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Any collisionless plasma possesses some “available energy” (AE), defined as that part of the thermal
energy that can be converted into instabilities and turbulence. Here, we present a calculation of the AE
carried by magnetically trapped electrons in a flux tube of collisionless plasma. The AE is compared with
nonlinear simulations of the energy flux resulting from collisionless turbulence driven by trapped-electron
modes in various magnetic geometries. The numerical calculation of AE is rapid and shows a strong
correlation with the simulated energy fluxes, which can be expressed as a power law and understood in
terms of a simple model.
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Introduction.—One of the greatest difficulties facing
magnetic-confinement fusion is the degradation of energy
confinement due to plasma turbulence. Tokamaks and
stellarators suffer from substantial turbulent energy losses,
which effectively set a lower limit on the size and/or
magnetic field strength of these devices. Turbulence arises
because the density and temperature vary over the plasma
volume, but the level of turbulence also depends on the
geometry of the magnetic field in ways that are not
completely understood. Over the years, an enormous
amount of work has been devoted to the identification of
linear plasma instabilities and the construction of gyroki-
netic codes for simulating plasma turbulence, but the
outcome of such simulations is often difficult to predict
or interpret. For instance, when different plasma configu-
rations are compared, the turbulent energy flux often differs
much more than the linear instability growth rates.
In the present Letter, we propose a nonlinear measure for

predicting the strength of turbulence, which is computa-
tionally efficient and does not rely on direct simulation. The
measure is based on the concept of available energy (AE),
which quantifies how much energy can, in principle, be
converted into turbulent motion. This notion was first
introduced in meteorology by Lorenz [1], and in plasma
physics by Gardner [2]. Lorenz found that less than one
percent of the potential energy of the atmosphere is
generally available for conversion into kinetic energy,
and Gardner noted that the AE of a collisionless Vlasov

plasma is severely restricted by constraints imposed by
Liouville’s theorem. The concept of AE has since found use
in varying fields where the dynamics obey Liouville’s
theorem, ranging from galactic clusters to Bose-Einstein
condensates [3–8]. This utility also extends to systems with
diffusion, as implied by a recent proof by Kolmes and
Fisch [9].
In a magnetically confined plasma, the AE is further

limited by adiabatic invariants [10,11], which, importantly,
cause it to depend on the geometry of the magnetic field.
Focusing on turbulence resulting from the collisionless
trapped-electron mode (TEM) [12,13], driven either by a
density or an electron temperature gradient, we suggest that
the observed sensitivity of TEM turbulence to magnetic-
field geometry in tokamaks and stellarators can be under-
stood in terms of the AE.
For a collisionless plasma the AE is defined as the

difference in thermal energy between the “initial” distri-
bution function fini, of which one wishes to calculate the
AE, and that of the so-called ground-state fg. The latter is
defined as the distribution function that minimizes the
thermal energy, subject to constraints imposed by
Liouville’s theorem and adiabatic invariants. In recent
work [11], it was found that the ground state of trapped
electrons is a function of the particle energy ϵ, the magnetic
moment μ, and the second adiabatic invariant

J ¼
Z

mvkdl

alone. This and all similar integrals below are taken along
the magnetic field between two consecutive bounce points
of the particle trajectory. The mass is denoted by m, the
velocity along the magnetic field by vk, and the arc length
in this direction by l. Furthermore, the ground state was
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found to be a decreasing function of ϵ for all values of μ
and J .
Using these results, an expression for the AE of trapped

electrons was derived by employing a coordinate system
consisting of the toroidal flux ψ (some authors reserve this
symbol for the poloidal flux) and the Clebsch angle α,
which locally define the magnetic field as B ¼ ∇ψ × ∇α
[14]. In these coordinates, the ground state fgðϵ; μ;J Þ
obeys the integrodifferential equation

∂fgðw; μ;J Þ
∂w ¼ −

RR
δ½w − ϵðψ ; α; μ;J Þ�dψdαRR
δ½fini − fgðw; μ;J Þ�dψdα ; ð1Þ

where δ½x� denotes the Dirac-delta distribution, and w is a
positive scalar. From this equation, the AE can be com-
puted for the case of an omnigenous flux tube, in which the
parallel invariant J is independent of the Clebsch angle α
for all electron orbits [15]. This condition is however not
satisfied in most stellarators, and we therefore extend the
derivation to nonomnigenous systems in order to be able to
compare the result with nonlinear turbulence simulations.
In doing so, we find that the AE correlates closely with the
nonlinear energy flux in turbulence simulations by the
gyrokinetic code GENE [16] over several orders of magni-
tude, across a tokamak and various stellarator devices.
The transport is found to follow a simple power law in AE,
which can be motivated by a simple argument.
Theory.—In the calculation of the ground state and AE,

we restrict our attention to a subregion Ω of the plasma in
the shape of a slender flux tube [17], which allows us to
approximate the distribution function by its first-order
Taylor expansion in the directions perpendicular to the
magnetic field. The calculation is particularly simple if the
cross section of the flux tube is elliptical in the ðψ ; αÞ plane,
so that Ω corresponds to�

ψ − ψ0

Δψ

�
2

þ
�
α − α0
Δα

�
2

≤ 1:

Here ψ0 and α0 are the flux-surface label and field-line
label of the magnetic field line defining the center of the
flux tube, and Δψ and Δα define its width in the ψ and α
directions, respectively. There is no reason to suspect that
the AE is very different in flux tubes with other cross
sections, but choosing different cross sections greatly
obfuscates the calculation of the AE. Gyrokinetic simu-
lations are usually carried out in flux tubes with a
rectangular cross section in the ðψ ; αÞ plane, but will
nevertheless be compared with our analytical expressions
below.
In order to find the ground state as in Eq. (1), one needs

to evaluate integrals of the form

I½h�≡
Z
Ω
δ½h�dψdα;

where hðψ ; αÞ is an arbitrary smooth function that vanishes
when ðψ ;αÞ ¼ ðψ0; α0Þ. To leading order in Δψ and Δα,
this integral reduces to [18]

I½h� ¼ 2ΔψΔαffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðΔψÞ2ð∂h=∂ψÞ2 þ ðΔαÞ2ð∂h=∂αÞ2p :

We now have sufficient information to solve Eq. (1) to the
requisite accuracy. We take the initial distribution function
to be a Maxwellian,

fini ¼ fM ¼ nðψÞ
�

m
2πTðψÞ

�
3=2

exp

�
−

ϵ

TðψÞ
�
; ð2Þ

where TðψÞ denotes the electron temperature and nðψÞ the
electron number density. One can further relate the various
derivatives of the particle energy ϵ to bounce-averaged
frequencies [11,19,20], giving�∂ϵ

∂ψ
�

μ;J ;α
¼ −eωα; ð3aÞ

�∂ϵ
∂α

�
μ;J ;ψ

¼ eωψ ; ð3bÞ

with e being the elementary charge. We have introduced
two bounce-averaged drift frequencies, which are equal to

ωα ¼
1

τb

Z
ðvd ·∇αÞ dl

vk
¼ 1

eτb

�∂J
∂ψ

�
ϵ;μ;α

; ð4aÞ

ωψ ¼ 1

τb

Z
ðvd ·∇ψÞ dl

vk
¼ −

1

eτb

�∂J
∂α

�
ϵ;μ;ψ

; ð4bÞ

τb ¼
Z

dl
vk

¼
�∂J
∂ϵ

�
μ;ψ ;α

: ð4cÞ

Here vd is the guiding-center drift velocity, and τb is the
time it takes for a trapped particle to travel between two
consecutive bounce points. Using these results, we find that
the ground state is given by

∂fg
∂w ¼ −

fM0

T0

F; ð5aÞ

F≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðωT� − ωαÞ2ðΔψÞ2 þ ω2

ψ ðΔαÞ2
q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2
αðΔψÞ2 þ ω2

ψ ðΔαÞ2
q : ð5bÞ

Here, quantities with a subscript zero are evaluated at
the center of the flux tube, i.e., ψ ¼ ψ0 and α ¼ α0.
Furthermore we have introduced the diamagnetic frequency
ωT� , which depends on the gradients of the temperature and
number density, in the following manner:
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ωT� ¼ −
T0

e

�∂ ln n
∂ψ þ ∂ lnT

∂ψ
�
ϵ0
T0

−
3

2

��
: ð6Þ

To evaluate the AE, one needs to find the difference in
energy between the Maxwellian and the ground state to
leading order in Δψ and Δα by computing the integral

A ¼
Z

ϵðfM − fgÞdx;

taken over all phase-space coordinates x. The expansion of
this integral has previously been evaluated in Ref. [11], and
following this methodology we find

A ¼ π2
�
eΔψΔα

m

�
2
ZZ

dμdJ
fM0

T0

×

�
ω2
α

�
ωT�
ωα

− 1þ F

�
Δψ
Δα

þ ω2
ψð−1þ FÞ Δα

Δψ

�
: ð7Þ

Here, the integrand is positive definite, and so is therefore
the AE, as it must be by definition. Taking the limit of
omnigeneity (ωψ ¼ 0) in this expression, one retrieves
the result previously found by Helander [11], according to
which the plasma is stable to electron-driven modes if
ωT�=ωα ≤ 1 for all particle orbits. This is a well-established
result from linear theory [21], which also holds non-
linearly [10].
Our next step is to relate the AE to typical turbulence

quantities, but there is a basic difficulty having to do with
the question of how these scale with the system size. Some
types of turbulence depend on the size and shape of the
domain in which it takes place, but we are mainly interested
in turbulence for which this is not the case if the domain is
large enough. We shall refer to such turbulence as “local.”
If we expect AE to encapsulate information about local
turbulence, it should only refer to the energy available over
some characteristic length scale comparable to the corre-
lation length of the turbulent fluctuations. We denote this
length byΔψA andΔαA, and assume that it is of the order of
the poloidal gyroradius, as is usually observed in gyroki-
netic simulations, and since it is the poloidal flux which is
mostly responsible for confinement in tokamaks and
stellarators.
We are now in a position to define a dimensionless AE

which will be used in the rest of the analysis. As in
neoclassical transport theory [22], it is useful to perform a
change of variables, ðμ;J Þ ↦ ðλ; zÞ, with

λ ¼ μB̄
ϵ0

; z ¼ ϵ0
T0

;

where B̄ is the average magnetic field strength. Employing
these new integration coordinates, we find that the AE
becomes

A ¼
�
n0T0

4
ffiffiffi
π

p ΔψAΔαAL
B̄

�bA;
where L is the total length of the magnetic field line,
and the factor in brackets is thus proportional to the total
thermal energy in the domain. The dimensionless factor bA
is defined as

bA≡
ZZ

dzdλ
X

wellsðλÞ
expð−zÞz5=2

×

�
ω̂2
α

�
ω̂T�
ω̂α

− 1þ F̂

�
þ ω̂2

ψ ð−1þ F̂Þ
�
Ĝ1=2; ð8Þ

where the summation over wellsðλÞ is taken over all
magnetic trapping wells along the flux tube associated
with a specific value of λ. Several dimensionless variables
have been introduced here. Firstly, the dimensionless
precession frequencies are defined as

ω̂α ≡ eΔψA

ϵ0
ωα; ω̂ψ ≡ eΔαA

ϵ0
ωψ ; ω̂T� ≡ eΔψA

ϵ0
ωT� :

Secondly, the dimensionless Jacobian Ĝ1=2 is defined as

Ĝ1=2 ≡ τb
L

ffiffiffiffiffiffiffi
2ϵ0
m

r
:

The nonlinear function F̂ is defined as

F̂≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðω̂T� − ω̂αÞ2 þ ω̂2

ψ

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω̂2
α þ ω̂2

ψ

q :

Finally, one requires a boundary condition for the coor-
dinate l along the field line, which determines the behavior
of trapped particles near the edges of the domain. We
choose a periodic boundary condition for this longitudinal
coordinate, so that any function kðlÞ satisfies

kðlþ LÞ ¼ kðlÞ:

Results.—We have implemented a numerical scheme for
calculating the AE and find that the calculations are very
fast; in its current implementation the scheme requires
only a few CPU minutes to obtain a sufficiently resolved
result for a single configuration. We compare the AE of a
tokamak and various stellarator devices with the saturated
turbulent energy fluxes calculated by nonlinear flux-tube
simulations using the GENE code.
We note that this code employs coordinates ðx; yÞ which

are proportional to the gyroradius, namely

x ¼ Lref

ρref

ffiffiffiffiffiffiffi
ψ

ψ tot

r
; y ¼ Lref

ρref

α

q0

ffiffiffiffiffiffiffi
ψ0

ψ tot

r
;
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where q0 ¼ ι−10 denotes the inverse rotational transform at
the center of the flux tube, ρref is some reference length
scale of the order of the gyroradius, Lref is some global
length scale which is typically taken to be the minor radius,
and ψ tot is the total toroidal magnetic flux passing through
the last closed flux surface. In terms of these coordinates,
we take the characteristic length scale over which energy is
available to be Δx ¼ Δy ¼ q0. We now compare the
dimensionless AE, as defined in Eq. (8), with the normal-
ized saturated radial energy flux bQsat defined as

bQsat ≡
Z
tsat

QeðtÞ
dt
tsat

=

��
ρref
Lref

�
2

n0T
3=2
0

ffiffiffiffi
1

m

r �
: ð9Þ

Here tsat denotes the time span in which the energy flux
saturates. The instantaneous electron energy flux density in
the radial direction QeðtÞ is defined as

Qe ¼
1

V

Z
ϵðδfeÞðvE · ∇̂xÞdx; ð10Þ

where V is the volume of the simulated domain, vE is the
E ×B drift, ∇̂ is the normalized gradient operator
∇̂ ¼ ρref∇, and δfe is the fluctuating part of the electron
distribution function fe, so that fe ¼ fM þ δfe [23]. The
simulation set encompasses computations of collisionless
electrostatic turbulence. Most of these are TEM turbulence
driven by a density gradient only, and constitute a subset of
simulations recently described by Proll et al. [24]. We have
also included two simulations of TEM turbulence driven by
an electron temperature gradient only [25]. In either case
there are no ion-temperature-gradient-driven instabilities or
turbulence, which would draw energy from ions rather than
electrons and thus require a more complicated form of
the AE.
The results of this comparison are plotted in Fig. 1,

which exhibits a strong correlation between the turbulent
electron energy flux and AE over several orders of
magnitude, in a tokamak and several stellarators, for
various values of the density gradient, and for one value
of the electron temperature gradient, Lref=LT ¼ 3. Here
LT ¼ −T=ðdT=drÞ is the length scale of the electron
temperature gradient, with r being the minor radial coor-
dinate. The density gradient has an analogous definition
Lref=Ln, with Ln ¼ −n=ðdn=drÞ. We note that classical
TEMs are thought to be largely absent in W7-X, and ion-
driven TEMs could instead be the dominant trapped-
particle instability [24,26]. These instabilities derive energy
from the ions instead of electrons, but we nevertheless
include these data points in Fig. 1. A power law is found
by fitting a straight line to this doubly logarithmic plot,
which gives

Qsat ∝ A1.5�10%: ð11Þ

This relation can be understood in the following manner.
From the definition of the energy flux given in Eq. (10), we
crudely estimate this flux as

Qe ∼
ffiffiffiffiffiffiffiffiffi
hv2Ei

q Z
ϵδfedx;

where the angular brackets denote a volume average.
The integral in this expression is bounded by the AE,
and we thus set

R
ϵδfedx ∼ A. The square of the drift

velocity,

hv2Ei ¼ hðE ×B=B2Þ2i;

is proportional to the gyrokinetic energy of the electric
field. Since the sum total of the thermal and this field
energy is conserved [10], the field energy is also bounded
by the AE. Hence we estimate hv2Ei ∼ A, which gives

Qe ∝ A3=2; ð12Þ

in agreement with the observed power law, within
error bars.
Conclusions.—As we have seen, it is possible to express

the AE of trapped electrons in a slender flux tube of
elliptical cross section in analytical form, which enables

FIG. 1. Correlation of the normalized AE and the nonlinear
saturated radial energy flux. This is done with no electron
temperature gradient and for different density gradients
Lref=Ln indicated by the colorbar, and different devices. There
are two gray points, which have no density gradient and a
temperature gradient of Lref=LT ¼ 3. The devices used in this
analysis are the tokamak DIII-D, the Helically Symmetric
eXperiment (HSX), and the Wendelstein 7-X (W7-X) stellarator
in both high mirror (HM) and standard configuration (SC). The
straight black line is the least-squares fit, which results in the
power law lnQsat ∝ ð1.5� 10%Þ lnA.
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this quantity to be calculated efficiently. Since the AE
represents a rigorous upper bound on the energy that can be
converted into turbulent fluctuations, it is natural to
compare it with the outcome of gyrokinetic simulations.
The turbulent energy flux from the latter has thus been
compared with the AE computed in flux tubes whose
thickness perpendicular to the magnetic field is a fixed
number of poloidal gyroradii. For TEM turbulence, one
finds a strong correlation over several orders of magnitude
and across a range of devices. The energy flux is found to
be proportional to AE3=2.
These results are encouraging as they suggest a close

connection between turbulent transport and AE, which
could be used for quickly assessing confinement properties
of magnetic configurations without gyrokinetic simula-
tions. The AE could serve as a proxy function in stellarator
optimization, both for new stellarator designs as well as
existing devices, where one may adjust coil currents and
plasma profiles to find AE-minimizing configurations. It is
however not known whether the close correlation between
AE and energy transport persists in plasmas with ion
temperature-gradient-driven turbulence. Such turbulence
draws energy from the ions, which are not constrained
by the invariance of J , a fact that needs to be accounted for
in the calculation of the AE.
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