q is much larger than the damping rate of the cavity
photons, as commonly realized in exciton-polariton
experiments [21]. As a consequence of the steep dispersion
of light, Fig. 1(c), excitons couple to photons only
within a very narrow region in momentum space
Akay < +/2m Qay ~0.01-0.2, with a,, the lattice con-
stant of the moiré superlattice, typically of the order of
ay ~ 1-10 nm. The minimum wavelength 1 = 2z/Ak is
thus orders of magnitude larger than a,,;, such that
(A/ay)? ~10°-10°, and a very large number of moiré
sites couple collectively to the cavity field. This motivates a
mean-field approximation (described below), in which the
cavity is treated as a coherent state. Furthermore, we make
the assumption—for uniformly driven systems—that the
system retains translational symmetry, in which case there
will only be significant occupation of the k = 0 mode.

We hereafter retain only this mode of the cavity field, which

we now represent by a(*) without a momentum subscript,
and take the cavity energy and light-matter interaction to be

Contrasting mobile two-dimensional excitons, saturation
effects can become relevant at the level of a few excitons
per site, underlining the quasizero dimensional nature of
the local exciton states. While a full understanding of this
phenomenon remains elusive [37,38], here for concreteness
we account for this effect by adding an anharmonic light-
matter coupling Q(#;) = Q — Qg 71;, which prevents an
arbitrarily large excitation number 7; = fcjfci. Saturation
effects are a reminder of the strictly nonbosonic nature of
the excitons, relevant when the interparticle distance
between the excitons is comparable to the exciton Bohr
radius [39-41].

We account for intrinsic dissipative effects by studying
the density matrix of the system, p, whose time evolution is
governed by the Lindblad master equation [21]

ap N .
- = ~iH.pl+ Dp] = LIp], (3)
where H = Hy + H,+ H,_,,. The dissipative natures of
the cavity photons and the excitons are represented via the
Lindblad operator

Dlp] =" 2apa’ ~{a'a.p}] + Zf[%pﬁ —{&%,.p}),

4)

where y, and y,. are the damping rates of the excitons and
photons, respectively. We work in the regime where the
linewidth of the excitons, arising from these loss processes
and any inhomogeneous broadening, is small compared to
the Rabi coupling Q and the interactions Uy, as in
Refs. [16,42,43]. (We will later also introduce an incoher-
ent pump of the exciton states.)

BEC of polaritons in microcavities has been considered
for spatially localized two-level systems within the Dicke
model [44-46]. The model we study, Eq. (1), goes beyond
this by allowing multiple excitons per site, and the Hubbard
interaction Uy will play a key role. In the field of cold
atomic gases, studies of Bose-Hubbard models coupled to
cavity fields [47-49] have led to experimental break-
throughs including the Dicke phase transition [50] and
supersolidity [51]. The hybridization of the inter- and
intralayer excitons can be tuned through the variation of
the twist angle [18], allowing for variation of the exciton-
exciton interaction (via the interlayer component) and the
light-matter coupling (via the intralayer component) over a
wide range of parameters.
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Coherent photon driving and bistability.—We start by
considering a coherent drive of the cavity, as described by
the term (Fa'e™»' + F*ae'r') with an amplitude F and
frequency w,. To account for the strong exciton-exciton
interactions we employ an on-site exact diagonalization for
the excitons combined with a self-consistent mean-field
approach for the noninteracting cavity photons, which
assumes a large occupation of the photonic mode.
This goes beyond an extended Gross-Pitaevskii for the
compound object of exciton-photon in terms of polaritons
[21]. The cavity field is given then by (&)= /Na,
the amplitude a follows from the steady-state
a= (1/A.)(f +Q(x)), where f = F/\/N and we have
taken »_,(%;)/N = (x). In addition, we introduce A, =
Aw, +iy./2 with Aw, = w, — ®,, the pump detuning
from the cavity. The steady state of the system is obtained
by exact diagonalization of the superoperator L[p] =
—i[H\oea1- P + DJp] where Hy,y is the effective exciton
Hamiltonian with the cavity field @, a parameter obtained
self-consistently, as explained in [52]. Here, for clarity we
set £;; = 0.

For clarity, consider first the regime of negligible
saturation effects, Q/Q = 0. In this case, the exciton
Hamiltonian takes the form

Hyoeq = Hy + z:(fx)?lT + %), (5)

which introduces an effective driving fy = (Qf/A.)+
(Q?/A.)(x). Within this regime (Qg = 0) the density
matrix can also be obtained by a self-consistent approach
based on an analytical expression for the density matrix,
see [52,53].

For positive pump detuning from the exciton
Awy = w, — wx > 0, the on-site repulsion Uy can bring
the transition into resonance as the density of excitons
increases, leading to a sudden increase in exciton density.
This effect gives rise to a bistability as a function of f/Uy.
In Fig. 2(b) we show the mean exciton density for
increasing f/Uy, that is when f/Uy is varied from below.
On the other hand, Fig. 2(c) corresponds to the high-density
hysteresis branch, that is, a decreasing f/ U from an initial
large positive f/Uy. Here the steady state remains in a
high-density phase for smaller values of f/Uy compared to
Fig. 2(b) indicating the hysteresis. The phase diagram
consists of two monostable phases separated by a bist-
ability. The distinctive lobular pattern in the phase diagram
is determined by the n-exciton resonance,

(n—1) = : (6)

Physically, the transition to the high-density phase with
exciton number n can be understood as an energetic
condition. When the energy of n-incoming photons
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FIG. 2. (a) Stability phase diagram: black (grey) regions

correspond to low (high-density) phases, separated by a bist-
ability region (orange). Exciton number as a function of f/Uy
and Awy /Uy, at Aw,/Uy = —1, showing hysteresis for: (b) in-
creasing f/Uy; and (c) decreasing f/Uy. (d) Purity of the steady
state at Awy/Uy = 1.2, for the two hysteretic branches, of
increasing (decreasing) f/Uy [black (orange)]. (e) Stability
phase diagram showing the effects of saturation, with
Qg = Q/4.

equals the energy of n-interacting excitons nw, = nwy +
n(n—1)Ux/2 this transition is enhanced. We illustrate
our results for physically motivated parameters, by
fixing y,/Ux =0.1, y./Ux=0.2, Q/Uy =0.75 and
Aw. /Uy = —1.

The bistable phase is related to a tunneling-mediated
bistability, where the light-matter coupling induces effec-
tive exciton hopping through the lattice with amplitude
Jmea & —Q%f/A,. This is a second-order process, where an
exciton emits a photon which is absorbed to create an
exciton in a different site. A similar bistability arises within
a mean-field treatment of photonic lattices, as a conse-
quence of photon hopping between the cavities [53-56].
We emphasize that our model differs from these models of
photonic cavities through the existence of both excitonic
and photonic degrees of freedom. Furthermore, the param-
eter Akay < 1 motivates the collective coupling of the
photon field among multiple excitonic sites.

As highlighted above, for the electronic system one
should also allow for saturation effects in Rabi coupling.
For state-of-the-art experiments with moiré excitons the
extent of the exciton wave function is of the order r, =~
1-5 nm with typical Bohr radius of az =1 nm [18,36].
Roughly, one can estimate Qg /Q  (ag/r;)* € {0.1,1}
[52]. In Fig. 2(e) we illustrate for Qg = Q/4 the imprints
of the anharmonic light-matter coupling on the phase
diagram, with all other parameters as in Fig. 2(a). For
small exciton detuning, the lobular pattern respects the n-
exciton resonances. Moreover, a bistable phase remainder
of the phase diagram in Fig. 2(a) persists within the lobes in
Fig. 2(e). The region of bistability shrinks somewhat as
saturation effects increase, but the cusps remain very
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FIG. 3. Exciton amplitude |(%)| for Awy/Uy = 1.2, and
Aw./Uyx = 1. We show the EGP (black dotted line), self-
consistent on-site diagonalization (red dashed line), and non-
interacting excitons (solid green line).

prominent. Both the bistability and the cusps associated
with the n-exciton resonances remain for saturation effects
of the size expected.

The results that we find arise from quantum correlations
that go beyond what can be obtained in a Gross-Pitaevskii
(GP) mean field theory, which is appropriate for weakly
interacting excitons. In the GP method, the excitons are in a
pure quantum state—albeit a coherent state with nonzero
(%;). The states arising here are, in general, not pure. For
example, the low- to high-density transition is accompanied
by a change in the statistical nature of the density matrix,
which evolves from a pure quantum state into a statistical
mixture. Figure 2(d) shows the drop of the purity
P =Tr(p?), for Awy/Uyx = 1.2 along the transition.
Furthermore, for positive detuning Aw,. > 0, we find that
the bistability predicted by EGP is inhibited, and instead
the transition from the low- to high-density regime is a
smooth function of f/Uy. In Fig. 3 we show [(%)| as a
function of f/Uy for Awy/Uyx = 1.2, and Aw,./Ux = 1.
To illustrate the distinct character of the localized excitons
compared to their mobile two-dimensional counterpart, we
compare the solutions obtained from the master equation,
the extended Gross-Pitaevskii equation (EGP) [21], and
noninteracting excitons, which for weak driving intensities
f/ Uy, agree well. However, when the exciton density is no
longer small, the failure of the EGP to capture the under-
lying excitation spectrum of Eq. (1) becomes evident. On
the one hand, the EGP predicts always an S-shaped
bistability for Awy > 0, a characteristic signature of
weakly interacting polariton gases [21,57,58]. However,
the steady state finds no bistable phase and is characterized
instead by an abrupt but continuous drop of the coherence
at f/Uy ~ 0.25. Figure 3 highlights that the EGP, which is
sufficient for weakly interacting two-dimensional polariton
gases, is no longer adequate to describe the coupling of
localized excitons to light.

Incoherent pumping and lasing.—Lasers based on two-
dimensional TMD materials have attracted much attention
[59], in the context of photonic crystals [60], whispering
gallery microcavities [61,62], polariton lasing [21,63], and
trion-induced optical gain [33,64]. Interlayer excitons

periodically trapped, however, open a new avenue, in
which the inherited valley physics, strong interactions,
and intra- and interexciton mixing make these systems ideal
to realize single- and multiphoton lasers. By optically
driving higher excitonic bands which quickly relax to
the hybrid exciton state, it is possible to engineer
driving schemes with incoherent exciton gain [65]. To
represent this, we add to the exciton and cavity decay (4)
the term

) At an NN
Dyanlp] = =" 129159 = {357 }. (7)

1

which describes incoherent exciton gain at a rate I',.
We assume that the gain mechanism pumps the exciton
number on each site up to an occupancy of at most 7,,,,.
The jump operator is then 5); = %,P;, where P; is the
projection operator on site i onto the exciton number states
in the range n; = 0,1, ..., n,, — 1. For clarity, here we
take n.,,x = 2. The photon energy w is calculated self-
consistently to determine the steady state, and it does not
necessarily match the cavity @, nor the exciton wy energies
[52]. This energy is obtained by maintaining the semi-
classical treatment for the photon field. Again, we assume
that only one valley exciton is driven, for example, by
pumping with circular polarized light.

We find that a nontrivial state with a # 0 emerges as a
consequence of two processes, see Fig. 4 (inset, right):
(i) Single-photon resonances, when the energy of a single
photon matches the energy of the transitions |0) — |1) and
|1) — [2), withw = wy and w = wy + Uy respectively, and
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FIG. 4. Photon amplitude n, = |a|> as a function of § for
Q/Uyx = 1/12 (red dashed line), Q/Uyx = 1/8 (green dash-
dotted line), Q/Uy = 1/6 (black dash-dotted line), we fix
r,/Uu=1/10T,/yx =6,T,/y. = 3. (inset, left) Photon ampli-
tude as a function of 2Q?/(Uyy,) for varying Q. Single-particle
transitions 6/Uy = 0 (red dashed line) and §/Uy = —1 (black
dash-dotted line) and 6/Uy = —1/2 (blue dash-dotted line).
(Inset, right) Sketch of the exciton level scheme and the photon
transitions, the wavy red arrow illustrates the one-photon reso-
nance |2) — |1), while the green wavy arrows depict a two-
photon process.
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(i1) two-photon resonances corresponding to the emission
of two photons with 2w =~ 2wy + Uy.

Figure 4 shows the photon amplitude n, = |a|> for
several values of the light-matter coupling Q/Uy as a
function of the cavity detuning 6 = wy — @.. The single-
photon resonances can be understood in terms of effective
two-level systems, where the photon energy @ ~ wy or
wy + Uy is resonant with the one-particle transitions |0) —
[1) and |1) — |2), respectively. The injection of excitons
induces population inversion, that is py > p11 > poos
leading to an enhanced photon amplitude for the
|2) — |1) transition, compared to the one-photon transition
with energy ®. = wy. Interpreting the single-photon
transitions in terms of effective two-level systems,
the nontrivial solutions arise beyond a critical light-

matter coupling €, = (1, + ) y/{re /AT, = 7). see
Supplemental Material [52].

Emission of photon pairs is promoted at the two-photon
resonance, that is, /Uy = —1/2, due to the strong exciton
interactions: the single- and multiphoton resonances are
well-separated in energy, and can be clearly distinguished
in Fig. 4. Inspired by the studies on lasers based on two-
photon gain in three-level atoms [22-25], we introduce
an effective two-photon coupling g, = Q?/A, where A =
Uyx/2 is fixed by the discrete levels of the excitonic
spectrum. In Fig. 4 (inset, left) we plot the amplitude of
the cavity field as a function of g,/y, at the single-particle
transitions /Uy = 0 (red) and /Uy = —1 (black) and at
the two-photon resonance 6/Uy = —1/2 (blue). The sud-
den appearance of two-photon lasing can be also under-
stood in terms of effective laser rate equations, which
predict a photon number that discontinuously jumps to
n, ~2I'y/(5y.), with a two-photon stimulated rate of
A, x g3/T,, see [52]. Here, saturation effects for Q; =
Q/4 lead only to quantitative corrections, leaving our main
conclusions valid.

Conclusions.—We have demonstrated that for moiré
materials, the competition between exciton interaction,
saturation effects, nonequilibrium features, and strong
light-matter interactions, leads to a rich phase diagram
with no counterpart in conventional two-dimensional polar-
iton gases. The expected optical bistabilities could be
detected by measuring the transmitted spectrum in a similar
fashion to polariton gases [41,60,67]. Detection of the
cusps in the bistability would allow a direct measurement of
the local Hubbard interaction of excitons. These materials
also permit the incoherent drive of excitons, for example,
by optically driving higher excitonic bands which quickly
relax to the interlayer exciton state [65]. Our work opens up
the door for studies on the role of free carriers in moiré
lattices [43,68], effects arising from the parabolic
dispersion of the photons [69-71], the longitudinal-trans-
verse splitting of the excitons [42], and physics beyond our
mean-field treatment for the cavity photons.

Data supporting this publication are available in the
Apollo repository [72].
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