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Fickian yet non-Gaussian diffusion (FnGD), a most intriguing open issue in soft matter, is generically
associated with some dynamical and/or structural heterogeneity of the environment. Here we investigate the
features of FnGD in glass-forming liquids, the epitome of dynamical heterogeneity, drawing on experiments
on hard-sphere colloidal suspensions and simulations of a simple model of molecular liquid. We demonstrate
that FnGD strengthens on approaching the glass transition, by identifying distinct timescales for Fickianity,
7, and for restoring of Gaussianity, 75 > 7, as well as their associated length scales, & and £;. We find
76 « 7/ with y =~ 1.8 for both systems. In the deep FnGD regime, the displacement distributions display
exponential tails. We show that, in simulations, the time-dependent decay lengths () at different temperatures
all collapse onto a power-law master curve [I(7)/(Eg)] o (t/75)%, with a = 0.33. A similar collapse, if less
sharp, is also found in experiments, seemingly with the same exponent a. We further discuss the connections of
the timescales and length scales characterizing FnGD with structural relaxation and dynamic heterogeneity.
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According to Einstein’s work on Brownian motion [1],
macroscopic diffusion at equilibrium corresponds to random
walks of thermally agitated particles, with a Gaussian
displacement distribution, plus a mean square displacement
(MSD), (r*(t)), increasing linearly with time, the so-termed
Fickian case: the diffusion constant is then obtained as
D = (r*(t))/2dt, d being the space dimensionality. In more
recent years, a variety of experiments has also shown the
existence of anomalous (non-Fickian) diffusion, quite often
associated with correlated walks, and typically accompanied
by non-Gaussian displacement distributions [2,3]. Thus,
from this double perspective, Fickian and Gaussian behav-
iors were thought to be biunivocally related.

In 2009, ground-breaking experiments [4] on nanometric
beads in complex biological fluids broke up such a
scenario, revealing the existence of a novel type of
diffusion that is distinct from both standard and anomalous
diffusion, being simultaneously Fickian and non-Gaussian.
In the past few years, many other examples of such a
“Fickian yet non-Gaussian diffusion” (FnGD) have been
reported, mostly in soft matter and biological systems
characterized by some kind of heterogeneity of the struc-
ture or in the dynamics [4—13]. The existence of an
underlying heterogeneity has also been considered in
various theoretical models [14—-18] proposed to capture
the main features of FnGD such as, for example, the
presence of “fat tails” (“fatter than Gaussian,” usually
exponential) in the displacement distribution. While a full
understanding of FnGD is still far from being achieved, the
association between FnGD and some kind of heterogeneity
generally meets a wide consensus [14,19,20].

Dealing with dynamical heterogeneity (DH), it
comes naturally to think next of glass-forming liquids.
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Single-particle dynamics in supercooled conditions is char-
acterized by an intermittent motion, with a continuous
alternation of localized vibrations inside the “cage” created
by the surrounding particles, and sudden “jumps” to other
cages [21-23]; on sufficiently large length scales and time-
scales, this leads to a grouping of “fast” and “slow” particles,
the more so the more the glass transition is approached [24].
Thus, supercooled liquids are commonly considered the
epitome of DHs. It is tempting to believe that they may also
represent a paradigmatic example of FnGD.

Concerning the MSD in glass-forming liquids, it is well
known that the long-time Fickian behavior is always pre-
ceded by a distinctive subdiffusive (or plateau) regime.
Noticeably, exponentially tailed displacement distributions
have been reported for both experiments on colloidal systems
and molecular dynamic simulations [21,23,25] focusing on
times of the order of the structural relaxation time 7, rela-
ted to the first jumps of the particles out of their cages,
which typically falls either within the subdiffusive regime or
around the subdiffusive-Fickian crossover. Deviations from
Gaussianity, however, can persist even in the Fickian regime
[26], corresponding to timescales and length scales where, on
average, particles have performed many jumps.

Overall, several pieces of the puzzle now suggest that
FnGD could be a typical feature of glass-forming liquids,
but this point has not been directly addressed so far [27]. In
this Letter, we demonstrate that, on approaching glass
transition, FnGD becomes more and more marked, and
identify the scaling relations for its characteristic times and
lengths. Further, we show the relevance of these character-
istic scales in interpreting structural relaxation and dynamic
heterogeneity in glass formers.
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FIG. 1. (a) (r?)/& as a function of t/7p, for experiments at
different area fractions. Dashed line indicates the Fickian behav-
ior. Inset: diffusion coefficient as a function of area fraction.
The dashed line is an MCT-like fit, D « (¢, — ¢)b», with
¢.=0.81=+0.02, bp =2.8+0.2. (b) Same quantities as in
panel (a), for simulations at different temperatures expressed in
MD units of the interparticle interaction energy scale e (see
Supplemental Material [29]). The dashed line in the inset is an
Arrhenius fit, D « ¢£2/7 with E, = —0.0233 + 0.003. Bottom
panels: NGP as a function of 7/7; for experiments (c) and
simulations (d). The dashed lines indicate power laws with
exponents —0.55 +0.15 and —0.7 £ 0.1, respectively. Unless
otherwise specified, colors and symbols are the same in the
following figures.

Our study draws on a combination of experiments and
molecular dynamics (MD) simulations in equilibrium con-
ditions (see Supplemental Material [29]). The experimental
system is a suspension, at nearly monolayer conditions, of
hard-sphere colloidal beads in water, where the dynamic
slowdown is driven by increasing the area fraction ¢ [48-51].
The simulated system is a simple molecular liquid model,
consisting of a 2D assembly of soft disks, where the
dynamics slows down on decreasing the temperature 7T
[22,52]. Both systems are quite popular two-dimensional
glass-forming models and present qualitatively similar
dynamical features on approaching the glass transition [53].

Figures 1(a) and 1(b) show, for experiments and simu-
lations, MSDs as a function of time after rescaling of the
axes for the Fickian timescales and length scales, 75 and &f.
The adopted shifting factor are &z = ¢ and 7, = [6?/(4D))]
(see Supplemental Material [29]), where ¢ is the particle
diameter. Hence, the Fickian length is constant, while the
Fickian time, 75, which is also an estimate of the duration
of subdiffusion, scales as the inverse of the diffusion

coefficient (see the insets of Fig. 1) on approaching the
glass transition. The plot of (r?)/£% versus t/7; demon-
strates how effective is our identification of the Fickian
timescales and length scales: indeed, all MSD datasets
collapse on a linear master curve starting from the point of
coordinates (1,1).

The approach used to identify the Gaussian timescale 7
and the associated length scale &; = (4D7)"/? is illus-
trated in Figs. 1(c) and 1(d), for experiments and simu-
lations, respectively. We define 7 as the time at which the
non-Gaussian parameter (NGP) a,(f) (see Supplemental
Material [29]) reaches an arbitrarily chosen (low) threshold
of 0.05. With this choice, the displacement distribution for
t > 7 is indistinguishable from the Gaussian distribution
of standard Brownian motion.

By plotting the NGPs as a function of #/z;, we succeed in
collapsing all the long-time tails over a well-defined master
curve, a power law with exponent —0.55 for experiments and
—0.7 for simulations (see Supplemental Material [29]). At
high-¢/low-T conditions, where the adopted low threshold
for a, is not attained within the monitored time, we estimate
7 as the appropriate shifting factor to obtain the aforemen-
tioned data collapse. Notice that the existence of the data
collapse ensures that the choice of the threshold does not
affect the area fraction or temperature dependence of the
estimated 7. Indeed, on changing the threshold, 75 would
merely change by a constant factor.

Figures 2(a) and 2(b) show the area fraction and temper-
ature dependence of 7 and 75, as measured through the
just described approach, for experiments and simulations.
For each system, the two timescales are well fitted by the
same functional form: a power law A(¢p, — ¢)” (with a
unique ¢, = 0.81) for experiments, and an Arrhenius law
BeE/T) for simulations. In both systems, 75 is always
larger and increases faster than 7 on approaching the glass
transition, as indicated by the power-law exponents (in
experiments) and the activation energies (in simulations) of
7 being roughly twice those estimated for zz. The just
presented behavior implies that the two timescales are
directly connected by a power-law relation, 75 o 7%. In
fact, a unique value of the exponent, y = 1.8, is found for
both experiments and simulations, as shown in the insets of
panels (a) and (b).

Figures 2(c) and 2(d) show that the Gaussian length &5
grows on approaching the glass transition. As it can be
directly inferred by the fits to D (see Fig. 1) and 75 (see
Fig. 2), the increase of &; is well described by &; « (¢, —
)ba=br)/2] for experiments and &g « el(Fa=Ep)/2 for sim-
ulations. Overall, Fig. 2 clearly demonstrates that FnGD
exists in both the examined systems, and spans increasingly
larger timescales and length scales on approaching the glass
transition.

Figures 3(a) and 3(b) show the displacement distribu-
tions p(x, ) [54] at two representative values ¢ = 0.77
and T = 1.8 x 1073, for experiments and simulations,
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FIG. 2. 74 and 7 for experiments as a function of (¢, — ¢) (a),

and for simulations as a function of 1/7 (b). Dashed lines in panel
(a) are fits through power laws of (¢, — ¢), with exponent by =
—bp = —2.8 £0.2for 7z and bz = —5.5 £ 0.2 for 75, and with a
unique ¢. = 0.81 £ 0.01. Dashed lines in panel (b) are Arrhenius
fits eE/T) with Ep = —E;, = 2.3 x 107243 x 1073 for 75 and
E;=42x10"24+3x 1073 for 75 Insets in panels (a) and
(b) show scatter plots of 7 vs 75. Dashed lines are power laws
76 & 7 with y = 1.8 £ 0.2. (c) and (d) é;/&F as a function of
(¢p. — @) for experiments, and of 1/T for simulations. Dashed
line in panel (c) is a power law &g o (¢, — ¢)(Pa=2)/2] Dashed
line in panel (d) is an Arrhenius law &g o el(Fa=Er)/2T],

respectively, and for many nondimensional times 7/7; with
t > 7p, 1.e., within the FnGD regime. To properly compare
the distributions at different times, we have rescaled the

axes as follows: x = X = [x/(\/(x*(1)))], and p(x,t) —

P(X,1) = p(x,1)\/(x*(t)), thus preserving normalization.
It is worth noticing that the standard Gaussian distribution
g(x.1) = [(e"¥*/4DPI]) /\/47D1] becomes, after this rescal-
ing, a universal time-independent master curve: G(X) =

/(2/7)e=X*/2)_ Let us now separately discuss the two
investigated systems. It proves convenient here to start from
simulations.

The distributions in Fig. 3(b) always display an excess
probability with respect to G(X) both at small and large
values of X, “compensated” by a defect probability at
intermediate displacements. At large displacements and
short times (t/75 < 0.1), tails are well fitted by exponential
decays ~e~[(X)/L0)] gver at least two orders of magnitude of
probability values; the nondimensional decay length L
shows a continuous decrease within this time range. Such
an initial smooth change in L is then followed by the
restoring of Gaussianity for the distribution function, which
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FIG. 3. P(X,t/zs) at different times within the FnGD regime
(a) for experiments at ¢ = 0.77, and (b) for simulations at
T = 1.8 x 1073, The red dashed lines are the universal Gaussian
distribution G(X). Empty circles cover the range of 7/7;, where
the distribution tails are reliably fitted by exponential decays. (c)
and (d) The decay length [(7)/é; as function of t/zg, for
experiments at different area fractions and for simulations at
different temperatures, respectively. The black dashed line is a
power law [(¢) « t*33. Red dashed lines are « %> The insets
show L = [(t)/+/{x*(¢)) as a function of #/7; the dashed line is
a power law L o 1017,

is fully attained in this example, consistently with the
simulation time eventually reaching the estimated z; at this
temperature (7 ~ 8 x 10%).

Figure 3(d) shows L(#/7) (inset) in the FnGD regime at
all temperatures, in the time-range where exponential fits to
the tails are reliable, together with the corresponding
dimensional length [/ = L+/4Dt (main panel) commonly
reported in literature on FnGD [4,5,7]. L data at all
temperatures do collapse onto a power-law decrease:

e

C being a unique constant and § = 0.17 +0.02. Some
deviations from this collapse are only observed at the
highest temperature and large time, where, however, the fits
to the distribution tails are less robust [55]. The occurrence
of this master curve not only points out the power-law
dependence of L upon time /7, but also highlights that
the effect of changing temperature is fully captured by the T
dependence of 7. Notice that the first point in each dataset
in Fig. 3(d) corresponds to the ratio 75/7; as its abscissa.
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Since such ratio decreases on lowering the temperature [see
Fig. 2(b)], L(zr/7¢) is larger at lower temperatures, i.e., the
exponential tails are more extended. In other words, on
approaching the glass transition, FnGD becomes not only
more time persistent, but also more marked. The just found
behavior for L implies that, at any temperature, the
dimensional decay length [ increases as a power law of
time with an exponenta = 0.5 — { = 0.33 £ 0.02, which is
different from the value 0.5 commonly reported in FnGD
[4,5,7]. In addition, from Eq. (1), data corresponding to
different temperatures will of course collapse onto a single
power law, when plotted as [(¢)/&; versus t/7; [see main
Fig. 3(d)].

We now turn to experimental distributions, as the ones
shown in Fig. 3(a). Seemingly, here, at small ¢/ 7, the tails of
the distributions nearly collapse onto an exponential decay
with a unique L; for larger t/7;, evolution toward the
Gaussian master curve is observed. Full restoring of
Gaussianity is, however, far from being attained here, con-
sistently with the fact that the estimated 7; ~ 5 x 10° s at this
area fraction is significantly larger than the total observation
time r = 3 x 10* s. At lower area fractions, we find the same
qualitative scenario, with less persistent and weaker devia-
tions from G(X), consistently with the behavior of the NGP
[Figs. 1(c) and 1(d)].

A comparison of Figs. 3(a) and 3(b) may suggest a
different behavior of the exponential decay length, with
L ~const for experiments, but depending on time in
simulations [see Eq. (1)]. Such difference should be care-
fully reconsidered, however, in the light of the relatively
narrow ranges of times and probability available for the
colloidal system. Indeed, in our experiments, ¢/z; for each
concentration spans less than a decade, and probabilities
are reliable down to 1073, at most. In simulations, by
contrast, the range of #/z; for each temperature exceeds
two decades, and probabilities are fairly well sampled down
to 107*. Thus, our observation of a nearly constant L may
simply be due to limited experimental data. As a matter of
fact, experimental data for L and /& as functions of ¢/7,
reported in Fig. 3(c), display collapses and scaling expo-
nents that are compatible (at least) with those found in
simulations [see Fig. 3(d)] [56]. However, the limited
experimental datasets leave open the possibility that these
scalings may be system dependent, as suggested in a recent
study [28]. In this perspective, we notice that, at a single
area fraction, data can be described equally well by “local
fits” with exponents a@ = 0.33 or a = 0.5 (for local fits with
a=0.5at ¢ = 0.71 and 0.77 see the red dot-dashed lines
in Fig. 3(c); see also Supplemental Material [29]), but a
“global fit,” i.e., for all area fractions, with this latter power
law will patently fail, at variance with what is found for the
exponent @ = 0.33.

To have a complementary perspective on FnGD, we
probe the dynamics through the intermediate self-scattering
function (ISSF) F,(4,1) at different wavelengths A (see

(2) (b)

107! 100 10! 400 450 500 550 600

M yT

FIG.4. (a)7(4)/75(4) as a function of A/ & for both experiments
at different area fractions (full symbols) and for simulations at
different temperatures (empty symbols). (b) Simulations only:
product Dz () for three values of 1. Data have been rescaled for the
values at the highest temperature.

Supplemental Material [29]). In Fourier space, the hall-
marks of standard Brownian diffusion (both Fickian and
Gaussian) are a pure exponential shape of the ISSF, i.e.,
Fy(A,t) = e7/%% [57] and a wavelength-dependent relax-
ation time given by 75(1) = [4>/(42%D)]. It is interesting to
check how these features change and/or decouple when
FnGD is present. In our systems, in fact, we confirm the
occurrence of a simple exponential decay of the ISSF as far
as 7(4) > 7, where the characteristic relaxation time 7(4)
at a given wavelength is defined by F[4,7(1)] = 1/e. For
7(4) < 7, conversely, the observed non-Gaussian shape of
the displacement distribution turns out to be mirrored

into a stretched exponential ISSF decay, et/ [T(M}M, with
B(A) < 1 (see Supplemental Material [29]). Hereafter, we
will focus on the wavelength dependence of the relaxation
time 7(4) for wavelengths 4 > &5 only, i.e., where Fickian
behavior is at play. Notice also that, since in both systems
Ep ~ 2* (where 1* is the main peak of the structure factor),
7, = 7(4*) is around the lower boundary of the 7(1) range
investigated here.

Figure 4(a) shows 7(1)/75(A) vs A/ for the entire set of
simulations and experiments. We find all datasets to be
compatible with a single master curve, which steeply
decreases on increasing 4/&, and attains a unitary plateau,
corresponding to standard-Brownian scaling, just around
A/ég = 1. Notice that small A/£; values hint at a strong
FnGD regime [58]: in fact, the range 1/&; < 0.5 is covered
by simulations only, whereas experimental data start close
to the plateau.

It should be remarked that the behavior of /75 at small
/&g implies that the product Dz(1) does depend on
temperature. Such a Stokes-Einstein Breakdown (SEB)
is commonly reported in systems approaching the glass
transition, for wavelengths close to the first peak of the
static structure factor, and is ascribed to the presence of
marked DHs [59]. Figure 4(b) shows that, in our simu-
lations, SEB is about a factor 8 at the lowest temperature
and for 4 = &, indicating that DHs are strongly at play
when the dynamics is probed at the Fickian length scales.

168001-4



PHYSICAL REVIEW LETTERS 128, 168001 (2022)

Conversely, at a wavelength corresponding to the lowest-
temperature Gaussian length, &5 (7 ), the Stokes-Einstein
behavior is fully recovered over the whole temperature
range, suggesting that DHs are averaged out on this probe
length. Overall, we can conclude that the recovery of both
the standard-Brownian features in Fourier space is solely
ruled by the Gaussian scale: the stretched exponentiality of
ISSF and the 4 dependence of its relaxation time remain
coupled throughout FnGD.

In this Letter, we have highlighted the connection
between two major issues in soft matter, namely, glass
transition (a very long-standing problem) and the recently
discovered FnGD. Glass-forming liquids are in fact a
privileged stage to study FnGD, just because the micro-
scopic dynamics and the emergence of dynamic hetero-
geneities have already been fairly well characterized in
these systems.

It is apparent that the validation of the here-proposed
scalings largely relies on the availability of long-time data
for other glass formers, at many different values of the
control parameter (temperature and concentration in our
case) ruling the approach to glass transition. In general
terms, it would be interesting to examine in detail the
precursors of FnGD, which build up in the subdiffusive
regime. In our glass-forming systems, strengthening of
FnGD will correspond to deepening of subdiffusion. Such a
phenomenology was also observed in recently introduced
experimental model system of FnGD, with colloidal beads
diffusing in a speckle field [60,61]. How much such a
connection between precursors in the subdiffusive time
window and FnGD is relevant on approaching glass
transition is an intriguing open issue.

*Corresponding author.
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