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We demonstrate that hard dijet production via coherent inelastic diffraction is a promising channel for
probing gluon saturation at the Electron-Ion Collider. By inelastic diffraction, we mean a process in which
the two hard jets—a quark-antiquark pair generated by the decay of the virtual photon—are accompanied
by a softer gluon jet, emitted by the quark or the antiquark. This process can be described as the elastic
scattering of an effective gluon-gluon dipole. The cross section takes a factorized form, between a hard
factor and a unintegrated (“Pomeron”) gluon distribution describing the transverse momentum imbalance
between the hard dijets. The dominant contribution comes from the black disk limit and leads to a dijet
imbalance of the order of the target saturation momentum Qs evaluated at the rapidity gap. Integrating out
the dijet imbalance, we obtain a collinear factorization where the initial condition for the Dokshitzer-
Gribov-Lipatov-Altarelli-Parisi evolution is set by gluon saturation.
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Introduction.—A class of observables that attracted
much attention over the past years refers to the production
of a pair of jets in “dilute-dense” collisions (electron-
nucleus, proton-nucleus, ultraperipheral proton-nucleus,
and nucleus-nucleus) at high energy [1–28]. Through the
correlations among the produced jets, these observables
have the potential to probe fine aspects of the gluon
distribution in the dense target, like the onset of saturation
[29–31] or the spatial distribution in the plane transverse to
the collision axis [10,11]. It was furthermore observed that
the physical content of such observables becomes more
transparent in the “correlation limit” where the two
measured jets are relatively hard and propagate nearly
back to back in the transverse plane [3–5,12–15,17,18].
This means that their individual transverse momenta k1⊥ ¼
jk1j and k2⊥ ¼ jk2j are much larger than their transverse
imbalance: k1⊥ ≃ k2⊥ ≫ K⊥ ≡ jk1 þ k2j. This limit often
permits one to factorize the interesting correlations (which
refer to the distribution with respect to K) from the
comparatively hard physics of dijet production.
Specializing to the case of electron-nucleus deep inelastic

scattering (DIS) at high energies, one particular example that
serves as a benchmark for our new results is inclusive dijet

production. In the correlation limit, the respective cross
section [as computed in the color glass condensate (CGC)
formalism [29–31]] takes a factorized form, recognized as the
high-energy limit of the transverse momentum distribution
(TMD) factorization [3]: It is the product between a hard
factor describing the photon dissociation into a quark-
antiquark (qq̄) pair (a “color dipole”), together with the
coupling between this pair and the target gluons, and a
unintegrated gluon distribution (UGD), the “Weiszäcker-
Williams gluon TMD,” describing the transverse momentum
transfer from the target to the qq̄ dijet, via inelastic collisions.
In the presence of gluon saturation, the typical trans-

ferred momentum cannot be smaller than the target
saturation momentum QsðYÞ at the rapidity scale Y probed
by the scattering. The correlation limit applies when
k1⊥; k2⊥ ≫ QsðYÞ. This, in turn, requires a relatively hard
DIS process, with Q2 ≫ Q2

sðYÞ. However, very large
values of Q2 lead to an enhanced radiation in the final
state, which may obscure the physics of saturation, due to
the Sudakov effect [32]: The recoil associated with these
emissions can dominate the dijet momentum imbalance, to
the detriment of gluon saturation [9].
Diffractive trijet production in the correlation limit.—In

this Letter, we propose another hard dijet process in DIS at
high energy, which is even more sensitive to gluon
saturation than the inclusive dijet production. This is the
production of a pair of hard jets in the correlation limit, via
coherent inelastic diffraction.
“Diffraction” refers to a process in which there is a large

rapidity gap between the produced jets and the nuclear
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target, while “inelastic” means that the two hard jets—the
qq̄ pair generated by the decay of the virtual photon—are
accompanied by a softer gluon (g) jet, with transverse
momentum k3, emitted by the quark or the antiquark.
“Coherent” means that the hadronic target (proton or
nucleus) does not break in the final state, so the rapidity
gap (denoted as YP) lies on the target side.
In such a coherent process, the scattering between the

qq̄g system and the hadronic target is necessarily elastic.
This implies that the transverse momentum transferred by
the target is quite small: Δ⊥ ∼ 2=R ∼ Λ (R is the target
radius and Λ the QCD confinement scale). This is negli-
gible compared to the recoil associated with the gluon
emission, which, therefore, controls the transverse momen-
tum imbalance K ¼ k1 þ k2 between the two hard jets:
K ≃ −k3. The “correlation limit” of interest corresponds to
k1⊥ ≃ k2⊥ ≫ k3⊥. This is, in fact, the typical trijet con-
figuration for sufficiently hard diffraction, Q2 ≫ Q2

sðYPÞ,
as we now explain.
The quark and the antiquark produced by the decay of a

hard virtual photon have transverse momenta of the order of
the virtuality, k1⊥; k2;⊥ ∼Q, whereas the momentum k3⊥ of
the gluon jet is controlled by the scattering and is typically
of the order of QsðYPÞ. The last point is specific to
diffraction: The elastic cross section involves the square
of the forward scattering amplitude; hence, it is more
sensitive than the total cross section to the “black disk
limit” where the scattering is strong and k3⊥ ∼QsðYPÞ.
In practice, we propose the experimental measurement of

the hard dijets alone. But albeit not directly measured, the
comparatively soft, gluon, jet has a crucial influence on the
structure of the final state: (i) It controls the momentum
imbalance between the two hard jets, and (ii) it opens up the
color space and, thus, yields a large size partonic configu-
ration to probe gluon saturation in the target.
Diffractive trijet production has also been addressed in

the context of kT factorization, more than two decades ago
[33]. However, that early study has overlooked the key role
of gluon saturation. The effects of saturation have been
included (within the dipole picture) in Ref. [34], but the
focus there was on diffractive gluon production only.
The kinematics for trijet diffractive production.—We

describe DIS within the dipole picture, applicable at small
Bjorken xBj ≡Q2=ð2q · PNÞ ≪ 1, with qμ and Pμ

N the 4-
momenta of the virtual photon and, respectively, of a
nucleon from the target (assumed to be massless). We
work in a frame where qμ ¼ ðqþ;−Q2=2qþ; 0Þ and
Pμ
N ¼ ð0; P−

N; 0Þ, in light-cone notations.
We denote the 4-momenta of the produced partons as

kμi ¼ ðkþi ; k−i ; kiÞ, with k−i ¼ k2i⊥=2kþi , where i ¼ 1, 2, 3
refers to the quark, the antiquark, and the gluon, respec-
tively. We shall mostly work with the longitudinal fractions
ϑi ¼ kþi =q

þ, with ϑ1 þ ϑ2 þ ϑ3 ¼ 1, and we shall denote
ξ≡ ϑ3 for the gluon. We anticipate that the interesting
situation is such that ξ ≪ 1, whereas ϑ1 and ϑ2 are
comparable with each other.

For the qq̄ pair, we replace k1 and k2 with P and K,
where P ¼ ϑ2k1 − ϑ1k2 is the relative momentum and K ¼
k1 þ k2 is the total momentum. We neglect the transverse
momentum transfer from the target, k1 þ k2 þ k3 ¼ 0,
and focus on the correlation limit for the hard dijets:
P⊥ ∼Q ≫ K⊥ ¼ k3⊥ ∼QsðYPÞ.
The elastic amplitude will be first constructed in trans-

verse coordinate space, to take advantage of the eikonal
approximation. We denote the transverse coordinates of the
three partons as x, y, and z (see Fig. 1). For the qq̄ pair, we
shall also use r ¼ x − y (the transverse separation) and b ¼
ϑ1xþ ϑ2y (the center of energy).
To characterize the rapidity distribution of the final state,

we use the standard variables for diffraction:

β≡ Q2

Q2 þM2
qq̄g

; xP ≡Q2 þM2
qq̄g

2q · PN
; ð1Þ

with the diffractive mass M2
qq̄g ≡ ðk1 þ k2 þ k3Þ2 or

M2
qq̄g ¼

k21⊥
ϑ1

þ k22⊥
ϑ2

þ k23⊥
ϑ3

¼ M2
qq̄ þ K2⊥ þ k23⊥

ξ
; ð2Þ

where M2
qq̄ ≡ ðk1 þ k2Þ2 ¼ P2⊥=ðϑ1ϑ2Þ. Notice that

βxP ¼ xBj, or Y ¼ ΔY þ YP, where Y ¼ lnð1=xBjÞ is the
rapidity difference between the target and the virtual
photon, ΔY ¼ lnð1=βÞ is the rapidity phase space occupied
by the qq̄g system, and YP ¼ lnð1=xPÞ is the rapidity gap
between this system and the target.
The gluon dipole picture.—The aforementioned hier-

archy of transverse scales implies an appealing physical
picture. The hard scale P⊥ controls the size r ¼ x − y of the
qq̄ pair, r ∼ 1=P⊥, whereas the gluon transverse momen-
tum k3⊥ controls the transverse separation R ¼ z − b
between the gluon and its sources: R ∼ 1=k3⊥. So, when
k3⊥ ≪ P⊥, we also have R ≫ r, and the qq̄g projectile
effectively scatters as a gluon-gluon (gg) dipole. One leg of
this dipole is the emitted gluon, and the other leg is made
with the qq̄ pair, which remains in a color octet state after
the gluon emission. A similar picture has been used for

FIG. 1. Schematic representation of a Feynman graph contri-
buting to diffractive trijet production. The colorless, “Pomeron,”
exchange is represented by the gluon ladder.
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computing the qq̄g contribution to the diffractive structure
function [35,36].
The validity of this picture also depends upon the

longitudinal scales in the problem. For the typical events,
the gluon formation time τ3 ¼ 2kþ3 =k

2
3⊥ with kþ3 ¼ ξqþ

should not exceed the coherence time τq ¼ 2qþ=Q2 of the
virtual photon. This implies ξ≲ k23⊥=Q2.
In the correlation limit k3⊥ ∼Qs ≪ Q, the gluon is soft,

ξ≲Q2
s=Q2 ≪ 1, which greatly simplifies the evaluation of

its emission vertex. However, ξ should not be too small
either, since we would like to avoid the emission of
additional soft gluons, which would modify the color flow
and, thus, spoil the gluon dipole picture. The phase space
for soft gluon emissions by the qq̄ pair is ΔY ¼ lnð1=βÞ,
and we shall require αsΔY ≪ 1. Using M2

qq̄g ∼Q2
s=ξ for

very small ξ [cf. Eq. (2)], we conclude that our picture
applies to ξ values obeying e−1=αs ≪ ξQ2=Q2

s ≲ 1. This is a
parametrically wide range when the coupling is weak.
The most interesting region for studying saturation is the

upper end of this window at ξ ∼Q2
s=Q2, since then ΔY ≲ 1

and the rapidity gap is as large as possible: Y ≃ YP. Hence,
most of the total rapidity Y is used for the high-energy
evolution of the Pomeron—the colorless exchange between
the jets and the target, as materialized by the gluon dipole
scattering amplitude. In practice, we shall mostly work with
smaller values ξ ≪ Q2

s=Q2, since this allows for an
important simplification: The gluon emission can be
computed in the eikonal approximation, and then it
factorizes. The generalization to larger values ξ ∼Q2

s=Q2

will be briefly discussed toward the end and further detailed
in a subsequent publication [37].
These kinematical constraints are (at least marginally)

consistent with the range that should be covered by the
Electron-Ion Collider [38,39]; e.g., for xBj ¼ 10−3, one will
be able to measure DIS processes with Q2 ≤ 10 GeV2,
whereas the nuclear (Pb) saturation momentum is estimated
as Q2

s ≃ 1.5 GeV2. Clearly, the situation would be even
more favorable (higher energies, smaller xBj, and largerQ2)
at the Large Hadron-Electron Collider [40].
The diffractive trijet cross section.—When the gluon is

sufficiently soft (k3⊥ ≪ P⊥ ∼Q and ξ ≪ k23⊥=Q2), its
emission can be computed in the eikonal approximation.
For a virtual photon with transverse polarization [the results
for a longitudinal photon are readily obtained by replacing
ϑ21 þ ϑ22 → 4ϑ1ϑ2 in Eq. (3) and P4⊥ þ Q̄4 → 2P2⊥Q̄2 in
Eq. (8)], a homogeneous target with transverse area S⊥, and
three flavors of massless quarks, f ¼ u, d, s, the trijet cross
section reads (with αem ¼ e2=4π) [37]

dσ
γ�TA→qq̄gA0X
D

dϑ1dϑ2dξd2Pd2Kd2k3
¼ S⊥

αemNc

2π4

�X
e2f

�
ðϑ21 þ ϑ22Þ

× δð1 − ϑ1 − ϑ2Þδð2ÞðK þ k3Þ

×
αsCF

ξ

X
lj

jAlj
qq̄gj2; ð3Þ

where the elastic amplitude takes a factorized form:

Alj
qq̄g ¼ HliðP; Q̄ÞGijðK; YPÞ: ð4Þ

The hard factor (with
R
r ¼

R
d2r and Q̄2 ≡ ϑ1ϑ2Q2)

HliðP; Q̄Þ ¼ 1

2π

Z
r
e−iP·r

rlri

r
Q̄K1ðQ̄rÞ ð5Þ

describes the decay γ�T → qq̄ of the virtual photon and the
vertex ∝ ri for the emission of a transverse gluon from the
small qq̄ dipole. The tensorial distribution

GijðK; YÞ≡
Z
R
eiK·R

�
δij −

2RiRj

R2

�
TgðR; YÞ
2πR2

¼
�
Ki⊥K

j
⊥

K2⊥
−
δij

2

�
GðK⊥; YÞ ð6Þ

encodes the spatial distribution of the gluon emission by the
small qq̄ pair (a dipolar color field) together with the
scattering between the effective gg dipole and the target.
The scattering amplitude T gðR; YÞ is defined as (we recall
that R ¼ z − b)

TgðR; YÞ ¼ 1 −
1

N2
c − 1

htrðUzU
†
bÞiY; ð7Þ

whereUz andU
†
b areWilson lines in the adjoint representation

and the brackets denote the CGC average over the color fields
in the target [29,30]. The CGC weight function includes the
high-energy, Balitsky–Kovchegov–Jalilian-Marian–Iancu–
McLerran–Weigert–Leonidov–Kovner, evolution [41–48],
up to the rapidity scale Y.
Using the second line in Eq. (6), one finds

P
lj jAlj

qq̄gj2 ¼
1
4

P
li jHlij2G2 with

X
li

jHlij2ðP; Q̄Þ ¼ 2
P4⊥ þ Q̄4

ðP2⊥ þ Q̄2Þ4 : ð8Þ

The hard dijet cross section.—The cross section for the
diffractive production of the qq̄ dijets is obtained from
Eq. (3) by integrating out the kinematical variables k3 and ξ
of the unmeasured gluon jet. The integral over k3 is trivial
and yields k3⊥ ¼ K⊥. The value of ξ is in fact fixed by the
rapidity gap: Equations (1) and (2) imply

dξ
ξ
¼ dxP

xP − xqq̄
with xqq̄ ≡Q2 þM2

qq̄ þ K2⊥
2PN · q

: ð9Þ

When ξ ≪ K2⊥=Q2, the diffractive mass (2) is dominated
by the soft gluon, M2

qq̄g ≃ K2⊥=ξ ≫ M2
qq̄ ∼Q2; hence,

xqq̄ ≪ xP and dξ=ξ ≃ dxP=xP ¼ dYP. The dijet cross
section per unit rapidity gap is then obtained as
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dσ
γ�TA→qq̄A0X
D

dϑ1dϑ2d2Pd2KdYP
¼ Hðxqq̄; Q2; P2⊥Þ

dxGPðx; xP; K2⊥Þ
d2K

;

ð10Þ

with the hard impact factor

Hðxqq̄; Q2; P2⊥Þ≡ αemαs

�X
e2f

�
δð1 − ϑ1 − ϑ2Þ

× ðϑ21 þ ϑ22Þ
P4⊥ þ Q̄4

ðP2⊥ þ Q̄2Þ4 ð11Þ

and the unintegrated gluon distribution of the Pomeron:

dxGPðx; xP; K2⊥Þ
d2K

≡ S⊥
N2

c − 1

8π4
½GðK⊥; YPÞ�2: ð12Þ

Here, x≡ xqq̄=xP ≪ 1 is the fraction of the Pomeron
longitudinal momentum transferred to the hard dijets,
and GðK⊥; YPÞ is related to the gluon dipole amplitude via

GðK⊥; YPÞ ¼ 2

Z
∞

0

dR
R

J2ðK⊥RÞTgðR; YPÞ: ð13Þ

This Bessel transform is controlled by dipole sizes
R≲ 1=K⊥. Let us consider two interesting limits.
(i) For large momenta K⊥ ≫ QsðYPÞ, we use the single

scattering approximation where TgðR; YPÞ is proportional
to dipole area R2 and to the target gluon distribution per
unit transverse area; this gives

GðK⊥; YPÞ ≃
4π2Nc

N2
c − 1

αs
K2⊥

dxGðx; K2⊥Þ
d2b

����
x¼xP

: ð14Þ

(ii) For lower momenta K⊥ ≪ QsðYPÞ, we use the black
disk limit Tg ¼ 1 to find

GðK⊥; YPÞ ≃ 1: ð15Þ

In the McLerran-Venugopalan (MV) model [49,50], one
can quasiexactly compute the integral in Eq. (13) and, thus,
find a global approximation interpolating between the two
above limits:

GðK⊥Þ ¼
Q2

A

K2⊥
ln
K2⊥
Λ2

�
1 − exp

�
−

K2⊥
Q2

A lnðK2⊥=Λ2Þ
��

: ð16Þ

The scale Q2
A ∝ A1=3 is related to the saturation momentum

of the MV model via Q2
s ¼ Q2

A lnðQ2
s=Λ2Þ [29].

In summary, the distribution ½GðK⊥Þ�2 which enters the
dijet cross section (10) is of the order of one whenK⊥ ≲Qs

but is rapidly decreasing, as 1=K4⊥, when K⊥ ≫ Qs. This
means that the typical value of the dijet momentum
imbalance is K⊥ ∼QsðYPÞ, as anticipated. So, albeit

relatively hard (P2⊥ ∼Q2 ≫ Q2
s), this diffractive process

is strongly sensitive to gluon saturation.
This sensitivity is stronger than for inclusive dijets in the

correlation limit: In that case too, the saturation effects are
important when K⊥ ≲Qs. However, at larger momenta
K⊥ ≫ Qs, the cross section decays only as 1=K2⊥. Hence,
most of the inclusive dijet events lie in the tail of the
distribution at large momenta (Qs ≪ K⊥ ≪ P⊥), where
saturation is unimportant.
Implicit in Eqs. (10)–(12) is the shift to a new physical

picture, where the gluon is emitted by the Pomeron and the
small qq̄ dipole inelastically scatters off this gluon, thus
acquiring a momentum imbalance K. This picture would be
manifest if the calculation was performed in the target light-
cone gauge A− ¼ 0 (see, e.g., [51]), as opposed to the
gauge Aþ ¼ 0 implicitly used in deriving Eq. (3). This
a posteriori change of picture is possible due to the strong
hierarchy of transverse momentum scales, P2⊥ ∼Q2 ≫
K2⊥ ∼Q2

s , which is the premise of the collinear
factorization.
Indeed, the factorized structure of the diffractive cross

section (10) is similar to the TMD factorization for the
inclusive dijet production in the correlation limit [3–5]. The
hard impact factor is exactly the same, whereas the
Weiszäcker-Williams gluon TMD is replaced by the unin-
tegrated gluon distribution of the Pomeron [Eq. (12)].
Collinear factorization and the gluon distribution of the

Pomeron.—When P⊥ ≫ K⊥, the dijet cross section is
expected to receive radiative corrections enhanced by the
Sudakov double logarithm ln2ðP2⊥=K2⊥Þ [32]. Such correc-
tions could modify the K⊥ distribution of the measured
dijets and, thus, hinder the signal of gluon saturation. To
avoid this problem, we propose to integrate the cross
section over K⊥, up to the hard scale P⊥:

dσ
γ�TA→qq̄A0X
D

dϑ1dϑ2d2PdYP
¼ Hðxqq̄; Q2; P2⊥ÞxGPðx; xP; P2⊥Þ; ð17Þ

where x ¼ xqq̄=xP and xGPðx; xP; P2⊥Þ is the gluon dis-
tribution of the Pomeron, as obtained by integrating
Eq. (12) over K⊥. Equation (17) is recognized as the
collinear factorization for the diffractive process at hand.
Unlike for the inclusive dijets, where the integration over

K⊥ has the drawback to wash out the sensitivity to gluon
saturation, there is no similar difficulty for the diffractive
dijets: The function ½GðK⊥Þ�2 is rapidly decreasing when
K⊥ ≫ Qs, so its integral is dominated by K⊥ ∼Qs and is
independent of the upper cutoff P⊥:

Z
d2K½GðK⊥Þ�2 ¼ 4

Z
R

T 2
g ðRÞ
R4

≃ πκQ2
sðYPÞ; ð18Þ

with κ a number depending on our approximation for
TgðRÞ; e.g., the MV model (16) yields κ ¼ 2 ln 2. Thus,
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quite remarkably, the physics of saturation determines the
Pomeron gluon distribution which enters the collinear
factorization at the scale Q2 ≳Q2

s . In turn, this can be
used as an initial condition for the Dokshitzer-Gribov-
Lipatov-Altarelli-Parisi (DGLAP) evolution toward larger
values Q2 ≫ Q2

s .
Initial condition for DGLAP evolution from gluon

saturation.—So far, the Pomeron UGD in Eq. (12) has
been constructed for x ≪ 1, but the initial condition for the
DGLAP equation is needed for generic values x ≤ 1. Using
ð1 − xÞ=x ∼ K2⊥=ξQ2 [cf. Eqs. (1), (2), and (9)], one sees
that x ∼Oð1Þ corresponds to ξ≳ K2⊥=Q2, i.e., to gluon
emissions with relatively large formation times τ3 ≳ τq, for
which the eikonal approximation does not apply anymore.
So long as we stay in the correlation limit Q2 ≫ K2⊥, one
can still use the condition ξ ≪ 1 to simplify the gluon
emission vertex. However, one now needs a more accurate
treatment of the light-cone energy denominators. This will
be detailed in Ref. [37], but the main results are quite
simple: To parametric accuracy, it suffices to restrict the
integral in Eq. (13) to dipole sizes

R2 ≲ 1

ξQ2
∼
1 − x
xK2⊥

: ð19Þ

Hence, for x ∼Oð1Þ, the transverse separation R between
the gluon and the qq̄ pair at the time of scattering is
considerably smaller than its final value Rf ∼ 1=K⊥ at the
time of emission. This is understood as follows: In a
quantum emission, the gluon separates from its sources via
diffusion, R2ðτÞ ∼ τ=kþ3 , until a time τ ∼ τ3, when Rðτ3Þ ¼
Rf and the gluon is freed. However, when τ3 is larger than
the typical scattering time (here, of the order of τq), then

R2ðτqÞ ∼ τq=k
þ
3 ∼ 1=ðξQ2Þ is necessarily smaller than R2

f,
by a factor τq=τ3 ¼ ð1 − xÞ=x.
The main effect of this new constraint is to introduce an

effective, x-dependent, saturation momentum Q̃2
sðx; YPÞ≡

ð1 − xÞQ2
sðYPÞ, which separates between weak and strong

scattering for generic x [37]. Roughly speaking, the
function GðK⊥; xÞ can be obtained from its value at small
x by replacing Qs → Q̃sðxÞ and multiplying the result by
(1 − x) (see Fig. 2). Integrating over K2⊥ gives the following
estimate for the Pomeron gluon distribution at P2⊥ ≳
Q2

sðYPÞ and arbitrary x≡ xqq̄=xP:

xGPðx; xP; P2⊥Þ ¼ S⊥ð1 − xÞ2N
2
c − 1

ð2πÞ3 κQ2
sðYPÞ: ð20Þ

This expression, emerging from first principles, can be used
as an initial condition for the DGLAP equation.
Summary and perspectives.—We have shown that hard

diffractive production of three jets in the correlation limit is
a sensitive probe of gluon saturation in DIS at small x. This
sensitivity persists after integrating over the kinematics of
the soft jet to obtain the collinear factorization for the hard
dijets. Our analysis has focused on the main phenomena.
Explicit results have been presented in the MV model, for
simplicity. The effects of the perturbative QCD evolution
can be numerically important and also conceptually inter-
esting because of the interplay between the BK=JIMWLK
and the DGLAP evolutions. We will include these effects in
a subsequent study [37]. It would be interesting to better
understand the interplay between the Sudakov effects and
gluon saturation on the dijet distribution in the momentum
imbalance K⊥. Last but not least, one may think about a
similar process in ultraperipheral proton-nucleus, or
nucleus-nucleus, collisions at the LHC, where the available
energies are much higher.
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