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Single-layer graphene subject to periodic lateral strains is an artificial crystal that can support boundary
spectra with an intrinsic polarity. This is analyzed by comparing the effects of periodic magnetic fields and
strain-induced pseudomagnetic fields that, respectively, break and preserve time-reversal symmetry. In the
former case, a Chern classification of the superlattice minibands with zero total magnetic flux enforces
single counterpropagating modes traversing each bulk gap on opposite boundaries of a nanoribbon. For the
pseudomagnetic field, pairs of counterpropagating modes migrate to the same boundary where they
provide well-developed valley-helical transport channels on a single zigzag edge. We discuss possible
schemes for implementing this situation and their experimental signatures.
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Atomically thin materials are versatile platforms for
creating new artificial crystals defined by imposing later-
ally periodic potentials. A celebrated example is twisted
bilayer graphene where a small interlayer twist modulates
the atomic registry on large moiré scales L ∼ 10–20 nm
and yields structurally tunable superperiodic solids with
flattened minibands [1,2]. When the bandwidth is made
much smaller than the energy gaps separating manifolds,
the electronic physics projected into the spectrally isolated
minibands can be controlled by various many-body effects
[3,4]. Fractured spectra can be produced even for a
monolayer material by other mechanisms that introduce
Bragg reflections on a superlattice, such as by periodic
patterning of an electrostatic gate or a perpendicular
magnetic field [5,6]. The latter situation is interesting since
even if the spatially averaged flux vanishes, the applied
magnetic field breaks time-reversal symmetry T , and can
generate gapped minibands with nonzero Chern numbers
[7,8]. However, experimentally realizing the anomalous
Hall effect via this route is daunting because of the large
magnetic fields required to produce sufficiently large
minigaps. Nonetheless, it suggests an alternate approach
where instead a periodic strain field in monolayer graphene
is coupled to electronic motion and masquerades as a
valley-antisymmetric pseudomagnetic field on a much
larger energy scale. This has been demonstrated exper-
imentally for a sheet of graphene contacted with NbSe2 [9].
The properties of nearly flat bands in this system have been
probed for possible correlated-electron physics [9–13].
Pseudomagnetic fields induce fascinating electronic

phenomena even at the single-particle level associated with
the symmetries of the superlattice minigaps [14–21].
Unlike a real magnetic field, the pseudofield is T sym-
metric and changes its sign in two momentum-space
valleys. Each valley can host nontrivial Chern minibands,
but this is exactly compensated in the time-reversed valley.

Naively, one might expect this to exclude any interesting
structure in the boundary spectra. However, we find that
this setup still supports rich edge-state physics in its
boundary spectra without topological protection [22].
Robust transport in edge channels on selected boundaries
is generically produced by a competition between bulk and
surface symmetries when such an artificial crystal is
terminated. Below, we analyze the resulting edge modes,
demonstrate how they produce an intrinsic polarity on a
generic terminated superlattice, and suggest how these
features can be probed in transport and spectroscopic
measurements.
Before analyzing the band structure of monolayer gra-

phene in a periodic strain field, we begin by considering the
closely related system of spinless electrons in a real but
periodic magnetic field. In this case, the superlattice bands
admit a Chern topological classification even without
requiring valley projection. Consequently, this allows us
to identify robust edge modes that cannot be gapped out by
intervalley coupling. We choose a real magnetic field that is
spatially varying with a periodic profile and zero total flux,
BðrÞ ¼ B0ẑ

P
3
i¼1 cos ðGi · rÞ, whereGi are the superlattice

primitive reciprocal lattice vectors specified in Fig. 1(b). For
simplicity, the superlattice translation vectors, Li ¼ Nai,
are chosen to be commensuratewith thegraphene translation
vectors, ai, for some integer N.
In the presence of a periodic potential, the microscopic

Brillouin zone (BZ) folds back to a smaller superlattice
Brillouin zone (sBZ). For small N, there are two classes of
structures: if mod ðN; 3Þ ¼ 0, Kþ and K− are mapped to Γ̄,
and otherwise, Kþ and K− are mapped to different points.
For large N, it becomes impractical to distinguish between
these two classes of structures because of an emergent
valley symmetry that allows us to approximately label
states by a valley index. In this limit, we obtain a series of
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isolated flat bands near charge neutrality. Within a single
valley, there is one two-dimensional manifold that crosses
E ¼ 0, and one-dimensional manifolds elsewhere near
E ¼ 0. We use N ¼ 14 for efficient numerical calculations
throughout this work, though conclusions reached here are
applicable to other cases of largerN aswell. A representative
band structure in this limit forN ¼ 14 is shown in Fig. 1(c).
To characterize the band topology of this T -broken system,
we calculate the Chern number associated with every

insulating gap close to charge neutrality numerically using
a finite differencemethod [23,24]. In our case, since the gaps
induced by intervalley hybridization are quite small, a
sufficiently fine k-space mesh is necessary in order to
obtain convergent results. We find that all the insulating
bulk gaps near charge neutrality carry C ¼ signðB0EÞ.
The presence of a nonzero Chern number requires the

existence of a dispersive band in the bulk gap at every
boundary termination for a macroscopic sample. In an
armchair termination, Kþ and K− are mapped onto the
same wave vector of the ribbon Hamiltonian, so we do not
expect edge modes to carry definite valley character. In a
zigzag termination, Kþ and K− are well separated in the
boundary-projected crystal momentum. Consequently, we
expect edge modes in this case to be valley polarized close
to charge neutrality. This is confirmed numerically, as
shown in Figs. 1(d) and 1(e). Interestingly, because C ¼ �1
for all the relevant insulating gaps, there is only one
topological edge mode per boundary in each bulk gap.
The boundary states in a zigzag nanoribbon from different
valleys belong to opposite edges. This situation is very
similar to the edge modes associated with the famous n ¼ 0
Landau level of a Dirac Hamiltonian where each valley
contributes an edge state at a different edge [25,26].
However, the present system with a periodic magnetic
field is distinct from the Landau-level scenario because of
the absence of prominent insulating gaps with higher Chern
numbers. In the Landau-level problem, each band carries a
nonzero Chern number, and the number of edge modes thus
increases in the higher gaps. Thevalley-polarized edge states
associated with these higher-Chern-number Landau-level
gaps occur on both boundaries of a zigzag nanoribbon.
Using the insights from studying a periodic magnetic

field, we now examine graphene under a periodic strain
field. Under such a field, the bond strengths between carbon
atoms are periodically modulated in space. Again, in the
limit N ≫ 1, we expect emergent superlattice-scale sym-
metries to dominate the low-energy physics. For a suffi-
ciently smooth superlattice potential, it is useful to
approximate the physics near charge neutrality by consid-
ering independent valley Dirac fermions at Kþ and K−.
Throughout this Letter, we neglect the scalar contribution
of the strain field by assuming that only nearest-neighbor
hoppings are significant and the substrate is chemically
and electronically inert [27]. In this theory, the strain field
enters the Hamiltonian as a spatially dependent pseu-
dogauge field. Inspired by a recent experiment [9], we
choose the pseudomagnetic field to be the same as before
in one of the valleys, BνðrÞ ¼ νB0ẑ

P
3
i¼1 cosðGi · rÞ,

where ν ¼ � denotes valleys. The valley-projected, long-
wavelength Hamiltonian is

Ĥν ¼ ℏvF

Z
d2rψ̂†ðrÞ

�
−i∇r þ

e
ℏ
AνðrÞ

�
· ðνσx; σyÞψ̂ðrÞ;

ð1Þ

FIG. 1. Graphene in a periodically modulated magnetic field.
(a) Real-space and (b) reciprocal-space representations of gra-
phene in a periodic magnetic field. (c) Band structure for N ¼ 14
and δt ¼ 0.3. The energy eigenstates are color coded by their
valley expectation value hVi as in Ref. [11]. We observe that the
bands close to E ¼ 0 are exceptionally well valley polarized.
Within each valley, there is a doublet band at E ¼ 0, and singlet
bands elsewhere. Band structures on a finite zigzag (d) and
armchair (e) nanoribbon showing protected topological edge
states at every insulating gap shown. In the zigzag configuration,
we see that the edge states are highly valley polarized. Electron
density distributions for some representation edge states are
shown below each band structure. Here, each ribbon has 175
carbon atoms across its width.
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where ψ̂†ðrÞ ¼ ðψ̂†
AðrÞ; ψ̂†

BðrÞÞ are the sublattice creation
operators and σj act on the sublattice degrees of freedom. In
our convention, the charge q is q ¼ −e. Under a gauge
transformation AνðrÞ ↦ AνðrÞ −∇fðrÞ, the wave func-
tions simply acquire a local U(1) phase ψðrÞ ↦
exp ðiefðrÞ=ℏÞψðrÞ. This valley-projected Hamiltonian is
invariant under the magnetic point symmetry group 3m, with
three classes fE;C3z; T Mxg [28,33,34]. When both valleys
are considered, then the full Hamiltonian respects C3z, Mx,
and T . Importantly, C2z is broken in this configuration.
Just as in the case of a real magnetic field, the presence of

a periodic potential produced by strain fractures the energy
spectrum into a series of narrow bands. In the limit of exact
valley symmetry, we learn from the case of a real magnetic
field that each valley contributes a single edge mode at the
insulating gaps away from E ¼ 0 on a particular boundary
of a zigzag nanoribbon. If valley mixing is prohibited, these
edge modes must also exist in graphene under a periodic
strain. However, due to T symmetry, the two edge modes
coming from both valleys now must populate the same
zigzag boundary. In other words, the sign change of the
pseudomagnetic field between valleys is realized by having
the edge states reside on only one side of a zigzag
nanoribbon. Of course, valley symmetry is not strictly
exact in a microscopic theory. However, one can effectively
suppress intervalley scattering by increasing the super-
lattice period and operating in the ballistic limit, both of
which are achievable in graphene-based platforms. For
these reasons, we expect these edge modes to be robust and
allow their experimental detection and manipulation
although they are not topologically protected.
To confirm the existence of these boundary states

numerically, we construct a tight-binding representation
of Hamiltonian (1) which respects all of the aforementioned
symmetries. Practically, the exact strain field is seldom
determined in an experiment. So we use a desired pseu-
domagnetic field as the starting point and find a suitable
corresponding tight-binding parametrization. To do so, we
employ the following approximation evF½AxðRjÞþ
iAyðRjÞ� ≈ −

P
3
i¼1 δtiðRjÞe−iKþ·δi , where δtiðRjÞ is the

bond strength modulation along the δi direction as shown in
Fig. 1(a) [35–37]. Among the many possible choices for
δtiðRjÞ, we adopt the following gauge that respects all the
spatial symmetries of the continuum model, δtiðRjÞ ¼
t0δt sin ðGi ·RjÞ, where t0δt ¼

ffiffiffi
3

p
vFeB0L=4π [11,12]. A

realization in this gauge is shown in Fig. 2(a), where it is
immediately clear that C3z and Mx are preserved.
Importantly, C2z is broken explicitly. If it were preserved,
the accumulation of edge modes on only one edge would be
impossible when the edge termination is C2z symmetric.
This would render the existence of the boundary-selective
edge modes dependent on the precise width of a zigzag
nanoribbon.
At low energies, we have confirmed numerically that the

bands calculated from the continuum model qualitatively

FIG. 2. Graphene in the presence of a periodic strain. (a) Lattice
realization of the gauge field defined in the text with the bond
strength indicated by the thickness of the bonds. In this gauge,
C3z and Mx are evidently preserved. Band structures on a finite
zigzag (b) nanoribbon showing edge states at every insulating
gap. These edge states sometimes meet at T -invariant momenta
and form small avoided crossings. There are no corresponding
edge modes in the armchair configuration (c). The bands are
colored according to their valley character, as detailed in Fig. 1.
Here, N ¼ 14, δt ¼ 0.3, and each ribbon has 175 carbon atoms
across its width. (d) A four-terminal setup to measure the
existence of the one-sided boundary states when the chemical
potential resides within one of the bulk gaps. When a potential
difference is applied across V1 and V2, a current flows across the
two terminals. On the other hand, when a potential difference is
applied across V3 and V4, no current is detected. (e) Local density
of states as a function of energy E and position y. The midgap
states shown in blue are localized to only one edge. The bulk
states shown in yellow are extended throughout the sample. For
this simulation, the ribbon has 150 carbon atoms across its width.
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match those produced by the tight-binding model. We then
diagonalize the Hamiltonian on finite ribbons with zigzag
and armchair terminations. Indeed, in the zigzag configu-
ration where intervalley scattering is suppressed, we find
edge states residing in the insulating gaps away from
charge neutrality, as shown in Fig. 2(b). The branches
from opposite valleys have small avoided crossings at T -
invariant momenta. These one-sided boundary states can be
detected in a transport measurement using a four-terminal
setup as shown in Fig. 2(d): when the chemical potential is
in a bulk gap, one of the two edges acts as an insulator
while the other is a conductor. Because of this, while the
phase with a real magnetic field is characterized by
quantized Hall conductivity, this time-reversal symmetric
phase necessarily has zero Hall conductivity, but carries
quantized longitudinal conductance on the active edge in
the clean limit. Another possible detection is by measuring
the edge asymmetry in the local density of states (LDOS).
Within each of the bulk gaps, the LDOS will be strongly
enhanced on only one side of a zigzag sample for almost all
energies throughout that gap, as shown in Fig. 2(e). This
surface charge accumulation to one side of the sample is
evidence that the zigzag termination generates a polarity in
a macroscopic sample with open boundary conditions. We
note that there are no corresponding edge modes for the
special case of an armchair configuration due to significant
valley mixing, as shown in Fig. 2(c).
Having established the presence of edge modes on one

side of a zigzag nanoribbon, we now explore different
strain profiles which can give rise to the appropriate
effective pseudomagnetic field for these edge modes to
be observed [38]. As a first example, let us consider a
strained flat sheet with h ¼ 0. Periodic strain fields without
vertical displacements must be accompanied by periodi-
cally-embedding regions of local compression (∇ · u < 0)
and extension (∇ · u > 0). One example strain field of this
type is ux ∝

ffiffiffi
3

p
cos ðG2 · rÞ −

ffiffiffi
3

p
cos ðG3 · rÞ and uy ∝

cos ðG2 · rÞ þ cos ðG3 · rÞ − 2 cos ðG1 · rÞ. We notice that
this strain field preserves C3z and breaks C2z as required.
However, while flat strain fields contain all the necessary
theoretical ingredients to produce the desired effect, they
would not be easily achievable because of the large elastic-
energy cost incurred as a result of the inevitable local
compressive strain.
We can alternatively obtain the desired pseudogauge

field by lifting the model into the third dimension and
imposing an appropriate height profile hðrÞ. This approach
offers more experimental control because the height profile
can be engineered simply by placing graphene on a
substrate designed to produce a desired height profile
hðrÞ. As the graphene membrane conforms to the substrate
topography, it deforms not only vertically but laterally as
well to minimize elastic energy. Taking into account
relaxation in all three directions [39,40], the following
height profiles produce the desired pseudogauge fields,

hðrÞ ¼ h0
P

3
i¼1 cos ðGi · rþ ϕÞwith ϕ ¼ �π=4. Roughly,

this profile can be created in two ways: either by arranging
triangular pillars on a triangular lattice or by placing
cylindrical pillars in a hexagonal lattice where the heights
of the two sublattices are different, as shown in Fig. 3(a).
The plus (þ) and minus (−) signs on ϕ indicate two
complementary structures with opposite orientations, one
features boundary states on the top edge and the other on
the bottom edge. These two structures cannot be locally
transformed into one another. This can be understood in
terms of the Gaussian curvature. The local Gaussian
curvature for ϕ ¼ −π=4 is shown in Fig. 3(b). To get
the complementary structure, we need to invert the local
Gaussian curvature at various high-symmetry regions of the
unit supercell. However, since the total curvature over one
unit supercell is always zero due to the Gauss-Bonnet
theorem, this can only be done by a global transformation
of the structure that interchanges extrema and saddle points
in the height profile. We note that since the Gaussian
curvature is invariant under the reflection h ↦ −h,
inverting the sign of the vertical deflection does not
transform to a complementary structure. The pseudomag-
netic field produced by this strain field has magnitude
B0 ∼ ð6 × 105Þ × h20=N

3 T=Å2. Using Figs. 3(c) and 3(d)
as a guide, h0 can be chosen for a given N to yield the
desired bandwidths and gaps. For instance, for N ¼ 60 and
B0 ¼ 100 T, we find h0 ≈ 6 Å.
The preceding considerations show that in addition to the

recently-realized platform using NbSe2, the edge-state

FIG. 3. Designing strain fields. (a) hðrÞ and (b) its Gaussian
curvature with ϕ ¼ −π=4 as defined in the text. Following
Ref. [10], we show (c) the estimated bandwidth of the energy
manifold at charge neutrality and (d) the estimated magni-
tude of the first insulating gap above charge neutrality. The
yellow and cyan lines show the Coulomb energy scale E ∼
14.4 ÅeV=ϵL for ϵ ¼ 4 and ϵ ¼ 10, respectively. The color
maps have units log10 ðeVÞ.
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physics we uncover here should be accessible in many
other graphene-based settings with appropriately engi-
neered substrate topographies. Namely, strain fields that
break C2z can produce one-sided edge states. Actually,
similar physics can be accessed using nonperiodic strains as
well, as described in Ref. [22]. We emphasize that while
these edge states are fragile near avoided crossings in the
presence of valley mixing, we can exponentially suppress
intervalley hybridization by increasing the superlattice
period. Furthermore, disorder can of course lead to locali-
zation just as in the case of topological crystalline insulators
where disorder generically breaks the spatial symmetries
needed to protect edge states [41,42]. However, if disorder
on average preserves valley symmetry, it is reasonable to
expect these edge modes will persist as high-mobility
transport channels [42,43]. In this limit, we can still regard
valley as a good approximate quantum number. This strong
valley-helical character of these edge modes is of intrinsic
technological interest since it can potentially be harnessed
for various valleytronic applications [44–46]. Finally, it is
worth considering in future works the possibility that the
boundary physics explored here might be accessible in
other two-dimensional materials as well.
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