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Hybridized Frequency Combs in Multimode Cavity Electromechanical System
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The cavity electromechanical devices with radiation-pressure interaction induced Kerr-like nonlinearity
are promising candidates to generate microwave frequency combs. We construct a silicon-nitride
membrane based superconducting cavity electromechanical device and study two mechanical modes
synergistic frequency combs. Around the threshold of intracavity field instability, we first show
independent frequency combs with tooth spacing equal to each mechanical mode frequency. At the
overlap boundaries of these two individual mechanical mode mediated instability thresholds, we observe
hybridization of frequency combs based on the cavity field mediated indirect coupling between these two
mechanical modes. The spectrum lines turn out to be unequally spaced, but can be recognized in
combinations of the coexisting frequency combs. Beyond the boundary, the comb reverts to the single
mode case, and which mechanical mode frequency will the tooth spacing be depends on the mode
competition. Our work demonstrates mechanical mode competition enabled switchability of frequency
comb tooth spacing and can be extended to other devices with multiple nonlinearities.
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Frequency combs are spectra of phase-coherent evenly
spaced narrow lines and were initially invented in laser for
frequency metrology [1,2]. Originally, the optical fre-
quency combs were developed in the 1990s as rulers to
measure large optical frequency differences and to provide
a direct link between optical and microwave frequency
[3,4]. After two decades of development, apart from the
application in metrology, the frequency combs have
become a powerful tool in molecular fingerprinting [5],
atomic clocks [6], attosecond science [7], optical commu-
nications [8—10], etc. Toward further application on quan-
tum information and quantum computation, intrinsic phase
matching of frequency combs makes it a promising plat-
form for realizing multipartite entanglement and cluster
states, which are building blocks in continuous variable
quantum computation [11-15].

In addition to atomic-gas-based optical frequency combs,
microcavities with Kerr nonlinearity [16—18] have also
attracted intense attention. To explore the microwave fre-
quency combs, electromechanical devices can be a suitable
platform. They have relative strong single-photon couplings
[19-22] and can work at millikelvin temperature, which
makes them well isolated from most thermal noise
environments. Meanwhile, sideband cooling technology
[23-25] enables electromechanical devices to work in the
quantum regime. Additionally, the capability of its integra-
tion with microwave superconducting circuits makes it a
considerable composite for hybrid quantum computing
systems [26]. Here, we report on the observation of micro-
wave frequency combs in a multimode electromechanical
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system composed of a three-dimensional (3D) aluminum
(Al) superconducting cavity and a metalized silicon nitride
(SiN) membrane.

Besides each single mechanical mode mediated fre-
quency comb with repetition rate of the respective char-
acteristic frequency, we observe finer spectra, but with
unequally spaced distribution. Such spectra result from
hybridization of single mechanical mode mediated fre-
quency combs, and occur only at the overlap boundary of
pump conditions for two individual mechanical induced
cavity field instability thresholds. Thus, in our experiment,
the pump frequency and power can be used to in situ switch
the frequency combs with different tooth spacing.

Multimode cavity electromechanical device.—As is pre-
sented in Fig. 1(a), the sample is composed of a SiN
membrane based mechanical compliant capacitor and a 3D
aluminium cavity. The SiN membrane holds multiple
mechanical modes with different mode shape. Here, we
consider the lowest two mechanical modes with membrane
center drumhead vibration frequencies of Q,,; and Q,,,
respectively. The internal chamber of the rectangle Al block
supports the cavity mode, with a resonance frequency of
Q.. Figure 1(b) gives detailed information of the mechan-
ically compliant capacitor chip. Two large Al coupling
capacitors (gray parts on the bottom chip) lying on the
high-resistance silicon substrate (blue) ensure maximum
single-photon coupling strength while introducing the
minimum stress disturbance for SiN membrane [27,28].
High-stress SiN films (brown parts on the flip chip) are
evaporated, with a 20 nm Al electrode on its back (gray).

© 2022 American Physical Society
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FIG. 1. (a) Illustration of sample encapsulation. The mechan-
ically compliant capacitor chip is placed at the center of the
rectangular Al box. (b) Side view of the mechanically compliant
capacitor chip. The color indicates different materials. (c),(d)
Simulated motion of the first and the second mechanical modes
(with a drumhead vibration at the membrane center) of the
mechanical oscillating element, respectively.

The reddish brown shaded area represents the suspended
SiN membrane, supporting the mechanical oscillating part.
The mechanical modes are simulated via the finite element
method, leading to expected eigenmode frequencies of
755 kHz and 1.755 MHz, as shown in Figs. 1(d) and 1(e),
respectively.

Our experiment is carried out in a dilution refrigerator [29].
The pump signal (€2;) is injected into the cavity through a
circulator. Before reaching the sample, the input signal is
attenuated to reduce background noise. The reflected signal
(€y) is split into two, one of which is read by a network
analyzer and the other is used to do the spectrum analysis. To
avoid amplifier saturation, the reflected pump signal is well
canceled by using a directional coupler [29].

Working in a frame rotating at the frequency of the pump
tone, the Hamiltonian of such a multimechanical mode
electromechanical system can be expressed as [36—41]

KN\ . Y
Hyu/h = <—Adc -~ z§>a‘a +> (Qmj - lé)b;bj
j=12

+ Y giata(b; + b)) + iy S(at —a), (1)
j=12

where Ay, = Q; — €, and the label j in Q,,; indicates the
order of the mechanical mode referred. Coefficient g;
represents the single-photon coupling strength between
the cavity and the jth mechanical mode, respectively.
The coupling efficiency between the sub-miniature A
(SMA) connector and the cavity is labeled as «,. S,
describes the amplitude of the pump signal normalized
to a photon flux at the input of the cavity, and is defined as

Sin = \/ P4/, , where P, (in the unit of watt) is the pump

power at the input of the cavity. Additionally, a (a") and b j
(bj) represent annihilation (creation) operators for cavity
and the jth mechanical mode, respectively.

According to precharacterization by measuring the
mechanical spectra [29], frequencies of the mechanical
oscillator are Q,,; /27 = 756 kHz for the first mode (mode
1), with damping rate y,/2z = 2.32 Hz, and Q,,/27 =
1.750 MHz for the second mode (mode 2), with damping
rate y, /27 = 0.30 Hz. The 3D cavity is characterized to have
frequency of Q./27 = 5.31 GHz and damping rate of
x/27x = 380 kHz, which implies that the electromechanical
system is within the resolved-sideband regime (£2,,; > «)
[36-43]. The single-photon coupling strengths ¢;/27 =
0.49 Hz and ¢,/27 = 0.07 Hz are calibrated from the mea-
surements based on a frequency modulation technique [29].

As implied by the system Hamiltonian, interaction of
cavity and membrane results in photon number dependent
cavity frequency shift, which in turn changes reflection.
The equations of motion are

a= HAdG = gilb; +bj)] —;}a—l- V&eSin,  (2a)

j=12

: . Vi .
b; = —(lQmj + 21) b; —ig;a‘a. (2b)

Similar to the frequency comb induced by the Kerr
oscillator [44-46], such electromechanical couplings can
also result in a frequency comb for pump condition beyond
threshold of intracavity field instability [37], whereas the
cavity field can be expressed as a weighted sum of series
Bessel functions [29,38].

Formation and evolution of electromechanical fre-
quency combs.—First, we explore the formation of fre-
quency combs under the exact blue sideband pump. The
detuning between pump frequency to the cavity frequency
matches one of the mechanical mode frequencies.
Therefore, the cavity nonlinearity will be mainly deter-
mined accordingly by one mechanical motion. We then
conduct the heterodyne detection [29] of the reflected
spectrum, whose x axis is labeled as Q. When
Ay = Q,,1, as shown in Fig. 2(a), only one peak at Q, =
Q, is observed initially.

When the pump power increases above —75 dBm, the
frequency comb occurs with the tooth spacing equaling
Q,,1, and the comb bandwidth grows steadily with higher
drive power. The typical electromechanical frequency
comb mediated by mechanical mode 1 is shown in
Fig. 2(b), with a fixed pump power at —29 dBm, as an
example. Further increasing the pump power, higher-order
nonlinearity participates and results in abruptly broadened
dense spectra. Analogously, when the driving is blue
detuned close to the frequency of mechanical mode 2,
ie., Ay = Q,», the spectral evolution versus drive power

153901-2



PHYSICAL REVIEW LETTERS 128, 153901 (2022)

(a) e +
——————————— el mbeEdak s 1}-‘—-—-——-—-——
—40}F i -I
—60} H—so
=110
(b) -
% —50*
o —-100
L
5.30 5.31 5.32 5.33
()
_________________ e e oy e
—-30 ‘
_sol- ﬂ—so
-110
() ;
a -50}
7
a--100
Il
5.30 5.3 5.32 5.33
Q./21 (GHz)
FIG. 2. Single mechanical mode mediated frequency combs.

(a),(c) Detected comb evolution along increased pump power
with detuning of A, ~Q,;. (b),(d) An example of comb
spectrum, and is marked as gray dashed line in (a) and (c)
respectively. The pump power P, is in the unit of dBm. Unit of
the power spectral density (PSD) is dBm/Hz. The pump
frequency is marked as vertical red dashed line, and cavity
frequency is marked as vertical blue dashed line.

is exhibited in Fig. 2(c). Under a driving power given at
—25 dBm, the electromechanical frequency comb mediated
by mechanical mode 2 is shown in Fig. 2(d), with the tooth
spacing equaling Q,,,. Extra spectral lines in Fig. 2(c) are
caused by the nonideal pump frequency, which is strictly
required due to the comparatively small g, and y,. The
more accurate A, is to €,,,, the clearer the spectra would
be. Similar to that in the micromechanical resonator case
[47], symmetry of frequency combs about the pump
frequency (location marked as red dashed line) is influ-
enced by cavity transmission (frequency location marked as
blue dashed line).

We further study dependency of the spectrum evolution
on pump frequency. As shown in Fig. 3, frequency spectra
with a single peak at Q, are detected initially, which are
marked as gray dots. Along increased pump power, the
cavity field becomes unstable, and frequency combs are
formed. Primary instability occurs around A, = Q,,;,
where the first mechanical mode influenced cavity field
is most efficiently pumped. Subsequently, mode-1 medi-
ated frequency combs are formed (blue dots in Fig. 3), and
the frequency combs are similar to the spectra presented in
Fig. 2(b). Similarly, mode-2 influenced cavity field insta-
bility occurs initially at A, = Q,,,. Thereafter, second
mechanical mode mediated frequency combs are formed
(marked by red dots in Fig. 3), and the frequency combs are
similar to the spectra presented in Fig. 2(d).

non @ model @ mixed @ mode?2
\
]
I
-40 b \,
i
|
/.
—~-50F
e \ t 31 k
3 i
A b
o -60 :
1
l 1
1
1
11
7or 3 4 :
Hi
1
1 1
1 1
1 1 1 1 1
0.0 2.0 4.0

Adc/le

FIG. 3. Formation and evolution of frequency combs. Spectral
responses are sorted into four types, and are marked in different
colors as dots. Black (gray) dashed line is single first (second)
mechanical mode induced cavity field instability threshold. Two
green dashed lines refer to pump condition chosen for Fig. 2,
and yellow highlighted region is the chosen for further analysis
in Fig. 4.

The measured threshold of the pump condition (includ-
ing the driving power and frequency) to form frequency
combs is shown in Fig. 3. The boundary can be fitted as a
combination of the black and gray dashed lines. The black
dashed line is the theoretically analyzed instability thresh-
old of the cavity field caused by the electromechanical
coupling with mode 1. Meanwhile, the gray dashed line
marks the threshold of frequency comb generation medi-
ated by mode 2 [29]. The overlap boundary for these two
single mechanical mode induced instability thresholds
enables transition between mode-1 mediated frequency
combs and mode-2 mediated frequency combs, where
hybridized spectra emerge (purple dots in Fig. 3). The
teeth of the complex spectrum are unequally spaced, but
can be identified as a set of coexisting frequency combs.
Such hybridization results from effective coupling between
two individual mechanical modes via the cavity field [36].
It is worth noting that for the most pump conditions, due to
mode competition, one mechanical mode small-amplitude
gain tends to suppress another [29].

Frequency Combs hybridization.—To study detailed
features of frequency combs hybridization, we focus on
the comb evolution when the pump detuning is fixed
at Ay./Q,,; = 0.5, and pump power varies from —49 to
—43 dBm (as shown in Fig. 4, corresponding to the
yellow region in Fig. 3). Under this condition, evolution
of frequency combs is transformed from the mode-1
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FIG. 4. Transitional behaviors of frequency combs. (a) Pump power dependent spectrum evolution from first mechanical mode mediated
frequency combs (blue) toward second mechanical mode mediated frequency combs (red), where A,; = Q, — @w,. Hybridized frequency
combs (purple) emerge during the transition. (b) The left-hand column exhibits the spectra within frequency domain, whose pump powers
are annotated. Experimental data are plotted in gray. Configurable teeth are marked in colored dots. As labeled, blue (red) round dots refer
to teeth spaced in the first (second) mechanical mode frequency, i.e., a; (¢) [a,(¢)] terms described in the text. Green and yellow square dots
refer to mixed sidebands of the second order, i.e., a}\,‘;}(t), where M = s, d and j = 1, 2. Similarly, diamond dots refer to aﬁ,‘,‘f(t), and star
dots refer to a?‘;‘}(z). Examples of mixing procedures are picked and expressed in paired arrows, centered on single mechanical mode based
tooth with order of k;. The middle column of (b) exhibits the accordingly behavior in time domain. The right-hand column exhibits the

accordingly optical trajectories in phase space, with label P, representing intracavity field power in an arbitrary unit (a. u.).

determined type to the mode-2 determined type.
Initially, the spectra can be expressed as a;(t) =
DR @k, €Xp(Qqt) exp(—ik;Q,, 7). The integer label
k, represents the order of the comb teeth, with amplitude
of &y, and detuning of k;€2,,; (from the pump frequency).
Note that, due to dependency of a;, on the cavity field
distribution, symmetry of the comb envelope about €, can

a(r) = ay(1) + ax(1) + a(1) + aq(1), (3)

where a,(t) represents teeth detuned from the center
[so]

by k,€,,», and can be written as a, (1) = . T oy, exp(Qut)
,=—00

exp(—ik,Q,,»1). Similarly, teeth detuned by the sum and

be broken, especially for large A,.. As the pump power
increased, the second mechanical mode participates and
leads to sideband mixing, resulting in hybridized frequency
combs, which can be expressed as

difference of several mechanical mode frequencies are

as(t) = k kz Qe exp(Q‘dt) CXp[—i(kSlle + ksZQmZ)t]>

s1oRhs2=—c0

a= %

ka1 .kgp==00

ay, exp(Qyt) expli(k 1 Q.1 — kpQy0)1].
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When we further increase the pump power, mechanical
oscillation is fully excited onto the higher mode, and
thus a(7) = a,(1).

Specifically, degeneracy of k;, k,;, and k;; can be
concluded as the order of mixing. For an example,
when the pump condition is set to be A, = 0.5Q,,
and P; = —48.0 dBm [see the lower left-hand panel
of Fig. 4(b)], the spectrum can be expressed as a(t)=
a (t) +agi () +ag(t), with aj =37, ayj exp(Qqyt)
expli(k1Q,,1 = Q,»)t] for M = s, d, which represents teeth
of the same spacing with a,(¢) but detuned by +€,,,. This
is a mode-1 dominated frequency comb dressed by mode 2.
Phenomenally, the spectrum contains mainly teeth spaced
in first mechanical mode frequency and first-order mixed
sidebands centered by the k;th teeth. Subsequently, higher-
order mixed sidebands occur, of which the —45.3 dBm
pumped case can be an example. This is a second
mechanical mode dominated frequency comb, dressed by
the first mechanical mode.

As shown in the upper left-hand panel of Fig. 4(b),
for the additional frequency comb mediated from the
first-order mixing procedure (marked as the shortest orange
and green arrows), teeth (marked as square dots) are spaced
in Q,, and detuned by +Q,,; from a,(7), with k, as the rela-
tive order. Further, higher order with teeth detuned by
+2Q,,; (marked as diamond dots) and +3€,,; (marked as
star dots) calls for consideration. All sum-frequency compo-
nents are paired with difference terms of the same k, distri-
bution. The total spectrum of this case can then be expressed
as at) = ay(t) + Yyyalalh(n) + a0 + ald (o).
During transformation of the two single mechanical mode
dominated frequency comb regimes, there exist more com-
plicated mixing procedures, e.g., with —47.4 dBm pumped
[see the center left-hand panel of Fig. 4(b)], which provides
finer spectrum structure. Additionally, around A ;. /Q,,, = 1,
similar transitional behavior (from the mode-2 based to the
mode-1 based frequency combs) occurs.

Conclusion.—In this Letter, we have constructed a SiN
membrane based multimode superconducting cavity
electromechanical device. Under cryogenic temperature,
we experimentally demonstrate the evolution of frequency
spectra dominated by the electromechanical nonlinearity.
The threshold of cavity field instability corresponds to the
formations of frequency combs. Furthermore, the fre-
quency comb hybridization locates in two overlapped
unstable boundaries, i.e., where the pump detuning is near
half of the frequency of mode 1, or around the frequency of
mode 2. Formation for single mechanical mode mediated
frequency combs and evolution toward hybridized fre-
quency combs are both demonstrated. Specifically, teeth
positions of hybridized frequency combs are analyzed. At
the early or late stage of the transitions, the comb teeth are
spaced in frequency of one mechanical mode, and are
accompanied by additional mixed sidebands with detuning
of integer multiple of another.

This work could help us to understand the coexistence
and hybridization of frequency combs which yields more
refined frequency combs spectroscopy. Such spectroscopy
exhibits mixed sidebands, accompanied by sister side-
bands. As a foresight, the mode competition and hybridi-
zation provide an alternative method, besides traditional
spontaneous and stimulated parametric conversion, to
construct multimode entangled photon states, which pro-
vides diverse application on quantum source and quantum
information processing. One prerequisite for the electro-
mechanical microcombs entering the quantum regime is the
preparation of the mechanical modes into their ground
states. Introducing amplitude-modulated cooling tone, the
mechanical modes with asymptotic orbits could be cooled
down to their ground state when the frequency comb
occurs.
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