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We propose a new method for self-injection of high-quality electron bunches in the plasma wakefield
structure in the blowout regime utilizing a “flying focus” produced by a drive beam with an energy chirp. In
a flying focus the speed of the density centroid of the drive bunch can be superluminal or subluminal by
utilizing the chromatic dependence of the focusing optics. We first derive the focal velocity and the
characteristic length of the focal spot in terms of the focal length and an energy chirp. We then demonstrate
using multidimensional particle-in-cell simulations that a wake driven by a superluminally propagating
flying focus of an electron beam can generate GeV-level electron bunches with ultralow normalized slice
emittance (∼30 nm rad), high current (∼17 kA), low slice energy spread (∼0.1%), and therefore high
normalized brightness (> 1019 A=m2=rad2) in a plasma of density ∼1019 cm−3. The injection process is
highly controllable and tunable by changing the focal velocity and shaping the drive beam current. Near-
term experiments at FACET II where the capabilities to generate tens of kA, < 10 fs drivers are planned,
could potentially produce beams with brightness near 1020 A=m2=rad2.
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Plasma-based accelerators (PBA) driven by either an
intense laser pulse (LWFA) or a charged particle beam
(PWFA) [1], can sustain ultrahigh acceleration gradients
∼100 GV=m and have the potential to produce high-
quality electron beams. Numerous milestones in the
PBA have been attained in the past two decades [2]. In
the near term, a combination of high gradient and high
beam quality may lead to a compact x-ray free-electron
laser (XFEL) [3,4] and new photon science applications.
Electron beams needed to drive XFELs have stringent
requirements on normalized beam emittance, energy
spread, and brightness [5]. Controllable injection in the
plasma wake is a critical physical process that can deter-
mine the eventual beam quality. Various synchronized
injection schemes, including field ionization injection
[6–12] and expanding plasma wakefields induced by either
density tailoring [13–17] or drive beam evolution [18–20],
have been proposed and in some cases studied in experi-
ments. Simulations have shown that some schemes can
produce the beam parameters needed for XFEL.
In this Letter, we propose and demonstrate using the

particle-in-cell (PIC) simulations a new electron injection
scheme in the three-dimensional nonlinear blowout regime
[21–24] of a PWFA. The injection process is triggered by a
drive beam whose density centroid [“flying focus” (FF)]
moves superluminally. This may seem counterintuitive as
injection occurs when the phase velocity of the wake
decreases sufficiently such that electrons comove at the

phase velocity of the wake. However, as elaborated below,
when the FF is superluminal and the most dense (smallest
spot size) part of the drive beam excites a nonlinear wake,
an increasing amount of charge is confined within the ion
channel leading to a backward expanding wake (in the
comoving frame with the beam) as the density peak moves
forward which effectively reduces the phase velocity at the
rear of the wake. The proposed scheme is highly control-
lable and capable of generating GeV-level electron bunches
with normalized emittances ∼10 s nm, slice energy spreads
∼0.1%, and normalized brightness > 1019 A=m2=rad2,
which is orders of magnitude higher than those of existing
beams at state-of-the-art XFELs based on conventional
accelerators. Thus, this PBA based scheme not only
provides the possibility of replacing the conventional
injector and accelerator in an XFEL, but it could also
provide a path for significantly boosting the brightness of
an existing beam leading to compact, cost-effective XFELs
since the saturation gain length and thus the required
undulator length can be greatly reduced. Unlike density-
downramp injection that relies on tailoring the plasma
density and some ionization schemes which need synchro-
nization of laser pulses with the drive pulse, the proposed
scheme relies on a simpler experimental setup—a uniform
plasma and a single drive beam. While both the evolving
beam [20] and FF schemes rely on the focusing optics to
trigger injection, the FF scheme may provide better
tunability, as well as controllability and stable acceleration
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after injection. Furthermore, typical beams produced at
facilities such as FACET already have quasilinear energy
chirps (at least on a significant portion of the beam), so the
physics of an FF needs to be considered in general.
Recently, the optical FF concept [25–30] has been

developed to provide customized spatiotemporal control
over the intensity of focused laser beams. It has been
proposed to use such pulses to overcome the dephasing that
arises in LWFAs [28,30]. In this Letter, we propose the use
of the FF formed by a charged particle beam to trigger self-
injection and accelerate the injected beam beam in a
PWFA. The FF is formed from a charged particle beam
with a correlated energy spread (energy chirp) focused by
magnetic or plasma lenses. Since the focal length is
proportional to the particle energy, different slices of a
beam with an energy chirp will be focused to different
positions due to chromatic aberrations. For a positive-
(negative-) chirped beam, the slices approaching the beam
head will come to focus earlier (later), resulting in a sub-
(super-) luminal FF. We note that ultrashort electron
bunches with residual negative or positive chirps have
been routinely produced at the Final Focus Test Beam
experimental facility [31,32].
Figure 1 illustrates how to generate a superluminal FF.

An FF beam is characterized by the velocity of the density
peak, the effective pulse length, and the effective diffraction
length as illustrated in Fig. 1.
The normalized focal velocity βf is given by (see the

Supplemental Material [33])

βf ≃ 1 −
pR
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�
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where p and pR are the momenta of an arbitrary particle
and the reference particle respectively, fR is the focal length
of the reference particle, and ξ≡ ct − z. For γ2 ≫
ðfR=pRÞjdp=dξj, the 1=γ2 term arising from the interslice
velocity mismatch can be neglected. Theoretically, the
factor pR=fR and momentum chirp dp=dξ can be freely
chosen so that the FF propagates at an arbitrary βf which is
decoupled from the reference beam velocity. In reality, the
accessible values of βf depend on the focusing capability of
optics and the maximum momentum chirp permitted by the
beamline. The pR=fRmec of electron beams is typically

smaller than ∼104 m−1 for magnetic focusing optics, and
can be a few orders of magnitude larger for plasma
lenses [34,35].
In the proximity of the focal region, the beam spatial

density profile is shaped like a butterfly with the high-
density region concentrated only within an effective length
2zc as depicted in Fig. 1. We define zc as the spacing
between the reference slice and a second slice whose cross
section area is doubled. To make a large wakefield
zc ≲ c=ωp. Assuming a linear chirp ½pðξÞ − pR�=pR ¼
hðξ − ξRÞ, where ξR is the position of the reference slice
and h is constant, and neglecting the interslice velocity
mismatch, we obtain (see the Supplemental Material [33])

zc ¼ jhj−1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
β�2=ð2β�2 þ f2RÞ

q
; ð2Þ

where β� ¼ σR=σ0R, σR ≡ ffiffiffiffiffiffiffiffi
hx2i

p
, and σ0R ≡ ffiffiffiffiffiffiffiffiffi

hx02i
p

are the
rms size and divergence of the reference slice. To form a
clear butterfly-shape density profile, a rough condition is
zc ≲ σz where σz is the rms beam length. Since jhj ∼
Δp=ðpRσzÞ where Δp=pR is the projected momentum
spread, then from Eq. (2) and assuming Δp=pR ≪ 1 the
criterion zc ≲ σz can be reduced to β� ≲ ðΔp=pRÞfR.
The effective diffraction length Lf is the distance within

which the FF performs a full intrabeam end-to-end move-
ment. It is straightforward to show that Lf ≃ fRΔp=pR.
Typically, we have zc ≪ β� ≲ Lf.
A high-current electron beam propagating in a plasma

can excite a large-amplitude wakefield in the blowout
regime when the beam density nb exceeds the plasma den-
sity np and the normalized current Λ≡ 4πre

R
nbrdr > 1,

where re is the classical electron radius [21,23]. The
accelerating field Ez is independent of radial position,
and the transverse focusing force is linear, averting the
deterioration of beam slice energy spread and emittance.
We demonstrate the proposed injection scheme via particle-
in-cell simulations using OSIRIS [36] for a negative-
chirped drive beam in the blowout regime, as shown in
Fig. 2. The reason for not adopting a positive-chirped beam
will be discussed later. We have carried out numerous 2D
r-z azimuthally symmetric and a few quasi-3D simulations
with two azimuthal modes. We use very fine spatial
resolution in both the radial and z (beam propagation
direction) directions, Δr ¼ Δz ¼ 0.01c=ωp to resolve the
adiabatic wake expansion. There are 16 macroparticles
initialized in each cell to model a uniform plasma with
Te ∼ 2 eV. We use customized finite-difference solvers
[37,38] to eliminate the numerical Cerenkov instability [39]
and spurious space-charge-like fields [40]. A bi-Gaussian
drive beam consisting of 106 macroparticles was initialized
at the plane fR ¼ 104k−1p before the lens with γR ¼ 1000,
h ¼ −0.03, kpσz ¼ 2, and Λ ¼ 4, where kp ≡ ωp=c and
ωp are the plasma wavelength and frequency. At the focal
plane (fR after the lens), the reference slice is focused to

lens
ref. slice

negative-chirped
beam high Elow E

FIG. 1. A schematic of generating a superluminal FF using a
negative-chirped beam.
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σR ¼ 0.5k−1p with σ0R ¼ 5 × 10−3. The beam particles are
tracked using the transfer matrix [(Eq. (6) in the
Supplemental Material [33] ] from the initial plane to
where the beam tail is focused, followed by the PIC
simulation. With these initial parameters, we know
βf ¼ 1.0033, kpzc ¼ 0.67, and kpLf ∼ 400.
When the drive beam enters the uniform plasma as

shown in Fig. 2(a), the FF at the beam tail excites a
nonlinear plasma wake while the dispersed fraction in front
only causes a small perturbation to the plasma. The leading
edge of the bubblelike wake follows the superluminal FF as
it moves forward. As the focus moves forward an increas-
ing amount of beam charge is contained within the ion
channel of the wake, causing an expansion of the blow-
out radius and wavelength of the ion cavity as shown in
Fig. 2(b). The receding of the dashed yellow line (moving
backward in the speed-of-light frame) dominates over the
forward motion of the dashed white line. At this moment
the self-injection has been triggered since the injection
condition βϕ < βe is satisfied [γe ≡ ð1 − β2eÞ−1=2 ∼ 15 in
this case], where βϕ and βe are the wake phase velocity and
plasma electron velocity at the rear of the ion cavity. The
backward expansion of the wake rear and thus the injection
will eventually cease while the FF is still moving forward,
as shown in Fig. 2(c).
As Fig. 2 makes clear, in order to understand the

injection process, we must understand two processes that
have opposite effects on βϕ: (i) the wake front follows the
superluminal FF and travels faster than c (dashed white
line), and (ii) as the focus moves forward superluminally
more and more beam charge is contained within the wake
and confined by the focusing force of the plasma ions. This
increases the charge that creates the wake causing a
backward expansion of the ion cavity. The latter can
dominate for sufficiently large Λ such that βϕ < 1 (dashed

yellow line) leading to injection. For comparison, in Fig. 3
we also show results from a simulation in which a regular
drive beam (without a FF) was used. The drive beam has
identical parameters as the example in Fig. 2 except there is
no energy chirp. No significant plasma wake expansion and
continuous injection is observed although a very small
fraction of background electrons is trapped due to spot size
evolution. This indicates that the continuous electron
injection is indeed caused by the wake expansion caused
by the superluminal FF.
The physics of self-injection and the competing proc-

esses are further revealed in Fig. 4. Each frame corresponds
to different drive beam parameters, and for each case we
show the evolution of the on axis Ez wakefield, the leading
edge of the wake (gray dashed line), FF location in vacuum
(red dashed line), and the region where the injected beam
resides (shaded). In the speed-of-light coordinate (ξ) a
vertical line corresponds to a point moving at c while a
line with a positive (negative) slope corresponds to

002 51 50125
0

2

4

6

002 51 50125

(a) (b)

0

3

0

10

FIG. 3. Snapshots of simulation with a regular drive beam at
(a) ωpt ¼ 50 when just entering the plasma, and (b) ωpt ¼ 860
when the beam energy is nearly exhausted.
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FIG. 2. Density distributions of the plasma electrons (blue)
and drive beam (red). Snapshots are taken from (a) ωpt ¼ 30
when the drive beam enters the plasma, (b) ωpt ¼ 190, and
(c) ωpt ¼ 430. The white and yellow dashed lines mark the
positions of FF and the backward expanding ion cavity. The red
dashes outline the envelope of the beam density distribution.
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FIG. 4. On axis Ez field vs ξ and t. We used kpσR ¼ 0.5,
kpfR ¼ 104, and kpzc ¼ 0.67 for all the simulations. The results of
the (a)–(d) symmetrical beam current profiles with kpσz ¼ 2 and
various βf [Λ ¼ 4 for (a),(c),(d) andΛ ¼ 2 for (b)]; (e) forward-tilt
beam current profile with kpσz1 ¼ 3, kpσz2 ¼ 1, Λ ¼ 4, and
βf ¼ 1.005; and (f) backward-tilt beam current profile with
kpσz1 ¼ 1, kpσz2 ¼ 3, Λ ¼ 4, and βf ¼ 1.005.
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superluminal (subluminal) speed. Injection occurs at the
back of the first accelerating bucket of the wake where the
field changes from accelerating (red) to decelerating (blue).
Injection can occur when a negative slope (βϕ < 1) devel-
ops at the rear of the wake and stops when the slope
becomes almost vertical (βϕ ¼ 1). In each frame it is clear
that while the front of the wake moves superluminally due
to the moving focus the electron injection occurs at the back
of the wake that moves subluminally. In Fig. 4(a) the
obvious backward wake expansion only occurs when
t≲ 380ω−1

p , and thereafter the injection volume remains
almost unchanged, indicating a stable subsequent accel-
eration with little beam loss. In Fig. 4(b) where Λ ¼ 2, the
drive beam does not contain a sufficient charge to expand
the wake to reduce βϕ. In all cases, the leading edge of Ez

does not coincide with the FF trajectory in vacuum. It first
speeds up due to the focusing from the small-amplitude
wake created by the low-density part of beam in front of the
FF, and then moves at a speed ∼βf as the amount of charge
before the FF diminishes and the wake-induced focusing
weakens.
The duration and thereby the charge and energy spread

of the injected beam can be controlled by tuning βf and
shaping the current profile of the drive beams. Figures 4(c)
and 4(d) show results for βf ¼ 1.005 and βf ¼ 1.01 while
σR, zc, fR, and Λ were kept the same as in Fig. 4(a). To
control βf we changed the linear chirp coefficient h. As βf
is increased, the injection duration (spacing between the
black dashed lines) shortens, which leads to a different
“optimal” energy of the accelerated bunches (this will be
discussed later). Figures 4(e)–4(f) show the injection
processes using forward-tilted and backward-tilted asym-
metric Gaussian current profiles IðξÞ ¼ ð1=2ÞIAΛfΘðξ −
ξRÞ exp½−ðξ − ξRÞ2=ð2σ2z1Þ� þ ΘðξR − ξÞ exp½−ðξ − ξRÞ2=
ð2σ2z2Þ�g where ΘðxÞ is the Heaviside step function and
IA ¼ 17 kA is the Alfvén current. For the forward-
tilted case, the current at the back of the beam which is
initially focused is relatively low so that the bubble
expansion is delayed, and the injection occurs later as
expected.
The optimal beam energy γopt is related to the backward

expansion rate of the ion cavity and is thus tunable through
βf and current shaping of the drive beam. Here, the optimal
energy means the average beam energy when the projected
energy spread reaches the minimum [17]. During the
injection process, the electrons injected earlier have a
higher energy than that of the electrons injected at the
end. An initial energy chirp Δγmec2 ∼ eĒzLinj emerges
immediately after the injection where Linj is the distance
over which the injection occurs and Ēz is the average
accelerating field felt by the beam. Due to the shape of the
blowout regime, the accelerating gradient experienced by
the beam tail is larger than the head; hence, the chirp will
be eliminated after an optimum acceleration distance

Lopt ∼ Ēz=ðΔEzÞLinj where ΔEz is the difference of the
accelerating field amplitude felt by both ends of the beam.
Without beam loading [41,42] ΔEz ¼ meω

2
pσz=ð2eÞ, and

this can be used as a lower bound. The optimal energy can
be estimated as the sum of the energy gain during and after
the injection, i.e., γoptmec2 ∼ eĒzLinjð1=2þ Ēz=ΔEzÞ. For
short injected bunches Ēz=ΔEz ∼ R=σz ≫ 1=2 where R is
the blowout radius of the wake. Since the ion cavity
expands at a rate wϕ ¼ 1 − βϕ ∼ σz=Linj, we know that
γopt ∝ ĒzR=wϕ. Figure 5(a) shows the (ξ; pz) phase space
of the injected bunches in all the cases of Fig. 4. The
projected energy spreads are < 1% in all cases. For the
central (middle half) portion of the beam where the energy
curves upward in the front and back parts are excluded, the
energy spread can be as low as ∼0.3%.
Comparing the three cases with symmetric current

profiles, we see that a larger βf leads to a larger wϕ and
hence lower γopt, which is consistent with the previous
analysis. This reasoning can also be applied to determine
how to tune γopt for the tilted current profiles. The rear of
the wake expands faster in the backward-tilted case because
more charge is trapped sooner. As the charge in the front of
the beam is trapped the expansion rate can drop below the
threshold for trapping. As a result, this also leads to shorter
Linj even though βf is identical. Thus, the γopt for the
backward-tilted current profile is lower.
The simulation results show that the proposed injection

scheme can generate a high-quality electron bunch which
simultaneously possesses an ultralow normalized emittance
and energy spread, and high current and thus very high
normalized brightness. Figure 5(b) shows the slice energy
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FIG. 5. (a) The longitudinal phase spaces and the energy
spectrum of each accelerated beam following injection induced
by superluminal FF examples shown in Fig. 4. The energy spectra
on the lhs have been normalized for a better visualization. (b) The
sliced beam properties of the injected beam in Figs. 2 or 4(a).

PHYSICAL REVIEW LETTERS 128, 174803 (2022)

174803-4



spread, current, emittance, and brightness of the injected
beamas a function of ξ, which is taken from the simulation in
Fig. 4(a). Similar results can be obtained for other simula-
tions. In this example, the self-injected beam has an average
current of 17 kA, a slice normalized emittance of ϵn∼
0.02k−1p , a slice energy spread ∼0.1%, and a peak normal-
ized brightness of Bn½A=m2=rad2�∼8.5×107k2p ½m−1�.
Each simulation corresponds to a family of beam and

plasma parameters with the same normalized values. The
values of ϵn and Bn scale as n

−1=2
p and np respectively [17],

for example, ϵn ¼ 34 nm and Bn ¼ 3 × 1019 A=m2=rad2

for np ¼ 1 × 1019 cm−3. Current state-of-the-art conven-
tional accelerators are anticipated to produce 50–150 kA,
∼3 fs electron bunches [43]. Such ultrashort bunch length
allows for the operation of a PWFA for np ∼ 1020 cm−3.
This indicates that generating self-injected beams with
Bn ∼ 1020 A=m2=rad2 using the proposed injection scheme
may be possible. In the Supplemental Material [33], we
provide estimates of the free-electron-laser (FEL) output
using these ultrabright beams according to 1D FEL theory
[44]. It indicates that improvements to the brightness of
FEL radiation are achievable with a much shorter
undulator.
As discussed earlier the continued focusing of the drive

beam as the FF propagates forward is critical. It leads to a
continued increase in beam charge contained by the wake
and the resulting expansion of the wake. As shown in the
Supplemental Material [33], a superluminal FF enables
such focusing whereas the subluminal focusing does not. In
the subluminal case, as the focus moves backward with
respect to c, the beam head diffracts, and less and less
charge resides in the ion channel causing its length to
shorten and the rear of the wake to move forward. The wake
is eventually terminated. We found that the pump depletion
length, Lpd, of drive beams not only depends nearly linearly
on the initial energy but also on βf. With an initial FF
position 2.5σz behind the reference beam slice, the
observed Lpd are 970k−1p , 995k−1p , and 1030k−1p for
βf ¼ 1.0033, 1.005, and 1.01, respectively. A longer Lpd

apparently leads to a larger final energy gain, but the gain at
the optimal acceleration distance where the energy chirp is
minimized is primarily determined by βf according to the
simulation results. A general quantitative analysis for Lpd

and energy gain is subtle for FF beams, and we leave this
for future work.
In conclusion, we have shown that ultrabright electron

bunches can be generated by a superluminal FF in a
uniform plasma by sending a negatively chirped charged
particle beam through a focusing optic. This method is
feasible with the current state-of-the-art electron acceler-
ators and only requires a relatively simple experimental
configuration.
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