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Two-dimensional (2D) topological electronic insulators are known to give rise to gapless edge modes,
which underlie low energy dynamics, including electrical and thermal transport. This has been thoroughly
investigated in the context of quantum Hall phases, and time-reversal invariant topological insulators. Here
we study the edge of a 2D, topologically trivial insulating phase, as a function of the strength of the
electronic interactions and the steepness of the confining potential. For sufficiently smooth confining
potentials, alternating compressible and incompressible stripes appear at the edge. Our findings signal the
emergence of gapless edge modes which may give rise to finite conductance at the edge. This would
suggest a novel scenario of a nontopological metal-insulator transition in clean 2D systems. The
incompressible stripes appear at commensurate fillings and may exhibit broken translational invariance
along the edge in the form of charge density wave ordering. These are separated by structureless
compressible stripes.
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Introduction.—The edge of two-dimensional (2D) topo-
logical insulators is underlined by gapless chiral (or helical)
modes [1–4]. Their number and directionality are con-
strained by the bulk-edge correspondence [4]. Varying the
steepness of the confining potential at the edge and the
strength of the electron-electron interaction may give rise to
a sequence of quantum phase transitions, also known as
“edge reconstruction.” These are marked by the emergence
of additional chiral edge modes, abiding by the bulk-edge
correspondence. Edge reconstruction has been discussed in
the context of the integer [5–13] and fractional [14–26]
quantum Hall (QH) phases, and has been proposed as a
viable mechanism for time-reversal invariant topological
insulators [27,28]. For all these instances of edge
reconstruction, driven by charging and/or exchange effects,
the bulk state remains untouched.
Here, we consider the boundary of a clean, topologically

trivial, 2D insulator at zero magnetic field. The edge
structure of such a system may depend crucially, not only
on the microscopic bulk Hamiltonian and the electronic
interactions, but also on the steepness of the edge confining
potential. Considering a lattice model to study the boun-
dary, we indeed find, for a sufficiently smooth confining
potential, the emergence of alternating compressible and
incompressible stripes at the edge (Fig. 1). The widths of
the stripes decrease with the increase of slope of the
potential. Each incompressible stripe has a constant filling
[plateaus at half filling in Figs. 1(b), 2(a), and 2(b) or
quarter filling in Figs. 2(c) and 2(d)]. By contrast, in the
compressible stripes, the average filling varies smoothly
and monotonically as the edge is approached; this appears

in the regions surrounding the incompressible plateaus
[Figs. 1(b) and 1(d)]. Furthermore, the low energy tunnel-
ing density of states vanishes (remains finite) in the
incompressible (compressible) stripes (Fig. 5). Since
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FIG. 1. Changes in the edge structure driven by variations of
slope of the confining potential (w−1). (a)–(b) Average charge
density as a function of the distance from the edge (y) for
(a) sharp (w ¼ 0.5) and (b) smooth (w ¼ 8.5) confining poten-
tials. Regions at large negative (positive) y are part of the
insulator (vacuum) and are doubly occupied (empty). (c)–(d)
Local compressibility (defined in the text) of the states presented
in panels (a)–(b) respectively. As seen smoothening the potential
leads to the formation of compressible stripes and an incom-
pressible half-filled plateau. The parameters used here are
t ¼ V ¼ 1 and U ¼ 15.
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metallic behavior is accompanied by finite compressibility
[29–33], we conjecture that the compressible stripes have
finite conductance. This would represent a metal-insulator
transition at the edge of a clean system, driven by the slope
of the boundary confining potential.
The edge of 2D topological phases of matter, which

supports a discrete (and small) number of chiral modes,
may naturally be described as a quasi one-dimensional (1D)
system. In such systems the competition between the
kinetic energy and the Coulomb repulsion as well as the
interplay of electrostatic and exchange interactions give rise
to a multitude of electronic phases of matter. For strictly 1D
systems, modeled as Luttinger liquids, a number of phases
(marked by power-law correlations of charge, spin, and
superconducting fluctuations) may emerge [34–36]. For
lattice-based models, such as the extended Hubbard
model, truly long-range charge-ordered phases may emerge
with commensurate electronic filling factors [36–40].
Generalizations of 1D systems to ladders with two
[36,41–45] and three [46,47] coupled chains have been
reported. Lattice-based models of ladders yield similar
commensurate charge-ordered phases [36,44,45].
By contrast, here the edge comprising compressible and

incompressible stripes has a finite width, consisting of a
large number of parallel 1D chains. This renders an
analysis based on bosonization of a multilegged ladder
impractical. Instead, we employ a self-consistent Hartree-
Fock (HF) analysis aimed at finding the ground state of the

chains, coupled through tunneling and electron-electron
interactions, as a function of the slope of the confining
potential and the interaction strength. In addition to the
nucleation of compressible stripes, ourHFanalysis results in
charge and magnetic order in the incompressible stripes for
different interaction strengths [Fig. 2]. Noting that a phase
with charge density wave (CDW) order breaks a discrete
symmetry, a truly long-range charge ordering is expected to
exist in quasi-1D systems [36,44,45]. Therefore, even
though we perform a self-consistent mean-field analysis,
our results vis-à-vis charge ordering may survive the
inclusion of quantum fluctuations. The presence of alter-
nating compressible and (ordered) incompressible stripes at
the edge of a trivial insulator is the main result of this Letter.
We note that Ref. [5] reported the presence of alternating

compressible-incompressible stripes at the edge of QH
phases. In that case the incompressible stripes appear in the
regions with a quantized filling factor. We stress that our
results differ from Ref. [5] since we consider a topologi-
cally trivial phase in the absence of a magnetic field.
Basic setup.—We analyze the edge of a 2D insulator

using the single band extended Hubbard model on a square
lattice (lattice spacing 1) with a confining potential
perpendicular to the edge (along y). We assume a large
bulk band gap so that the conduction band plays no role.
The Hamiltonian of the system is H ¼ Ho þHee where
Hee is the Coulomb repulsion and Ho ¼

P
r⃗;σ½−μþ

VcðyÞ�c†r⃗;σcr⃗;σ − t
P

hr⃗;R⃗i;σ½c†r⃗;σcR⃗;σ þ H:c:�. Here σ are the
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FIG. 2. (a)–(d) The y dependent order parameters (defined in the text) in the four edge structures found for smooth confining
potentials. An identical confining potential (w ¼ 50) is used for all panels, while the interaction strengths (U and V) vary. Moving from
(a) to (b), V is increased whileU is fixed. Moving from (b) to (d),U is decreased at a constant V. Black curves (empty and filled squares)
show the average occupation [ρðyÞ]. Filled [empty] squares denote regions with a CDWof period 2 [a uniform charge density] along the
edge (along x). The blue [red] line (triangles [circles]) shows the average ferromagnetic (F) [antiferromagnetic (AF)] order parameter.
The empty (filled) triangles and circles denote magnetic order along the sz (sx) direction. This direction is chosen arbitrarily for the
moments on the half-filled stripe. All edge structures feature a central plateau at half filling (ρ ¼ 1). This central plateau has (a) AF order
(in the limit U ≫ V ≫ t) or (b) CDWorder (in the limit V ≫ U). (c),(d) Additional plateaus at ρ ¼ 1=2 and 3=2 can appear when both
U and V are large. These plateaus feature a CDW order of period 2. Since the (average) spin on each partially occupied site in these
regions is equal, the average F and AF order parameters are identical. The additional plateaus do not change the order on the central
plateau which can be either (c) AF or (d) CDW. (e)–(h) The local compressibility in the states depicted in panels (a)–(d) respectively. The
presence of alternating compressible and incompressible stripes is clear. The values of U and V used here are shown in Fig. 4.
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spin indices (quantized along an arbitrary direction) and t is
the isotropic hopping integral between nearest neighbors.
The chemical potential μ is chosen such that the bulk sites
(at large and negative y) are doubly occupied. We model the
confining potential as a linear function,

VcðyÞ ¼
�
0 y < −w
V0 þ V0

w y y ≥ −w
: ð1Þ

Here V0 is chosen such that the average occupation
[ρðyÞ ¼ P

x;σhc†r⃗;σcr⃗;σi=Lx] of the chain at y ¼ 0 is 1.
The parameter w−1 is the slope of the edge potential.
This potential is very steep at w ∼ 0 and becomes smoother
as w increases. Since any sufficiently smooth function can
be linearized around the chemical potential, we do not
expect our results to depend on the specific form of Vc.
We restrict the range of electronic interactions to nearest
neighbors (nn), i.e., Hee ¼ U

P
r⃗ nr⃗;↑nr⃗;↓ þ V

P
hr⃗;R⃗i nr⃗nR⃗

where nr⃗;σ ¼ c†r⃗;σcr⃗;σ is the (spin-resolved) number operator
and nr⃗ ¼

P
σ nr⃗;σ . U (V) is the on site (isotropic nn)

interaction strength.
We impose periodic boundary conditions (PBC) along

the edge (x direction) and open boundary conditions along
y. Performing a Fourier transform along x, we treat the two-
body terms in the HF approximation so that the many-body
ground state is replaced by a variational Slater determinant.
The variational parameters are the one-body averages
Δσσ0 ðk; q; y; δÞ ¼ hc†k;y;σckþq;yþδ;σ0 i. The HF ground state
(which minimizes the variational energy) is found through
an iterative procedure carried out until self-consistency is
achieved [48].
States which maintain translation invariance along x can

only have a nonzero Δ for q ¼ 0. By allowing averages
with q ≠ 0 we include states that break this symmetry,
through periodic (charge and spin) density waves, within
the family of allowed variational states. Furthermore,
treating ΔðqÞ at each y as an independent parameter allows
for states with different kinds of density waves in different
regions (along y). In this Letter, we restrict q to 0, π, and
π=2, which allow for density waves with periodicity 1, 2,
and 4 along the x direction. We have checked that including
other values of q (such as π=4) does not change our results.
However, it is possible that larger systems may exhibit
density waves with longer periods.
We characterize the ground state through the (quantum)

expectation value of the charge (hni;yi) and spin (hs⃗i;yi) at
each site in the x-y plane (the x coordinate of r⃗ is set to an
integer i). We define the y-dependent average density
[ρðyÞ], as well as the F and AF order parameters s⃗FðyÞ ¼P

ihs⃗i;yi=Lx and s⃗AFðyÞ ¼
P

ið−1Þihs⃗i;yi=Lx in terms of
the expectation values. The ground state can be classified
into different phases depending on the behavior of these
order parameters as a function of y (also discretized to the
index of the chains). To further probe the nature of the

ground state we compute the local compressibility
κðyÞ ¼ ∂ρðyÞ=∂μ. Finally, we compute the electron tun-
neling density of states ρeðω; yÞ ¼ ImGðω; yÞ=π where
Gðω; yÞ ¼ P

n

P
i½ψ�

nði; yÞψnði; yÞ=ðω − ϵn − i0þÞ� is the
local single-particle Green’s function, and ϵn (ψn) denote
the energy (wave function) of the nth self-consistent single-
particle state.
Results and discussion.—We performed the self-consis-

tent HF analysis described above for system sizes up to 64
sites along x for each chain and 75 chains along y
employing a range of parameters w, U, and V, keeping
the tunneling energy fixed, t ¼ 1 [49]. For very steep
confining potentials, we found (as expected) a sharp
transition between regions of double and zero occupation
[Fig. 1(a)]. On the other hand, for sufficiently smooth edge
potentials (w ⪆ 5), we observed at least four different
structures (shown in Fig. 2 for w ¼ 50) depending on
the values of the interaction strengths (U and V). Figure 3
presents the average occupation and spin on each site of the
2D space for the structure shown in Fig. 2(c). Figure 4
depicts the regions in the U-V plane which show the four
structures, at smooth confining potentials (w ¼ 10). Note
that w ¼ 12 (w ¼ 10) in Fig. 3 (Fig. 4), while the
parameters U, V, and t are the same as those employed
in Fig. 2. A smaller value of w was employed because
Figs. 3 and 4 show results for a system with a smaller
number of chains (30).
The black lines in Figs. 2(a)–2(d) show the variation of

the average density (ρ) at the edge in the four phases. The
central plateau (at ρ ¼ 1) can feature AF [Fig. 2(a)] or
CDW [Fig. 2(b)] order. AF arises when U ≫ V ≫ t; all the

FIG. 3. Ordered stripes at the edge of a 2D insulator. The color
map shows the average occupation at each site. The black arrows
represent the average spin (along sz) at each site. Only the first
eight sites along the edge (x direction) are shown. The region
around y ¼ 0 features single occupied sites with AF ordering [the
central plateau in Fig. 2(c)]. The surrounding regions host a CDW
(marked by the alternating colors), forming the quarter-filled
plateaus in Fig. 2(c). This is the result for 30 chains (along
y direction) with w ¼ 12. The parameters U, V, and t are the
same as those used for Fig. 2(c).
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sites on this stripe are singly occupied, and the expectation
value of spins follows AF ordering. This can be understood
as resulting from the Anderson superexchange interaction
[50–52]. On the other hand, when U ≪ V the central stripe
features a period 2 CDW [i.e., average occupation
ð2; 0; 2; 0;…Þ along x] with no magnetic structure. The
large V prefers empty sites next to doubly occupied sites
rather than singly occupied sites. These two structures of
the central stripe appear in all our phases. For sharp
potentials (w ∼ 0), the AF to CDW transition occurs at
U ¼ 2V. The transition point gradually shifts toward U ¼
4V as the confining potential is made smoother and does
not vary further for w ≥ 5. As mentioned, when both U and
V are large and that potential is sufficiently smooth, there

appear additional plateaus at ρ ¼ 1=2; 3=2 [Figs. 2(c) and
2(d)]. These additional plateaus have CDW structures, with
occupations ð1; 0; 1; 0;…Þ, so that the density is charac-
terized by a wave vector ðπ; πÞ. Our self-consistent HF
analysis also finds ferromagnetic order in the compressible
stripes. This may be understood in terms of Stoner
ferromagnetism since U ≫ t [53]. However for strictly
1D systems and screened interactions, the Lieb-Mattis
theorem rules out the possibility of a ferromagnetic ground
state [54]. In light of this, we believe that the long-range
ferromagnetism is an artifact of our approximate analysis,
which ignores quantum fluctuations, and is unlikely to
survive a more thorough treatment. Previous works on 1D
chains and ladders, employing bosonization, report that
long-range CDW order may exist if the filling is close to
commensuration and electronic repulsion is sufficiently
strong [36,44,45]. Therefore we expect that our predictions
on charge density order will not be modified qualitatively
even if quantum fluctuations are included.
We find that, for all edge structures, the stripes with

plateaus have vanishing compressibility while the regions
in between feature finite compressibility [Figs. 2(e)–2(h)].
This is consistent with the behavior of the tunneling density
of states (Fig. 5). Specifically, the density of states at low
energies vanishes (is finite) in the incompressible (com-
pressible) regions. Our results indicate that the compress-
ible regions host gapless single-particle states which could
lead to metallic behavior. By contrast the incompressible
regions feature a spectral gap and are therefore expected to
be insulating. These results are consistent with previous
works reporting the concomitant appearance of metallic
behavior and finite compressibility [29–33]. Our predic-
tion, the emergence of metallic channels at the edge of a
trivial insulator, can be verified by dc measurements. The
presence of compressible and ordered incompressible
stripes can also be measured by local STM and AFM
experiments.
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FIG. 4. Phase diagram of the possible structures at the edge for
a smooth confining potential (w ¼ 10) as a function of the
interaction strengths U and V. A half-filled incompressible
plateau exists at all parameters. Additional one and three
quarter-filled plateaus (also incompressible) exist roughly in
the region above the solid black line. The half-filled plateau
features AF (CDW) order in the region above (below) the dashed
black line. The points A, B, C, and D mark the parameters U, V
used for panels (a), (b), (c), and (d) of Fig. 2 respectively.

FIG. 5. Tunneling density of states (ρe) in the different structures at the edge as a function of energy ω and position y. The white color
denotes zero density. The regions with darker colors have a larger density of states. Panels (a)–(d) correspond to the states shown in
Figs. 2(a)–2(d) respectively. Comparing with Fig. 2, we see that the incompressible plateaus feature a gap in the tunneling density of
states, i.e., no states at ω ∼ 0. By contrast, the compressible regions feature a finite density of states even at ω ≈ 0. Therefore the
incompressible (compressible) regions are expected to be insulating (metallic) in a clean system.
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The above analysis employed PBC along the edge.
Using open boundary conditions instead does not affect
the incompressible regions strongly. By contrast, within the
HF approximation, additional incommensurate density
modulations (q is not a multiple of 2π=Lx) arise in the
compressible regions [48]. The amplitude of these modu-
lations decreases as the width of these regions increases.
Conclusions.—We have studied edge reconstruction at

the boundary of a topologically trivial insulator at zero
magnetic field. Employing the self-consistent Hartree-Fock
method we find that upon smoothening the confining
potential, alternating compressible-incompressible stripes
emerge at the edge. The incompressible stripes appear in
the regions where the average density is close to commen-
suration and exhibit charge and/or spin ordered phases
which are qualitatively similar to those found in quasi-1D
systems at constant filling. This similarity of phases
suggests that the order found in our approximate analysis
may survive quantum fluctuations. Our findings of com-
pressible-incompressible stripes represent a novel metal-
insulator transition at the edge, which is driven by the
interplay of the confining potential, the kinetic energy, and
the electronic interactions. Our results set the stage for a
future detailed investigation of the effects of quantum
fluctuations and disorder on these striped phases.
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