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Finding Structure in the Speed of Sound of Supranuclear Matter
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Analyses that connect observations of neutron stars with nuclear-matter properties can rely on equation-
of-state insensitive relations. We show that the slope of the binary Love relations (between the tidal
deformabilities of binary neutron stars) encodes the baryon density at which the speed of sound rapidly
changes. Twin stars lead to relations that present a signature “hill,” “drop,” and “swoosh” due to the second
(mass-radius) stable branch, requiring a new description of the binary Love relations. Together, these
features can reveal new properties and phases of nuclear matter.
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Introduction.—Neutron stars (NSs) contain the highest
possible densities known to humanity within their core. The
maximum baryon density can reach up to 10 times nuclear
saturation (pgy = myng ~ 2.7 x 10" gem™, with my
the nucleon mass and ng, = 0.16 fm~> the baryon number
density at saturation). As a consequence, their cores may
contain baryon resonances, hyperons, and deconfined
quarks. It is not yet clear if the appearance of these
new degrees of freedom would be related to smooth
crossovers or nth-order phase transitions. Here we explore
specific features in the equation of state (EOS) to phase
transitions that lead to observable features in the binary
Love relations (BLR) of NSs [1-3]. In this way, we can
use astrophysics to learn about new features and phases of
dense matter.

For first-order phase transitions, additional stable
branches may appear in mass-radius sequences giving rise
to mass twins [4-34], ie., NSs with nearly the same mass
but different radii. For crossovers, large “bumps” in the
speed of sound (¢ = dp/de, where p is pressure and €
energy density) can appear [8,17,19-25,35-61]. A fast
increase in ¢2 points to a rapid change in the characteristics
of strongly interacting matter, due to the (i) appearance of
strangeness or more massive degrees of freedom, (ii) change
in effective degrees of freedom, (iii) restoration or breaking
of symmetries, and (iv) strengthening or weakening of
different strong interactions. Reason (i) could be related
to stiff EOSs suddenly softening due to the appearance of
hyperons, resonances, or strange quarks (e.g., Fig. 2 in
Ref. [9] and Refs. [8,17,19,35,36,40,41,46-53,62-74].
Reason (ii) could be related to first-order phase transitions
[39,45,53,75-79] or an “unphase transition,” as predicted
by the quarkionic model [36,41,43,49,80,81] or crossover
transitions and Gibbs constructions with (stiff) quark matter
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[37,38,46,52,82—-85]. Reason (iii) could be associated with
chiral symmetry (predicted by QCD to be restored at large
densities) [55,82,86,87] or symmetries related to different
pairing schemes [19,47]. Reason (iv) could be related to the
behavior of different meson condensates [48].

Gravitational wave (GW) observations may reveal the
complexity of matter at high densities through inferences
on the masses and tidal deformabilities of NSs in coalesc-
ing binaries. In a binary, the gravitational field of one star
perturbs the field of the other and vice versa, speeding up
their inspiral. Since GWs are generated by accelerations,
this change in the inspiral rate is encoded in the GWs
emitted, which carry information about the NS tidal
deformabilities A 5. Thus, a sufficiently loud signal allows
for a measurement of a certain combination of A, ,, the
chirp tidal deformability A. One method to extract Ao
from A is through EOS-insensitive BLR [1-3,88,89]. Once
A; and A, have been inferred, one can then use a second
EOS-insensitive “Love-C” relation between A;, and the
compactness Cy, = M|, /R, , (stellar mass over radius) to
infer the individual compactnesses. From these, and sep-
arate inferences about the component masses encoded in
other parts of the GW, one can infer the individual radii of
the NSs [3,88,89]. These EOS-insensitive relations were
originally derived using a vast array of EOSs that do not
present features such as bumps in ¢2, nor do they allow
for mass twins. Could it be that the structure in the c¢2
imprints onto the EOS-insensitive relations, which could be
observed with inspiraling NSs? This is the question we
tackle here.

Methodology.—We follow the formalism in Ref. [9] to
model the EOS, which consists of three parts: a “crust”
(loosely defined as the low density EOS n < 1.5n,),
structure functions, and transition functions. For the crust,
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we use the SLy EOS [90-92]. Beyond that, a bump and/or
plateau is introduced in ¢, to mimic different-order phase
transitions. Transition functions are used to connect differ-
ent parts of the EOS smoothly [9,93].

We then follow Refs. [1,2] to calculate the mass, radius,
and tidal deformabilities of nonrotating NSs in a binary
system during the late quasicircular inspiral. At zeroth-order
in perturbation theory, the Einstein equations reduce to the
Tolman-Oppenheimer-Volkov equations, which we solve
numerically to find the radius and the mass for a given
central density. At first order in perturbation theory, we solve
the linearized Einstein equations to find the (electric-type,
quadrupole) tidal deformability, defined as minus the ratio of
the induced quadrupole moment to the external quadrupole
tidal field. We then nondimensionalize this quantity to
compute the dimensionless tidal deformability A at a given
central density. Considering a sequence of central densities
for a given EOS, we can then construct a mass-radius curve,
aLove-C curve, and for a fixed mass ratio, the BLRs A, (A,),
defined with the symmetric and antisymmetric tidal deform-
abilities A, = (A; £ Ay)/2 [1,2].

Mass and radius without first-order phase transitions.—
Consider NSs with EOSs that present structure in ¢2 with
higher (than first)-order phase transitions. Panel (a) of
Fig. 1 shows ¢? for four EOS models. The first three present
a steep rise in ¢2 that starts around n < 1.5n,, followed
either by a plateau at the causal limit or a bump that returns
to the conformal limit. EOS 4 presents a bump similar to
that of EOS 1, but at a larger number density (n ~ 3ng,).

The corresponding mass-radius curves are shown in panel
(b) of Fig. 1. EOSs that have a steep rise in ¢? at densities of
n 2 3ng, lead to heavy NSs where the mass-radius curves
bend toward the left (i.e., dM/dR < O for EOS 4). In
contrast, EOSs with a steep rise in ¢? at lower densities
produce mass-radius sequences that bend to the right (i.e.,
dM/dR > 0 for EOSs 1-3). Why is this? A sharp rise in ¢?

implies a faster increase of pressure with baryon density. If
the sudden rise happens at low density, i.e., somewhere
relatively close to the stellar surface, the pressure inside the
NS is larger than it would be otherwise, which increases the
NS radius. Such an increase in R changes the slope dM/dR
from very large in absolute value and negative (EOS 4) to not
as large and positive (EOSs 1-3).

Rises at densities below n < 1.5ny,, may also produce
dM/dR > 0 sequences. These, however, are much more
constrained because such rises produce EOSs with a large
symmetry energy slope L and fluffy stars, often outside
constraints of the LVC collaboration and NICER. Thus, any
rise in ¢? at low densities must be significantly smaller
and accompanied by a previously mentioned EOS soften-
ing to fit within known constraints, leading to a smaller
dM/dR > 0 [94]. One method of circumventing this is to
place a significant first-order phase transition around r,,
followed by a steep rise.

The slope.—Using the same EOSs without first-order
phase transitions, we can compute the dimensionless tidal
deformabilities of two stars in a binary, and for a fixed mass
ratio we can plot the BLR, shown in panel (c) of Fig. 1.
These are linear relations, as expected from Refs. [1,2], but
the slope is different when using EOSs with bump structure
at low densities. The results are shown for a fixed mass
ratio, ¢ = M,/M, = 0.75, but we have verified numeri-
cally that the qualitative behavior is generic. The slope is
independent of the bump height (EOS 1 vs 2), or whether
the structure itself is a bump or a plateau (EOS 1 vs 3). The
slope, however, does encode the number density at which
the structure first appears (as shown by the change in slope
between EOSs 1, 2, 3 vs 4).

Why does the slope of the BLRs depend on where the
structure in c? is first introduced? One can construct an
analytic expression for the tidal deformability of the form
A = A(C,y) (e.g., Refs. [1,2]), which depends both on the
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FIG. 1. ¢?asafunction of n/ng, (a), mass-radius curves (b), and BLRs for a mass ratio of ¢ = 0.75 (c) for 4 EOS models. Structure in

the EOSs near saturation bends the mass-radius curves to larger radii, while still being consistent with the two NICER observations at

90% confidence (Amsterdam or Illinois-Maryland).
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compactness and a dimensionless quantity y = Rh,(R)/
hy(R), where h, is related to the (¢,¢) component of the
metric. This quantity must be computed after solving
the linearized Einstein equations for /,, whose value at
the stellar surface depends on integration constants that
must be chosen to ensure the interior and exterior solutions
are continuous at the surface. While y depends on both the
central density and EOS, one can fit it to a polynomial in
compactness y =1+ >, a,C", with EOS-dependent
coefficients a,,.

Evaluating this expression for star 1 and star 2 in a
binary, we can then compute the ratio A,/ A,. The resulting
expression is unilluminating, but to understand the change
in slope of the BLR, it suffices to consider an expansion in
Cirox It

Aa _Cg_c?

_ +5(3+01)C?C§(02—C1)
A, G+G 2

€ +6)?

+0(C,), (1)

which is consistent with the fact that A;, ~Cy3 when
Ci, < 1, as shown in Refs. [1-3]. We see that, to leading
order in C, A,/ A, is a constant related to the difference in
compactness of the stars in the binary. A linear regression
of the data used in panel (c) of Fig. 1 reveals that
(Aa/ Ay )tinreg 0.57 for EOSs 1-3 and (A,/A;)
0.65 for EOS 4, while our approximation above gives
(Au/Ag)Newt & 0.56 for EOSs 1-3 and (A, /A;)newt & 0.64
for EOS 4. Equation (1) matches the fully numerical BLRs
to better than <15% for A; > 300.

We have shown that the BLRs are given approximately
by the difference in compactness, but we have yet to show
how this relates to the slope of the mass-radius curve. For
masses sufficiently smaller than the maximum mass, we
can approximate the radius as a Taylor expansion R, =
R, + (dR/dM), (M, — M) + O[(M, — M)?], where here
M, > M, but R, can be either larger or smaller than R,
depending on the sign of the inverse slope (dR/dM),.
Since dM /dR is large for NSs, then dR/dM is small (and
not of O(1/C)), and so we can write

lin. reg

1.0

C, = (;1 {1—01(3—;>1<é—1>+0(c%)} (2)

The leading-order term in the slope of the BLRs is then

AaNCg_C?

A -
A, G+G

q*(q - 1)
00 () G e
(3)

The slope of the BLRs clearly depends on the slope of the
mass-radius curve. When dM /dR is negative (i.e., EOS 4),
then the second term in Eq. (3) is positive, and therefore
increases the slope. When dM/dR is positive (EoSs 1-3),
then the second term in Eq. (3) negative, and therefore
decreases the slope, as shown in panel (c) of Fig. 1.

What physical mechanisms produce such changes in a
realistic EOS? Several scenarios have already been dis-
cussed in the introduction. In particular, we have tested
the inclusion of a higher-order vector w* interaction in
the Chiral Mean Field model [69], which changes ¢ by
introducing a rise at ng ~ 2ng, and, in turn, changes the
slope of the mass-radius curve at small to intermediate
masses (below 1.5 My). The inclusion of another vector
interaction with isovector components w—p softens the EOS
around ng ~ ngy,, forcing ¢? to become small, followed by a
steep rise. This decreases the radii of low-mass stars, tilting
the mass-radius curve to the right and decreasing the slope
of the BLRs (verified using the NL3 model [94,95]). A
similar situation arises for pure (self-bound) quark stars
[96], which also exhibit a dramatic dM/dR < 0 behavior
[97]. While there are subtleties in the understanding of the
physical mechanism that produces dM/dR < 0, in all cases
it leads to a larger slope in A,(A,).

Mass and radius with first-order phase transitions.—
Figure 2(a) shows c? for various EOSs that reproduce mass-
radius curves with a second stable branch [Fig. 2(b)]. The
first-order phase transition occurs when c¢2 = 0. All EOSs
are allowed by NICER’s observations of J0030 + 0451 and
JO0740 + 6620 to 90% confidence [98—101]. The introduc-
tion of structure at low number density changes the slope of
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FIG. 2. Same as Fig. 1 but for EOSs that contain first-order phase transitions and a binary system with mass ratio ¢ = 0.99. The first-
order phase transitions (¢, = 0) of panel (a) introduce a second stable branch in the mass-radius curves (b). BLRs between stars in the
same or different branches produce a slope, hill, drop, and swoosh (c),(d).
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the mass-radius curve, and allows for massive stars. This
impacts both the first and second stable branches.

There are three relevant cases in the BLRs of mass twins:
type A, with both stars in the first branch; type B, with one
star in the first and one in the second branch; and type C,
with both stars in the second branch. Type A binaries
present BLRs similar to the above discussion, while type B
and C binaries lead to different behavior [102].

The hill and the drop.—Figure 2(c) shows the BLR for
type B.1 binaries with thick curves [i.e., the less massive
star (M) in the first branch and the more massive one (M)
in the second] and for type B.2 binaries with thin curves
(vice versa).

For type B.2 binaries, A, « A; — A, < 0, but for type A,
A, > 0. This is because for type A binaries the most
massive star is harder to deform, so it has a lower A, i.e.,
A «x C77 with p > 0. In type B.2 binaries, the lighter star is
significantly more compact because it is in the second
branch; thus, the lighter star is harder to deform.

Not all EOSs lead to type B.2 binaries. For the latter to
exist, we must have the more massive star in the first
branch, and the less massive star in the second branch. This
is not possible for EOSs where most stars in the second
branch are heavier than those in the first branch (e.g., the
turquoise dashed curve and the pink solid curve in Fig. 2).

The BLRs of type B.1 binaries can present either a
“drop” (i.e., a nearly straight line with negative slope), or a
“hill” (i.e., a nearly concave-down quadratic with a wide
summit). The Love number always increases when mass
decreases, but the Love-M relations in the first and second
branch have different derivatives with respect to mass. For
stars in the first branch, |dA/dM| is nearly constant, but for
stars in the second branch, this is not the case. For low-mass
stars with certain EOSs (e.g., EOSs 6 and 7), the magnitude
of the derivative is larger in the second branch than in the
first branch, but then it becomes smaller at larger masses;
this is what causes the hill-like feature in the BLR. For
other EOSs (EOSs 5 and 8), |dA/dM| is always larger for
stars in the second branch than in the first branch, leading to
the drop in the BLRs.

The inverted hill BLR of type B.2 binaries is nearly a
mirror image of the hill BLR of type B.1 binaries. This is
not an exact symmetry but it is good to <30%. This is
because for both type B.1 and B.2 binaries, the Love-M
relation for the star in the second branch is the same
concave quadratic. Although the Love-M relation for the
star in the first branch is nearly a straight line in both types
of binaries, they could be shifted to lower A;. The shift,
however, is very small because the compactness range in
the first branch of B.1 and B.2 binaries is similar, due to the
small mass ratio required for type B binaries to exist.

The swoosh.—Since both stars in type C binaries are in
the second stable branch, only a small range of masses is
possible, forcing g ~ 1. Type C stars should break univer-
sality because the BLRs are only EOS insensitive when the

mass ratio is away from unity [1,2]. Figure 2(d) confirms
this expectation and shows a “swoosh,” i.e., a nonlinear
curvature in the BLRs that can be mathematically repre-
sented as a quadratic with an asymmetric domain.

When both stars are in the second branch, the swoosh
appears at A, € (1, 8), while when both stars are in the first
branch, the swoosh is smaller, and it appears only for
specific EOSs, as shown in Fig. 2(d) This is because for the
swoosh to appear, A, has to be quite small, and so the
NS masses must be large, which only happens for select
EOSs. The swoosh also technically appears for binaries
with EOSs without first-order phase transitions, provided
the maximum mass is high enough, but it is an order of
magnitude smaller.

All stars in the second branch are near the maximum mass.
Therefore, an expansion in small compactness is not appli-
cable. Instead, we must consider how A , scales with C; , in
this high-mass regime. We find numerically that A; , xC%
for stars in the second branch (instead of A , C{3, which is
only valid when C <« 1). Equation (1) must be modified to
Ao/ A= (A1 =Ag)/ (A1 +A9) = (77 = C57)/ (C7° +C57),
not requiring C < 1.

Further progress necessitates a relation between the com-
pactnesses of two stars in the second branch. Since g ~ 1,

we can use Eq. (2) to write C; = bA;l/gq[l + bA;l/gx
(AR/AM),5+ O(8%)], where §=1-qg<1, C,=
bAl__lz/ 9, AM (AR) the mass (radius) difference between
the two stars in the binary, and b ~ 0.35. Taylor expanding,

AB/9

9 ;
(AM/AR)

AN, =Z0|A; =D
A

} +OE). (4)

This approximate BLR is controlled by the two terms inside
the square bracket, with the size of AM /AR dictating which
term dominates. In the second branch, the slope AM /AR is
initially very small for the lowest mass stars (corresponding
to large A;). As one increases the central density (increasing
mass, decreasing A), the slope AM /AR reaches a maxi-
mum of O(107!). An increase in central density beyond this
decreases A; and AM /AR further, as the maximum mass is
approached. Therefore, for large values of A, [of O(10%)]
and for small values of A; [of O(1)], the second term
dominates because AM/AR is small. For intermediate
values of A, [of O(10)], both terms contribute roughly
equally. This behavior causes the swoosh, and since it
depends on AM /AR, its location is not EOS independent,
as shown in Fig. 2(d).

Implications.—We have presented new physical proper-
ties of several features in the BLRs (a change in slope, a
hill, a drop, and a swoosh) that encode nuclear physics
information. Can these features be extracted from GW
observations? The accuracy to which the tidal deformabil-
ities can be extracted has been studied extensively [103].
During the fifth LIGO observing run (O5), one expects to
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measure A, with uncertainties of §A; , ~ 50-100, while
3G detectors may allow measurements with uncertainties
O0A|, = 5-10 for an event similar to GW170817. The
change in slope in the BLRs may be observable already
during OS5 if a sufficiently loud (SNRs around 100) and
low-mass NS binary is detected, maybe allowing for a
measurement of a rise in ¢2 below 3ng,.

The detection of the hill, drop, or swoosh would be a
smoking gun signal of mass twins, but the detectability of
the latter two is more challenging. The drop and the swoosh
occur at very small A,. Such a detection would require
uncertainties in the measurements of A;, of A, ~ 1 and
~10, respectively. This is beyond both 2G and 3G
detectors, unless an exceptionally loud signal is observed
(e.g., a galactic source with SNRs in the 1000s). The hill
structure may be detectable during O5 for a GW170817-
comparable signal, if the NSs are sufficiently massive. The
standard approximate universal BLRs [1,3,104] would not
capture the hill, so their implementation in parameter
estimation [88] would have to be revised. The detection
of the hill would decisively determine that there is a first-
order phase transition inside NSs, pointing toward the
existence of deconfined quarks in the universe.
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