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We consider fermions defined on a continuous one-dimensional interval and subject to weak repulsive
two-body interactions. We show that it is possible to perturbatively construct an extensive number of
mutually compatible conserved charges for any interaction potential. However, the contributions to the
densities of these charges at second order and higher are generally nonlocal and become spatially localized
only if the potential fulfils certain compatibility conditions. We prove that the only solutions to the first of
these conditions are the Cheon-Shigehara potential (fermionic dual to the Lieb-Liniger model) and the
Calogero-Sutherland potentials. We use our construction to show how generalized hydrodynamics emerges
from the Bogoliubov-Born-Green-Kirkwood-Yvon hierarchy, and argue that generalized hydrodynamics in
the weak interaction regime is robust under nonintegrable perturbations.
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Finding an efficient description for the nonequilibrium
dynamics of quantummany-particle systems has been a key
problem in theoretical physics since the birth of quantum
mechanics [1]. During the last two decades there has been
an upsurge in interest as a result of significant experimental
advances [2] and potential technological applications [3].
In spite of remarkable progress in our understanding of out-
of-equilibrium quantum matter [4–10], however, an effi-
cient and accurate description of its dynamics remains out
of reach.
In essence, what makes this problem so hard is the lack

of general methods to tackle it. Exact methods are
restricted to a small number of fine-tuned many-body
systems [11–15] and there is currently no controlled
approximation scheme applicable to generic interacting
systems. Numerical methods are typically limited by the
accessible system sizes [5,16] or by the class of initial
states that can be accommodated [17]. Even in one
dimension, where techniques based on matrix product
states [18–20] give access to large systems, their
applicability is limited to short times by the rapid growth
of quantum entanglement. Furthermore, continuum
models—which describe many relevant experiments—
provide additional obstacles to numerical approaches.
For weakly interacting systems the situation is sub-

stantially simpler because, at least in principle, a general
description of the dynamics can be attained by using
the celebrated Bogoliubov-Born-Green-Kirkwood-Yvon
(BBGKY) hierarchy [21–23], which encodes the
Heisenberg equations of motion for the reduced density
matrices. To illustrate it let us consider for simplicity and

concreteness a system of spinless fermions: in this case
the reduced density matrices are written as

ρnðx; y; tÞ ¼ Tr½ρðtÞψ†
x1…ψ†

xnψyn…ψy1 �; ð1Þ

where ψ†
x and ψx are fermionic creation and annihilation

operators and ρðtÞ denotes the density matrix specifying
the state of the system at time t. Assuming that the
fermions interact via a two-body potential Vðx − yÞ the
BBGKY hierarchy takes the form

i∂tρnðx;y; tÞ− ðHðnÞ
x −HðnÞ

y Þρnðx;y; tÞ

¼
Xn
j¼1

Z
dw½Vðxj−wÞ−Vðyj−wÞ�ρnþ1ðx;w;y;w; tÞ; ð2Þ

where HðnÞ
x is the first-quantized n-particle Hamiltonian in

the position representation. In principle, the system (2)
gives a complete account of the nonequilibrium dynamics
of many-particle quantum systems. In practice it is
necessary to truncate it, which can be justified, e.g., for
weak interactions. Retaining only two-particle cumulants
gives rise [24] to the ubiquitous quantum Boltzmann
equation (QBE) for the Wigner function

ftðx; pÞ ¼
Z

dze−ipzTr½ρðtÞψ†
xþz

2
ψx−z

2
�: ð3Þ

The QBE holds in the regime of weak spatial variations and
large times, i.e., the Euler scaling limit [24], and under the
assumption of local relaxation can be further reduced to a set
of hydrodynamic equations, which are obtained from the
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continuity equations of particle number (or mass), energy,
and momentum [22,23].
The situation is very different, and significantly richer, in

quantum integrable systems [25,26], which are characterized
by having an extensive number of (mutually compatible)
conservation laws with densities that are sufficiently local in
space. These conservation laws give rise to the existence of
stable quasiparticles over macro states at finite energy
densities [27]. Integrable models do not thermalize but relax
to a much wider class of equilibrium states known as
generalized Gibbs ensembles [28,29], which can be fully
characterized in terms of their respective quasiparticle
density in momentum space ρðkÞ. In these systems the
dynamics of local observables close to local equilibrium is
described by GHD [30,31], which can be expressed as an
evolution equation for a space and time dependent density
ρx;tðkÞ of the stable quasiparticles

∂tρx;tðkÞ þ ∂x½vx;tðkÞρx;tðkÞ� ¼ 0: ð4Þ

Here vx;tðkÞ is a (known) quasiparticle velocity that depends
on ρx;tð·Þ. GHD is obtained from the system of continuity
equations for the extensive number of conservation laws,
postulating local relaxation to an equilibrium state with
quasiparticle density ρx;tðkÞ, and then inferring its evolution
equation (4). The GHD equation (4) can be viewed as a
kinetic theory governed by a dissipationless Boltzmann
equation [30] where the velocity is a nonlinear functional
of the density itself [32,33]. Hence it suggests the existence
of an operator nðx; kÞ expressed in terms of fermions ψx
localized near x, whose expectation value is ρx;tðkÞ, and for
which the BBGKY hierarchy would re-organize into a
dissipationless QBE. Such an operator, however, is only
known in the noninteracting case, where it is given by the
Wigner operator [whose expectation value is Eq. (3)].
In this Letter we show that under certain conditions the

BBGKY hierarchy can be reformulated as GHD equa-
tions. We establish that, surprisingly, one can construct
conserved charges for arbitrary local but weak interaction
potentials by appropriately dressing the noninteracting
modes. Crucially, however, these conserved charges are
generally nonlocal and acquire good locality properties
only for integrable models. This means that even though it
is possible to explicitly construct operators fulfilling a
dissipationless QBE for generic interacting models, these
operators are nonlocal and the equation cannot be used to
infer the dynamics of physical observables. In contrast, in
the integrable case the evolution equation reduces to the
GHD equation for expectation values of local mode
occupation numbers. As discussed in the following, this
also gives a simple operational criterion to assess the
integrability of a given interaction potential.
In the remainder of this Letter we consider a system of

interacting fermions on a ring of size L with Hamiltonian
H ¼ H0 þH1

H0¼
X
p

p2ψ†
pψp; H1¼

1

L

X
p

VðpÞψ†
p1
ψ†
p2
ψp3

ψp4
; ð5Þ

where all summations are on “free momenta” p ¼ 2πn=L
with n ∈ Z and where ψ†

p and ψp are fermionic creation
and annihilation operators with canonical anticommutation
relations fψ†

p1
;ψ†

p2
g ¼ 0 ¼ fψp1

;ψp2
g and fψ†

p1
;ψp2

g ¼
δp1;p2

. Here VðpÞ is a two-particle interaction potential,
which by virtue of the anticommutation relations can be cast
in the form

VðpÞ ¼ 1

4
δp1þp2;p3þp4

Ap1p2
Ap3p4

½Vðp1 − p3Þ�; ð6Þ

whereAk1���kn is an operator that acts by antisymmetrizing in
fk1;…; kng. Without loss of generality we take VðkÞ to be
even in k and Vð0Þ ¼ 0 [34].
In particular, the choice

VðkÞ ¼ EaðkÞ ≔ −
β

a2

Z
dx

σ00ðx=aÞðeikx − 1Þ
xþ βσðx=aÞ ; ð7Þ

where σðxÞ is a smooth odd function with σ0ðxÞ ≥ 0,
σ0ð0Þ > 0, limx→∞σðxÞ ¼ 1, and limx→∞ x2σ00ðxÞ ¼ 0,
produces the second-quantized (and regularized) Cheon
Shigehara model of Refs. [35,36], i.e., an integrable
fermionic dual of the Lieb-Liniger model [37]. We stress
that the regularization (7) allows for a perturbative
expansion at second order without renormalization.
In order to obtain GHD we follow the logic of

Refs. [30,31], but aim to explicitly construct the con-
served charges from the BBGKY hierarchy. These are
derived by assuming that the potential VðkÞ can be treated
perturbatively. We note that for the potential (7) pertur-
bation theory is believed to have a finite radius of
convergence, cf. Refs. [38–40].
Our first step is to find all the conserved charges of

Eq. (5). We begin by considering an operator Q and
assuming that it has a regular perturbative expansion

Q ¼
X∞
m¼0

Qm; ð8Þ

where Qm is of order m in VðkÞ. Q is conserved if the
operators Qm fulfil

½H0; Qm� ¼ −½H1; Qm−1�; ð9Þ

where we setQ−1 ¼ 0. In addition, we restrict our discussion
to cases where the particle number operator N ¼ P

p ψ
†
pψp

is part of the tower of conserved charges. This implies that all
Qn are expressed as sums of monomials involving equal
numbers of ψ†

p and ψq. It is easy to see that the zeroth order
of Eq. (9) is solved by the following number-conserving
charges
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Qf;0 ¼
X
p

fðpÞψ†
pψp; ð10Þ

where fðpÞ is any function, which we take to be smooth. We
note that charges corresponding to different f’s commute, but
Eq. (10) is clearly not the most general choice for a conserved
charge of H0. Any energy-diagonal operator (i.e., any
operator that is diagonal in an eigenbasis of H0) could be
taken as a conserved charge of H0, with any V-dependent
prefactor appearing at higher orders. The densities of such
more complicated energy-diagonal operators, however, are
generically nonlocal in real space. We therefore restrict our
search to zeroth-order charges of the form (10) and leave out
energy-diagonal contributions at higher orders. We expect
this “minimal ansatz” to be sufficient for the perturbative
construction of complete sets of conserved charges in all
integrable models of the form (5) featuring a single species of
quasiparticles, i.e., cases in which the stable quasiparticles
can be thought of as being “adiabatically connected” to the
free fermions ψ†

pψp.
Starting from Eq. (10) we can directly use Eq. (9) and our

minimal ansatz to recursively generate the higher orders of
Qf. In particular, for m ¼ 1 the equation can be solved for
any potential giving [41]

Qf;1 ¼
1

L

X
k

gð4Þf;1ðkÞψ†
k1
ψ†
k2
ψk3ψk1þk2−k3 ; ð11Þ

where the function gð4Þf;1ðkÞ is nonsingular for any choice of
VðkÞ, and has the same regularity as VðkÞ: its explicit
expression is given in Eq. (SM-14) [41].
In contrast, for m ¼ 2 Eq. (9) does not always admit a

solution in the framework of our minimal ansatz, i.e., starting
from the zeroth order (10) and omitting energy-diagonal
contributions at higher orders. This is because ½H1; Qf;1�
generically contains an energy-diagonal component and
therefore cannot be expressed in the form ½H0; Qf;2�.
Indeed, the energy-diagonal part of the latter commutator
is always zero. In particular, defining S6 ≔ M6nN 6 with

M6 ≔
�
kj∶

X3
j¼1

k2j ¼
X6
j¼4

k2j ;
X3
j¼1

kj ¼
X6
j¼4

kj

�
; ð12Þ

N 6 ≔ fkj∶fk1; k2; k3g ¼ fk4; k5; k6gg; ð13Þ

we find the following solvability condition:
Condition 1.—For Qf;1 given in Eq. (11), Eq. (9) admits

solution for m ¼ 2 and all f only if

Ak1k2k3Ak4k5k6

�
Vðk4 − k1ÞVðk3 − k5Þ
ðk1 − k4Þðk2 − k4Þ

�
¼ 0; ð14Þ

for every k ∈ S6. This condition is equivalent to the
vanishing of the 2nd order contribution to the three-particle

S-matrix for non-coinciding sets of incoming and outgoing
momenta [44].
If Condition 1 is fulfilled the second order charge can be

expressed as [34]

Qf;2 ¼
1

L

X
k

gð4Þf;2ðkÞψ†
k1
ψ†
k2
ψk3ψk1þk2−k3

þ 1

L2

X
k

gð6Þf;2ðkÞψ†
k1
ψ†
k2
ψ†
k3
ψk4ψk5ψk1þk2þk3−k4−k5 ;

ð15Þ
where fgðnÞf;2ðkÞgn¼4;6 are regular and their explicit expres-
sions are given in Eqs. (SM-33) and (SM-34) [41].
Proceeding in this way we obtain a set of charges

fQf ¼ Qf;0 þQf;1 þQf;2; any smooth fðkÞg; ð16Þ
conserved up to OðV3Þ. Our construction can be readily
extended to higher orders. Crucially the charges (16) are
mutually compatible [it is shown in Ref. [34] that they
commute up to OðV3Þ] and for smooth fðkÞ and VðkÞ they
are quasilocal, i.e., their density is exponentially localized.
The latter property can be shown by expressing Qf;m in
terms of real space fermions ψðxÞ ¼ P

p ψpeixp=
ffiffiffiffi
L

p
. For

instance, considering Eq. (11) we have

Qf;1 ¼
Z

dxCf;1ðx1 − x4;…; x3 − x4Þψ†
x1…ψx4 ; ð17Þ

where

Cf;1ðy1; y2; y3Þ ¼
1

L3

X
k

gð4Þf;1ðkÞeiðk1y1þk2y2−k3y3Þ: ð18Þ

In the thermodynamic limit Cf;1ðxÞ becomes the Fourier

transform of gð4Þf;1ðkÞ, which is smooth for fðkÞ and VðkÞ
smooth. Therefore, quasilocality is guaranteed by standard
Fourier analysis [42]. If VðkÞ is regular but not smooth, the
densities still decay in real space, but generically as
power laws.
If Condition 1 is not fulfilled one can construct charges at

second order by either: (i) adding appropriate energy-
diagonal contributions to Qf;0 (or Qf;1) to subtract the
energy diagonal part of ½H1; Qf;1� [43]; (ii) appropriately
deforming the dispersion relation of the free model:
k2 ↦ k2 þ ϵηðkÞ, with ϵ ≪ 1 and ηð·Þ a suitable function.
Using this deformed dispersion in Eq. (12) one can ensure
thatM6 coincides withN 6 in any finite volumeL and hence
Condition 1 is always fulfilled for finite L. Both strategies (i)
and (ii), however, necessarily produce second-order charges

where the coefficient of the six-fermion term [gð6Þf;2ðkÞ in
Eq. (15)] has singularities in momentum space. In real space,
these singularities translate into a charge density that does
not decay, i.e., the second-order charges are nonlocal.
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In summary, restricting to zeroth order charges with a
quadratic term, Condition 1 is necessary and sufficient for
the system (5) to have a complete set of charges with
densities that decay in space at second order. We remark
that if one changes the dispersion relation, for instance by
considering a system on the lattice, the situation becomes
richer and will be discussed in a separate work [44].
Let us now characterize the solutions to Condition 1. We

have the following [34]
Property 1.—The only potentials fulfilling Condition 1

and admitting a power-series expansion around 0 are

VabðkÞ ¼ að1 −
ffiffiffi
b

p
k coth

ffiffiffi
b

p
kÞ; a; b ∈ R: ð19Þ

Restricting to b > 0 (we seek potentials that are well
defined for all k ∈ R) we see that Eq. (19) corresponds to
the inverse-sinh-squared Calogero-Sutherland potential up
to mass and momentum rescaling [26]. In particular we find
the two following limiting cases:

lim
b→0

ab¼−3γ

VabðkÞ ¼ γk2; lim
b→∞

a¼−γ=
ffiffi
b

p
VabðkÞ ¼ γjkj: ð20Þ

The first is nothing but the Fourier transform of the
integrable Cheon-Shigehara potential (7) at order OðβÞ
when the regulator is removed, while the second is the
inverse-squared Calogero-Sutherland potential [26]. We
have conducted a numerical check of Condition 1 for several
classes of singular potentials but have failed to find any
additional solutions.
We note that to the best of our knowledge, Eqs. (19) and

(20) correspond to the only known integrable potentials for
Eq. (5) in the thermodynamic limit. Importantly both cases
give rise to theories with a single species of quasiparticles
(smoothly connected to free fermions for vanishing V). For
the k2 potential one can use a standard result of Fourier
analysis [42,45] to construct a complete set of “ultralocal”
charges [25] with density supported on a single point. To
this end it is sufficient to take the set of charges constructed
choosing fðkÞ ∈ fk2ng∞n¼1.
Given the set of conserved charges (16) we can now

define the quasiparticle number operator nðk; xÞ. Our
starting point are the operatorial densities qfðxÞ of the
charges (16), which can be chosen with at least a power-law
decaying density if Condition 1 is fulfilled. A convenient
choice is

qfðxÞ¼
1

L

X
k1;k2

fðk1Þeixðk2−k1Þψ†
k1
ψk2

þ 1

L2

X
k;k4

½gð4Þf;1ðkÞþgð4Þf;2ðkÞ�eixðk4þk3−k2−k1Þψ†
k1
� � �ψk4

þ 1

L3

X
k;k6

gð6Þf;2ðkÞeixðk6þk5þk4−k3−k2−k1Þψ†
k1
� ��ψk6 ð21Þ

corrected by higher orders in V. To construct nðk; xÞ we
consider linear combinations of fqfðxÞg with smooth f’s
and select the contributions of a single noninteracting mode
k. The linear combination is then chosen such that we
obtain the density associated with fðpÞ ¼ δk;p. Since
Eq. (21) is linear in f this is always possible if ffðkÞg
is a complete set in L2ðRÞ. Specifically, we propose the
following definition

nðk; xÞ ≔ L
2π

∂
∂fðkÞ qfðxÞ; ð22Þ

where k obeys free quantisation conditions. This operator is
characterized by the following properties: (i) The moments
of nðk; xÞ are the densities

2π

L

X
k

fðkÞnðk; xÞ ¼ qfðxÞ: ð23Þ

As shown below this implies that the thermodynamic
limit of the expectation value of nðk; xÞ on a translationally
invariant state gives the density of quasiparticles.
(ii) nðk; xÞ is conserved, i.e., it fulfils

∂tnðk; xÞ þ ∂xjnðk; xÞ ¼ 0;

jnðk; xÞ ≔
L
2π

∂
∂fðkÞ jfðxÞ; ð24Þ

where jfðxÞ is the current associated with qfðxÞ via the
continuity equation [34]

∂tqfðxÞ þ ∂xjfðxÞ ¼ 0: ð25Þ

(iii) An explicit expression of nðk; xÞ can be obtained
from Eq. (21).
If the moments of nðk; xÞ are sufficiently local in space

[46] then (i) and (ii) allow us to interpret Eq. (24) as an
operatorial progenitor of the GHD equation (4). Property
(iii) makes the relation between GHD and the BBGKY
hierarchy explicit. The expectation value of nðk; xÞ, which
fulfils the GHD equation (4), is recovered as a specific sum
of cumulants fulfilling the BBGKY hierarchy. The expan-
sion of hnðk; xÞi up to order OðVnÞ involves cumulants of
order 2nþ 2. Therefore, in order to recover the full GHD
equation one needs the entire BBGKY hierarchy.
Our previous discussion implies that, at second order,

nðk; xÞ is sufficiently local only if VðkÞ is taken to be
the Cheon-Shigehara or Calogero-Sutherland potential.
Remarkably, however, at first order the moments are
quasilocal for any smooth potential VðkÞ, integrable or
not [49]. This suggests that in the weak-interaction
regime GHD physics is robust against nonintegrable
perturbations. Namely, having a weak nonintegrable
potential in Eq. (5) does not preclude the formulation
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of the BBGKY hierarchy in terms of a GHD equation at
first order in perturbation theory, but only at second order.
This means that GHD will be applicable on a longer
timescale than naively expected and perhaps partially
explains the relevance of GHD in modeling actual
experiments [51–53].
In order to fully make contact with GHD, the thermo-

dynamic limit of the expectation values of nðk; xÞ and
jnðk; xÞ in an energy eigenstate should match the known
formulas for thermodynamic Bethe ansatz (TBA) inte-
grable models. Namely, at order m in perturbation theory
one should have

hnðk; xÞijm ¼ ρðkÞ þOðVmþ1Þ; ð26Þ

hjnðk; xÞijm ¼ vðkÞρðkÞ þOðVmþ1Þ; ð27Þ

where ρðkÞ is the quasiparticle density in momentum
space and vðkÞ is the group velocity of stable particle and
hole excitations around the energy eigenstate [54]. For a
given state both these quantities depend nontrivially on
the two body interactions characterizing the integrable
model [30,31,55,56]. More precisely, they are determined
by two integral equations involving the two-particle
“scattering phase shifts” [57]. Upon assuming local
equilibration [58], the relations (26) and (27) allow one
to go from the operatorial continuity equation (24) to the
GHD equation (4).
One can verify that for m ¼ 1 Eqs. (26) and (27) are

fulfilled for any potential. Namely, using hψ†
pψqi≡

δp;qϑðqÞ and hψ†
pψ

†
qi ¼ 0, we find at first order [43]

hnðk;xÞi¼ϑðkÞ
2π

�
1þ

Z
dqKðk−qÞϑðqÞ

�
þOðV2Þ; ð28Þ

hjnðk;xÞi¼
ϑðkÞ
π

�
kþ

Z
dqKðk−qÞqϑðqÞ

�
þOðV2Þ; ð29Þ

where KðkÞ ¼ ∂k½VðkÞ=k�. These agree with the first order
expansion of ρðkÞ and vðkÞ in an integrable model with a
single species of quasiparticles and a scattering phase shift
VðkÞ=k (perturbatively small). The latter is then interpreted
as the scattering phase shift of the effective integrable
model describing (5) at first order. In particular, using the
potentials (19) and (20) we recover the first order expansion
of the known TBA expressions of ρðkÞ and vðkÞ in the
Lieb-Liniger and Calogero-Sutherland models [34]. The
extension of these results to higher orders in the integrable
case will be reported elsewhere [44].
We note that at first order in V the above programme can

be generalized to the bosonic case, i.e., when the operators
ψ entering the Hamiltonian (5) satisfy canonical commu-
tation relations. We are again able to construct charges for
any potential, but now the expectation value of these
charges in an eigenstate is in general divergent at first

order in V, as reported in Sec. VI of the Supplemental
Material [41].
Discussion.—In this Letter we showed how to system-

atically derive a dissipationless Boltzmann equation for
certain “dressed” quasiparticles from the BBGKY hierarchy
for weakly interacting many-particle systems and derived an
explicit expression for the density of the corresponding
mode occupation operator. In order to enable a GHD
description this density must have good locality properties,
which we find to be the case precisely for the known
integrable potentials. This suggests that our “integrability
condition” provides an exact characterization of all inte-
grable systems (even those not solvable by Bethe ansatz)
with a single species of quasiparticles. Our construction
further suggests that in weakly interacting models the GHD
description is robust against nonintegrable perturbations,
which is relevant for applications of GHD to cold-atom
experiments. Our work can be extended in a number of
directions. First, the case of integrable models with several
species of stable quasiparticles can be analyzed in a similar
way, but a number of interesting complications occur [44].
Second, from our “operatorial” GHD equation it should be
possible to derive corrections to GHD [58–62] in a system-
atic fashion. Finally, our approach can be used to study the
effects of general weak integrability breaking interactions
[63–70]. An important goal is to investigate how, and over
what timescales, they render perturbed GHD descriptions
invalid.

This work has been supported by the Royal Society
through the University Research Fellowship No. 201101
(B. B.) and the EPSRC under grant EP/S020527/1 (E. G.
and F. H. L. E.).

[1] J. von Neumann, Proof of the ergodic theorem and the
H-theorem in quantum mechanics, Eur. Phys. J. H 35, 201
(2010).

[2] I. Bloch, J. Dalibard, and W. Zwerger, Many-body physics
with ultracold gases, Rev. Mod. Phys. 80, 885 (2008).

[3] F. Arute, K. Arya, R. Babbush, D. Bacon, J. C. Bardin, R.
Barends, R. Biswas, S. Boixo, F. G. Brandao, D. A. Buell
et al., Quantum supremacy using a programmable super-
conducting processor, Nature (London) 574, 505 (2019).

[4] A. Polkovnikov, K. Sengupta, A. Silva, and M. Vengalattore,
Colloquium: Nonequilibrium dynamics of closed interacting
quantum systems, Rev. Mod. Phys. 83, 863 (2011).

[5] M. Rigol, V. Dunjko, and M. Olshanii, Thermalization and
its mechanism for generic isolated quantum systems, Nature
(London) 452, 854 (2008).

[6] C. Gogolin and J. Eisert, Equilibration, thermalisation, and
the emergence of statistical mechanics in closed quantum
systems, Rep. Prog. Phys. 79, 056001 (2016).

[7] P. Calabrese, F. H. L. Essler, and G. Mussardo, Introduction
to ‘Quantum integrability in out of equilibrium systems’,
J. Stat. Mech. (2016) 064001.

PHYSICAL REVIEW LETTERS 128, 190401 (2022)

190401-5

https://doi.org/10.1140/epjh/e2010-00008-5
https://doi.org/10.1140/epjh/e2010-00008-5
https://doi.org/10.1103/RevModPhys.80.885
https://doi.org/10.1038/s41586-019-1666-5
https://doi.org/10.1103/RevModPhys.83.863
https://doi.org/10.1038/nature06838
https://doi.org/10.1038/nature06838
https://doi.org/10.1088/0034-4885/79/5/056001
https://doi.org/10.1088/1742-5468/2016/06/064001


[8] M. Serbyn, D. A. Abanin, and Z. Papić, Quantum many-
body scars and weak breaking of ergodicity, Nat. Phys. 17,
675 (2021).

[9] B. Bertini, F. Heidrich-Meisner, C. Karrasch, T. Prosen, R.
Steinigeweg, and M. Žnidarič, Finite-temperature transport
in one-dimensional quantum lattice models, Rev. Mod.
Phys. 93, 025003 (2021).

[10] A. Bastianello, B. Bertini, B. Doyon, and R. Vasseur,
Introduction to the special issue on emergent hydrodynamics
in integrable many-body systems, J. Stat. Mech. (2022)
014001.

[11] B. Bertini, P. Kos, and T. Prosen, Entanglement Spreading in
a Minimal Model of Maximal Many-Body Quantum Chaos,
Phys. Rev. X 9, 021033 (2019).

[12] L. Piroli, B. Bertini, J. I. Cirac, and T. Prosen, Exact
dynamics in dual-unitary quantum circuits, Phys. Rev. B
101, 094304 (2020).

[13] K. Klobas, B. Bertini, and L. Piroli, Exact Thermalization
Dynamics in the “Rule 54” Quantum Cellular Automaton,
Phys. Rev. Lett. 126, 160602 (2021).

[14] K. Klobas and B. Bertini, Exact relaxation to Gibbs and
non-equilibrium steady states in the quantum cellular
automaton Rule 54, SciPost Phys. 11, 106 (2021).

[15] E. Granet, H. Dreyer, and F. H. L. Essler, Out-of-equilibrium
dynamics of the XY spin chain from form factor expansion,
SciPost Phys. 12, 019 (2022).

[16] G. Carleo, F. Becca, M. Schiró, and M. Fabrizio, Localization
and glassy dynamics of many-body quantum systems, Sci.
Rep. 2, 243 (2012).

[17] K. Mallayya and M. Rigol, Quantum Quenches and
Relaxation Dynamics in the Thermodynamic Limit, Phys.
Rev. Lett. 120, 070603 (2018).

[18] A. J. Daley, C. Kollath, U. Schollwöck, and G. Vidal, Time-
dependent density-matrix renormalization-group using adap-
tive effective hilbert spaces, J. Stat. Mech. (2004) P04005.

[19] S. R. White and A. E. Feiguin, Real-Time Evolution Using
the Density Matrix Renormalization Group, Phys. Rev. Lett.
93, 076401 (2004).

[20] U. Schollwöck, The density-matrix renormalization group
in the age of matrix product states, Ann. Phys. (Amsterdam)
326, 96 (2011).

[21] N. N. Bogoliubov, Lectures on Quantum Statistics (CRC
Press, Boca Raton, 1970), Vol. 2.

[22] M. Bonitz, Quantum Kinetic Theory (Springer International
Publishing, New York, 2015).

[23] K. Huang, Statistical Mechanics, 2nd ed. (Wiley India Pvt.
Limited, New York, 2008).

[24] L. Erdős, M. Salmhofer, and H.-T. Yau, On the quantum
boltzmann equation, J. Stat. Phys. 116, 367 (2004).

[25] V. Korepin, N. Bogoliubov, and A. Izergin, Quantum Inverse
Scattering Method and Correlation Functions, Cambridge
Monographs onMathematical Physics (Cambridge University
Press, Cambridge, England, 1993).

[26] B. Sutherland, Beautiful Models: 70 Years of Exactly Solved
Quantum Many-body Problems (World Scientific, Singapore,
2004).

[27] In the following we restrict our discussion to the simplest
case where there is only a single species of quasiparticles.

[28] F. H. L. Essler and M. Fagotti, Quench dynamics and
relaxation in isolated integrable quantum spin chains, J. Stat.
Mech. (2016) 064002.

[29] L. Vidmar and M. Rigol, Generalized Gibbs ensemble in
integrable lattice models, J. Stat. Mech. (2016) 064007.

[30] B. Bertini, M. Collura, J. De Nardis, and M. Fagotti,
Transport in Out-of-Equilibrium XXZ Chains: Exact
Profiles of Charges and Currents, Phys. Rev. Lett. 117,
207201 (2016).

[31] O. A. Castro-Alvaredo, B. Doyon, and T. Yoshimura,
Emergent Hydrodynamics in Integrable Quantum Systems
Out of Equilibrium, Phys. Rev. X 6, 041065 (2016).

[32] J. K. Percus, Exact solution of kinetics of a model classical
fluid, Phys. Fluids 12, 1560 (1969).

[33] C. Boldrighini, R. Dobrushin, and Y.M. Sukhov, One-
dimensional hard rod caricature of hydrodynamics, J. Stat.
Phys. 31, 577 (1983).

[34] VðkÞ is always even for identical particles. However the
assumption Vð0Þ ¼ 0 holds only for fermions. A nonzero
Vð0Þ corresponds to a δ interaction in real space, which is
known to have no effects on fermions.

[35] E. Granet, B. Bertini, and F. H. L. Essler, Duality between
Weak and Strong Interactions in Quantum Gases, Phys. Rev.
Lett. 128, 021604 (2022).

[36] E. Granet, Regularization of a strong-weak duality between
pointlike interactions in one dimension, arXiv:2112.14684.

[37] E. H. Lieb and W. Liniger, Exact analysis of an interacting
Bose gas. I. The general solution and the ground state, Phys.
Rev. 130, 1605 (1963).

[38] G. Lang, Conjectures about the structure of strong- and weak-
coupling expansions of a few ground-state observables in the
Lieb-Liniger and Yang-Gaudin models, SciPost Phys. 7, 55
(2019).

[39] E. Granet and F. H. L. Essler, A systematic 1=c-expansion
of form factor sums for dynamical correlations in the
Lieb-Liniger model, SciPost Phys. 9, 82 (2020).

[40] E. Granet and F. H. L. Essler, Systematic strong coupling
expansion for out-of-equilibrium dynamics in the Lieb-
Liniger model, SciPost Phys. 11, 068 (2021).

[41] See Supplemental Material at http://link.aps.org/supplemental/
10.1103/PhysRevLett.128.190401 for (i) an explicit derivation
of Eqs. (11) and (15); (ii) a proof of property 1; (iii) a proof
that the charges are in involution; (iv) an explicit expression of
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