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Recently two-center interference in single-photon molecular ionization was employed to observe a
zeptosecond time delay due to the photon propagation of the internuclear distance in a molecule
[Grundmann et al., Science 370, 339 (2020)]. We investigate the possibility of a comparable nondipole
time delay in tunneling ionization and decode the emerged time delay signal. With the here newly
developed Coulomb-corrected nondipole molecular strong-field approximation, we derive and analyze the
photoelectron momentum distribution, the signature of nondipole effects, and the role of the degeneracy of
the molecular orbitals. We show that the ejected electron momentum shifts and interference fringes
efficiently imprint both the molecule structure and laser parameters. The corresponding nondipole time
delay value significantly deviates from that in single-photon ionization. In particular, when the two-center
interference in the molecule is destructive, the time delay is independent of the bond length. We also
identify the double-slit interference in tunneling ionization of atoms with nonzero angular momentum via a
nondipole momentum shift.
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Whether a photoelectron requires a finite nonzero time to
absorb photons is a controversial question since Einstein’s
photoelectric effect theory. Attoscience reformulates it,
featuring several types of time delays of attosecond scale
[1–3]. By tuning the delay between the ionizing XUV
pump pulse and the streaking infrared laser pulse, the
photoemission time delay from atoms, molecules, and
surfaces has been measured [4,5]. The invention of the
attoclock technique [6,7] allowed us to probe the tunneling
ionization time delay [8–11], deriving it from the analysis
of the attoclock offset angle [12]. Recently, Mössbauer
spectroscopy made it possible to control the phase delay of
x-ray pulses on the zeptosecond timescale [13].
Nondipole effects in strong-field ionization recently

became accessible at modest laser intensities due to the
achieved high precision measurements of electron and ion
momenta [14–22]. In particular, Grundmann et al. [23]
identified a new kind of time delay in single-photon
ionization of a molecule, which originates from the finite-
ness of the light speed. The effect is thus essentially a
nondipole [24–33] ionization delay. The photon inducing
the ionization arrives at the nuclei at different times. As a
consequence, the photoelectron released from different
sites features a zeptosecond birth time delay with respect

to both sites [23], resulting in a shift of the double-slit
interference fringe in the photoelectron momentum distri-
bution. From first-order perturbation theory based on
single-photon ionization [34], one can prove that the birth
time delay is the same as the delay of the light-front arriving
at the two nuclei. While the two-center interference effects
are usually suppressed for tunneling ionization, recently
double-slit photoelectron interference has been observed in
strong-field ionization for a special molecular object of the
neon dimer [41], which has a large distance between the
ionization centers. This rises hope to observe a comparable
nondipole zeptosecond ionization time delay in molecular
systems in the tunneling ionization regime [42]. Rather
than using high-energy photons of the keV range for
inducing ionization as in Ref. [23], the ionization here is
initiated involving many photons by an intense infrared
laser field and leads to different values of nondipole
ionization time delay.
In this Letter, we investigate the strong-field ionization

time delay of a molecule due to the finiteness of the light
speed. For this purpose, we have developed a Coulomb-
corrected nondipole molecular strong-field approximation
(SFA) and apply it to tunneling ionization of diatomic
molecules. The photoelectron momentum distribution
(PMD) and its features due to nondipole interaction are
examined. To uncover the nondipole ionization time delay,
we additionally invoke the Wigner quasidistribution func-
tion based on the SFA transition amplitude. We deduce the
photoelectron’s tunneling exit distribution, i.e., its spatial
density near the tunneling exit from the Wigner quasiprob-
ability distribution. While the exit distribution is a super-
position of two Gaussian functions centered at the two
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nuclei, the effective distribution width determining the time
delay is generally distinct from the internuclear distance.
This is due to the weight factors stemming from the
molecular axis-dependent ionization, the interference of
the wave packets, and the exponentially decaying exit
distribution factor. Thus, the time delay extracted from the
PMD fringes in the nondipole tunneling ionization reflects
the effective separation of the ionization centers rather than
the distance between nuclei as in single-photon ionization.
We analyze the best conditions and molecular systems for
experimental observation of the nondipole time delay in
tunneling ionization. Finally, we apply the same analysis to
the tunneling ionization of an atomic bound state with
nonzero angular quantum numbers and derive the compa-
rable characteristic nondipole momentum shifts as a con-
sequence of double-slit interference.
We consider tunneling ionization of a homonuclear

molecule with the nuclei displacement R in a circularly
polarized laser field. Our treatment is based on the
Coulomb corrected nondipole SFA. The latter employs
the eikonal-Volkov wave function [43–47] for the descrip-
tion of the continuum dynamics, and the asymptotic mole-
cular wave function Ψ ¼ P

l;m Clmκ
νþ1=2rν−1e−κrYlmðxÞ

for the bound state [48,49]. The bound-state wave function
is matched to the continuum eikonal wave function under
the barrier and provides the dominant contribution to
tunneling ionization [50–52]. Here, ν ¼ Zc=κ is the effec-
tive principal quantum number, with the effective nuclei
charge Zc, κ ¼

ffiffiffiffiffiffiffi
2Ip

p
, and Ip the ionization energy, Clm are

numerical coefficients, see Refs. [48,49], and Ylm spherical
harmonics. For compactness of writing, we suppress the
dependence of Clm and Ip on R. The light-front ionization
transition amplitude [47] reads

Mp ¼ −i
Z

dη
d3x

ð2πÞ3=2 ð1 − p̃z=cÞe
−i
R

∞
η

dη0
1
2
p̃ðη0Þ2þIp

1−p̃zc

× e−ip̃ðηÞ·xx ·EðηÞΨðxÞF �
Cðη;xÞ; ð1Þ

where EðηÞ is the electric field, η ¼ t − z=c the light-front
time, FCðη;xÞ ¼ expfi R∞

η dη0V½xðη; η0Þ�=ð1 − p−=cÞg
the Coulomb correction factor, p̃ ¼ ðp⊥; epzÞ the momen-
tum, p̃z ¼ p− − Ip=c, p̃ðηÞ ¼ p̃þAðηÞ, and AðηÞ the
laser vector potential, and p− ¼ pz − p2=ð2cÞ the light-
front momentum. Employing saddle-point integration and
the Coulomb matching method [34,47,53], the squared
modulus of Mp gives the differential ionization rate

Γðη; v⊥; p̃zÞ ¼ FM
22νκ6ν

ð1 − p̃z
c Þ2νEðηÞ2ν

exp

�

−
2

3

κ3

EðηÞð1 − p̃z
c Þ

�

× exp

�

−
κðv2⊥ þ p̃2

zÞ
EðηÞð1 − p̃z

c Þ

�

; ð2Þ

where FM ¼ jPl;m ClmYlmðp̃ðηsÞÞj2 is the molecular form
factor, ηs the saddle point, EðηÞ ¼ jEðηÞj, and v⊥ ¼
ðvx; vy; 0Þ the initial velocity perpendicular to the electric
field in the polarization plane. Equation (2) is the nondi-
pole generalization of the molecular Perelomov-Popov-
Terent’ev (PPT) theory [48,50–52]. To extract the spatial
distribution of the tunneling ionization exit, we apply the
Wigner transformation [54] using the ionization amplitude
Eq. (1):

Wðη; v⊥; p̃z; zÞ≡ 1

2π

Z þ∞

−∞
dqJMðη; v⊥; p̃z − q=2Þ

×M�ðη; v⊥; p̃z þ q=2Þeizq; ð3Þ

where J ¼ ½EðηÞ=ð1 − p̃z=cÞ� is the Jacobian for the co-
ordinate transformation from ðpx; py; pzÞ to ðη; v⊥; p̃zÞ.
Integrating out p̃z, we obtain the tunneling exit distribution

Γ̂ðη; v⊥; zÞ≡
Z

dp̃zWðη; v⊥; p̃z; zÞ: ð4Þ

Throughout the Letter, all PMDs and exit distributions are
calculated using Eqs. (2) and (4), respectively.
We use Hþ

2 molecule as a prototype, whose ground and
excited states are nondegenerate. Approximating the wave
function by the linear combination of atomic orbitals
Ψ ∝ e−κjx−R=2j � e−κjxþR=2j, the form factor reads

FM ∝ cosh α� cos β̃; ð5Þ

where β̃ ¼ R · vi, vi ¼ ðvx; vy; p̃zÞ is the initial momen-
tum, and α ¼ κ½ðE ·RÞ=E�. The � corresponds to σg 1s
and σu 1s states, respectively. From the exit distribution
Γ̂ðη; v⊥; zÞ ¼ jAðη; v⊥; zÞj2, we find the amplitudes of
ionization emerging from the nuclei:

Aðη; v⊥; zÞ ∝ e
α
2 exp

�

−
1

2R2
w

�

z −
Rz

2

�
2

− i
1

2
β

�

� e−
α
2 exp

�

−
1

2R2
w

�

zþ Rz

2

�
2

þ i
1

2
β

�

; ð6Þ

where β ¼ R · v⊥, and Rw ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi½κ=EðηÞ�p
. The emitted

photoelectron wave packets are centered at z ¼ �Rz=2.
However, due to the rather significant width Rw of the exit
distribution, and moreover, the unequal weights of the two
nuclei (as the ionization from the uphill nucleus at the
position ðα=jαjÞðR=2Þ is preferred [55,56]), the effective
separation of the tunneling exits differs from Rz. The
effective separation of the ionization bursts depends on
the molecular form factor and is essentially different in the
case of nondegenerate or degenerate molecular orbitals. For
the nondegenerate molecular orbitals as in Hþ

2 , one center
contribution, which has a large factor ∝ eα, is dominant.
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The tunneling exit distribution in this case is shown in
Fig. 1(a) for the molecular axis angle θm ¼ π=4. It is a
Gaussian distribution centered at the uphill nucleus.
Therefore, the two-center interference is suppressed.
Note that the bond length and the axis orientation can
be retrieved by measuring the correlated nuclei kinetic
energy release [41,57,58].
In the case of degeneratemolecular orbitals, such as in rare

gas dimers, the initial bound state is dressed by the laser field
[59,60]. Two nuclei� 1

2
R have the same weight but acquire

different phase factors e�i1
2
A·R. For He2 as an example, we

haveΨ ∝ ei
1
2
A·Re−κjx−R=2j � e−i

1
2
A·Re−κjxþR=2j, such that the

molecular form factor is

FM ∝ ð1� cosR · p̃Þ; ð7Þ

and the tunneling exit distribution is described byEq. (6)with
α ¼ 0. Depending on the phase A ·R, the ionization signal
from two nuclei can interfere constructively or destructively.
Thus, the exit distribution switches from a single peak
distribution centered at ze ¼ 0 to double peaks at
ze ¼ �Rw. For the latter, we have two separated contribu-
tions, equal in the probability [Fig. 1(b)]. The emergence of
two exits in tunneling ionization can be seen in the PMD in
the laser polarization plane, as the appearance of interference
fringes for Ne2 [Fig. 1(c)] in contrast to the case N2, see

Refs. [34,41]. The bright fringe in Fig. 1(c) is created at the
laser phase Φ ¼ 3π=4 with a high probability and corre-
sponds to the single exit case [Fig. 1(b)]. Accordingly, the
longitudinal PMD for the bright transverse fringe exhibits a
single peak [Fig. 1(e)]. However, the dark fringes are created
via double exit contributions at the laser phases Φ ¼ 0; π,
and feature the double-peak structure in the longitudinal
PMD [Fig. 1(d)]. As the probability of dark fringes is 10
times smaller than that of bright ones, the experimental
observation is challenging.
We underline that the exit distribution [Eq. (4)] in the

nondipole regime is derived at a given light-front time
(corresponding to the real part of the ionization saddle point
via the η variable) ηe ¼ te − ze=c, where the sublabel
e stands for the tunneling exit. This means that the
coordinates of two peaks of the exit distribution ze1;2 are
related to different time moments te1;2 ¼ ηe þ ze1;2=c,
which implies a time delay Δte ¼ Δze=c, with Δze ¼
ze2 − ze1. Thus, in molecular tunneling ionization, the
nondipole time delay is determined by the distance between
the tunneling exits rather than the bond length as in single-
photon ionization. The exit distribution is gauge indepen-
dent as determined by the gauge-invariant quantities of the
molecular form factor FM and the width Rw. In principle,
the nondipole ionization time delay could be observed
directly in a pump-probe experiment [34].
The nondipole time delay Δte results in an interfer-

ence fringe shift. Wave packets emitted from the exit xe
acquire the phaseϕ ¼ p · ðx − xeÞ − Epðt − teÞ þ Ipte. The
phase difference Δϕ determines the interference: Δϕ ¼
p⊥ · Δxe⊥ þ pzΔze − ðEp þ IpÞΔte ¼ p⊥ · Δxe⊥ þ ðp−−
Ip=cÞΔze, where Δxe⊥ denotes the difference of the exit
transverse coordinates. Because of the nondipole time delay
(the 1=c-term in Δϕ), the main fringe shifts from pz ¼ 0 to
p− ¼ Ip=c. The above analysis is verified by the dark fringe
shift in the inset of Fig. 2(e), which in turn confirms the time
delay conjecture Δte ¼ Δze=c. There is an analogy in the
interpretation of the interference fringe shift as a time delay
for single-photon ionization [23,30] and strong-field ioniza-
tion. The shift in both cases originates from the wave
propagating time through the distance Δz between the two
ionization centers and is given by the phase difference term
ðEp þ IpÞΔz=c ¼ δεΔz=c, with the laser energy δε
absorbed in the process. In single-photon ionization, δε is
the absorbed high-frequency photon energy and Δz ¼ Rz.
While in tunneling ionization δε ∼ Ip þUp, where the
ponderomotive potential Up is due to the multiphoton
process and Δz ¼ Δze.
Because of the position-momentum duality, the separa-

tion of momentum interference fringes is Δp− ≈ 2π=Δze.
Let us analyze the exit and momentum distributions at
different internuclear distances for the case of degenerate
molecular orbitals on the example of He2. Because of
its weak binding energy, the bound state of He2 has a
halo structure, and the bond length has a wide distribution
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FIG. 1. Tunneling exit distribution when the molecular axis
angle is θm ¼ π=4: (a) for Hþ

2 with nondegenerate molecular
orbitals ðσg 1sÞ, where the vertical lines mark the position
ze ¼ �Rz=2; (b) Ne2 with degenerate molecular orbitals
ðσg 2pÞ; in (a),(b) the ionization phase is Φ ¼ 0 (black solid),
Φ ¼ π=2 (blue dashed), andΦ ¼ π (red dotted-dashed); (c) PMD
of Ne2 ðσg 2pÞ in the polarization plane. The dark fringe (d) has
double peaks, while the bright fringe (e) has a single peak in the
longitudinal PMD. The probability of the dark fringe is 10 times
smaller than the bright one. The laser vector potential is AðηÞ ¼
−A0ðsinΦ; cosΦ; 0Þ with wavelength 3000 nm and intensity
I ¼ 4 × 1013 W=cm2; R ¼ Rðsin θm; 0; cos θmÞ.
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[61–63]. Both the interference effect and the decay width
Rw are vital here. We consider the case of θm ¼ 0, when the
exit distribution is independent of the laser phase. For R ¼
5 a.u., the exit distribution of the σg 1s state has a single
peak described by a Gaussian. Consequently, there is no
two-center interference, and PMD also has a Gaussian form
[Figs. 2(a) and 2(d)]. In contrast, the exit distribution of the
σu 1s state has two peaks at z ¼ �Rw, which yields a two
peak structure in PMD with a separation of Δp− ¼ 2=Rw
[Figs. 2(b) and 2(e)]. When the distance between the
molecular centers is much larger than the width Rw, for
instance, R ¼ 100 a.u. [Figs. 2(c) and 2(f)], the exit
separation coincides with the molecular center separation.
In fact, the exit has two peaks at ze ¼ �R=2 in Fig. 2(c),
which results in multiple peaks PMD with a peak separa-
tion of Δp− ¼ 2π=R [Fig. 2(f)]. Thus, the interference
structure from PMD of He2 features a fringe separation
according to the effective distance between the two
tunneling exits Δze.
In the experiment, it is convenient to measure the

signature of nondipole effects in the average longitudinal
momentum shift hp−i ∼ Ip=c. The signature is robust
against continuum Coulomb corrections [34]. It contains
nonnegligible molecular contribution additional to the
atomic Ip=ð3cÞ [17,24], δhp−i≡ hp−i − Ip=ð3cÞ, which
depends on molecular parameters Rz, R⊥, and Rw. In Fig. 3,
we show δhp−i as a function of molecular orientation. The
shift for Hþ

2 is calculated using Eqs. (2) and (5) as

hp−i ¼
Ip
3c

�

1þ ðR2
z=R2

wÞ
1� expð R2

z

4R2
w
ÞI0ðκR⊥Þ

�

; ð8Þ

where � corresponds to the σg 1s and σu 1s state,

respectively, R⊥ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 − R2

z

p
, and I0ðxÞ is the modified

Bessel function of the first kind. The ionization is domi-
nated by the instant when the electric field is parallel to the
molecule axis. When Rz ≫ Rw, the molecular contribution
is exponentially suppressed. At Rz ∼ Rw there is a signi-
ficant molecular contribution in δhp−i when θm ≪ 1
[Figs. 3(a) and 3(c)], however, in this case the ionization
yield is suppressed (the case θm ¼ 0 is discussed in
Ref. [42]). Thus, a Hþ

2 molecule with nondegenerate
orbitals is not beneficial for observing the molecule-
specific nondipole momentum shift.
For He2 with degenerate orbitals and the molecular

form factor Eq. (7), the nondipole longitudinal momentum
shift is

hp−i ¼
Ip
3c

�

1þ ðR2
z=R2

wÞJ0ðA0R⊥Þ
J0ðA0R⊥Þ � exp R2

z

4R2
w

�

; ð9Þ

where J0ðxÞ is the Bessel function of the first kind. In this
case the molecular nondipole momentum shift can be
observed at intermediate θm for the case of degenerate
orbitals with an appreciable yield, see Figs. 3(b) and 3(d).
The minima of the solid lines are due to the destructive
double-slit interference, which suppresses the ionization
yields. Its appearance implies more nodes in Fig. 1(c), with
a two-peak longitudinal distribution [Fig. 1(d)] and a
negative contribution to the total momentum shift. As a
consequence, the momentum shift also has a local mini-
mum at this θm.
So far, we have interpreted the nondipole momentum

shift as a consequence of the time delay of the driving laser
arriving at the two exits for molecules. The same inter-
pretation is valid for an atom with an angular momentum of

FIG. 2. The tunneling exit and longitudinal momentum dis-
tributions for He2 with degenerate molecular orbitals, with the
molecular axis angle θm ¼ 0: (a)–(c) Exit distribution; (d)–(f)
Longitudinal PMD; (a,d) for the electronic state σg 1s with
R ¼ 5 a.u.; (b),(e) for the state σu 1s with R ¼ 5 a.u. (black); for
the atom with ðl ¼ 1; m ¼ 0Þ (red); (c),(f) for σg 1s (black), and
σu 1s (blue), with R ¼ 100 a.u. Laser parameters are the same as
in Fig. 1. The inset is the enlargement around p− ¼ Ip=c. The
nondipole shift of the dark fringe in PMD is Ip=c.
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FIG. 3. Nondipole momentum shift δhp−i (black solid lines)
due to the molecular contribution and the ionization yield (blue
dashed lines) vs molecular axis angle θm: (a),(b) Ionization from
σg 1s; (c),(d) Ionization from σu 1s; (a),(c) Ionization of Hþ

2 ;
(b),(d) Ionization of He2; Laser parameters are the same as in
Fig. 1; R ¼ Rðsin θm; 0; cos θmÞ, R ¼ 5 a.u.
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ðl; mÞ ¼ ð1; 0Þ, where again two tunneling exits exists,
given by the following tunneling exit distribution:

Γ̂ðη; v⊥; zÞ ∝
z2

R2
w
exp

�

−R2
wv2⊥ −

z2

R2
w

�

: ð10Þ

This distribution has two peaks at z ¼ �Rw with opposite
phases. The interference of the wave packets emitted from
two effective centers is thus identical to the σu 1s molecule
with θm ¼ 0 [Figs. 2(b) and 2(e)]. The two exit peaks at
z ¼ �Rw with opposite phases imply two momentum
peaks at p̃z ¼ �1=Rw. Considering the weight of the
two peaks [34], we have the average momentum shift as
hp−i ¼ −Ip=c, which coincides with the known result [47].
Thus, the nondipole momentum shift for the atom in this
case is due to a time delay of the laser wave traveling the
distance between the two exits: Δte ¼ 2Rw=c.
Concluding, we have investigated the nondipole strong-

field ionization time delay due to the finiteness of the light
speed and find that the delay depends essentially on the
tunneling exit distribution, rather than the molecular bond
length. We show also that the tunneling exit distribution of
an atom with a nonzero angular momentum features two
tunneling exits, which yields a nontrivial time delay as a
consequence of destructive double-slit interference. The
nondipole ionization delay manifests itself in the longi-
tudinal momentum distribution, which efficiently imprints
the molecule structure and laser parameters. For rare gas
dimers, the bright fringe in the polarization plane has a
single longitudinal peak (Δte ¼ 0), while the dark fringe
has double longitudinal peaks (Δte ¼ ð2Rw=cÞ). For dis-
sociated molecules with R ≫ Rw, the longitudinal momen-
tum distribution has multiple peaks (Δte ¼ ðRz=cÞ). Our
analysis could be extended to more complex molecules,
where richer forms of nondipole time delays are expected.
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