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We study thermal axion production around the confinement scale. At higher temperatures, we extend
current calculations to account for the masses of heavy quarks, whereas we quantify production via hadron
scattering at lower temperatures. Matching our results between the two opposite regimes provides us with a
continuous axion production rate across the QCD phase transition. We employ such a rate to quantify the
axion contribution to the effective number of neutrino species.
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Introduction.—The early Universe served as the stage for
numerous fascinating phenomena, and they are all hidden
behind the curtain of the last scattering surface. A few of
them could leave cosmological imprints that we search for
in our detectors today. Dark radiation is a notable example:
relativistic relics produced at early times, whether they
achieve thermalization with the primordial bath or not, at
some point start to free-stream unhindered until the present
time. If they are still relativistic at recombination, they
contribute to the radiation energy density and alter the
cosmic microwave background (CMB) anisotropy spec-
trum at small angular scales. Historically, this effect is
quantified in terms of an additional number of effective
neutrino species AN . The Planck Collaboration [1]
places the constraint Ny = 2.99 £ 0.17 [2].

Future CMB-S4 surveys constitute a timely and power-
ful probe for light and elusive new physics beyond the
standard model (SM) [7,8]. The projected reach,
ANSMBE-S4(16) = 0.02-0.03 [9,10], will allow us to detect
relics that decoupled above the electroweak phase tran-
sition. For some candidates, CMB will provide information
that is complementary to other search strategies, while for
others it could be the only diagnostic.

The QCD axion [11,12] is a strongly motivated candi-
date for physics beyond the SM. It solves the strong CP
problem via the Peccei-Quinn (PQ) mechanism [13,14], it
is a viable dark matter candidate [15—17] and responsible
for intriguing new early Universe dynamics [18], and it is
the target of a multitude of experiments [19-21]. The
production of axion dark radiation in the early Universe and
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its cosmological imprint on the CMB is no exception [22],
and the astonishing future discovery reach makes rigorous
theoretical predictions a top priority.

Early Universe axion dynamics is challenging on several
levels. Quarks and gluons are the relevant strongly inter-
acting degrees of freedom at high energy, and the axion has
an anomalous coupling with gluons plus model-dependent
interactions with quarks [24,25]. This picture breaks down
below the proton mass where strong interactions become
nonperturbative and quarks are confined within hadrons.
Quantifying the production rate across the QCD phase
transition (QCDPT) in the strongly coupled regime is far
from being straightforward, and axion production was
analyzed either exclusively above the confinement scale
[26-32] or below [33-40].

In this Letter, we provide for the first time a smooth and
continuous result for the axion production rate across the
QCDPT. We extend previous rate calculations above and
below the confinement scale in the regimes where we have
perturbative control, and we interpolate our results in the
intermediate region. As a result, we find a continuous rate
for every value of the bath temperature 7 across the
QCDPT. As we will see explicitly, such an interpolation
is needed to exploit results from CMB-S4 experiments. We
focus on the axion coupling to gluons

a; a A
= o GLG. (1)

'caG
We denote the axion field and its decay constant by a and f,,
respectively, and the strong fine structure constant in terms of
the QCD coupling g, by a, = ¢2/(4x). The gluon field
strength G4, and its dual G* = e"/° G4,/2 have both
SU(3), adjoint color indices A = 1,2, ..., 8. The operator in
Eq. (1) must be present in any PQ theory to solve the strong
CP problem, and in this respect, this is a model-independent
axion interaction. Besides axion self-interactions that do not
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impact our study, it is the only relevant axion interaction
above the QCDPT within the Kim-Shifman-Vainshtein-
Zakharov (KSVZ) [41,42] framework where it is the radi-
ative remnant at low energy of a heavy, colored, and PQ
charged fermion.

The zero temperature axion mass results in [43-45]

o VMM Mfr 2)
¢ my + my f a ’

where m,, ; are the light quark masses, m,, the pion mass, and
f the pion decay constant [46]. In the most conservative
scenario with only the interaction in Eq. (1) switched on, the
best bound on f, (and, consequently, on the axion mass m,,)
comes from stellar cooling arguments [47-49]. However, this
bound relies strongly upon numerical simulations of super-
nova explosions that in turn demand several assumptions,
and it is not a statistically rigorous bound. Future CMB-S4
surveys have the potential of putting the axion mass bound
in this region on solid ground, and this requires a continuous
rate across the QCDPT.

First, we consider thermal gluon scattering above the
QCDPT and we regularize ir divergences due to the long-
range gluon mediated interactions. We extend current
treatments that are valid only above the electroweak phase
transition. Below the confinement scale, we account for
axion production via pion scatterings mediated by low-
energy interactions generated from Eq. (1). The QCDPT at
vanishing baryon chemical potential is a smooth crossover
where thermodynamic variables are continuous [50,51].
Thus we join and interpolate the axion production rate
across this threshold, and we provide a continuous result
that is valid at all temperatures [52]. We conclude with the
evaluation of the axion dark radiation amount quantified by
AN, ;. Technical details about our analyzes as well as
additional calculations within uv complete axion models
can be found in Ref. [54].

Rate above QCDPT.—Before strong interactions confine,
quark and gluon scatterings produce axions. Famously, the
expansion parameter in thermal field theory is g, [rather than
a,/(4r)] as a consequence of collinear enhancements [55].
As we approach the QCDPT, the strong coupling constant g
grows and we may need to resum processes involving many
particles. Luckily, such an enhancement is absent for the
specific operator in Eq. (1) and we can restrict ourselves to
binary collisions [56].

The relevant processes producing axions in this regime
are gluon scatterings (g + g — g + a), quark and antiquark
annihilations (¢ + g — ¢g + a), and Primakoff-like scatter-
ings (¢/q+ g — q/q+ a). Crucially, the exchange of
massless gluons lead to ir divergences that need to be
taken care of. The early analyzes in Ref. [27] regularized
such an unpleasant ir behavior with an explicit gluon Debye
mass. Later on, Ref. [28] employed the more suitable
thermal field theory formalism, and analyzed the problem

in the so-called hard thermal loop (HTL) region (g, < 1).
Reference [29] extended this treatment beyond the HTL
region but only at high temperatures, 7 > 10* GeV. We
need to extend this analyzes to lower temperatures.

The imaginary part of the axion self-energy I1, controls
the production rate via the relation [57,58]

dN, d*p
= L =2 —= E,) ImII 3
ya dth /2Ea(2ﬂ)3 fBE( ll) m as ( )

with fgg(E,) the Bose-Einstein distribution evaluated at
E, = |pPa|- All we need is the axion two-point function
sourced by the cubic vertex in Eq. (1). The only diagram
contributing to the rate is the one-loop axion two-point
function with virtual gluons exchanged, and with the tree-
level gluon propagator replaced with the resummed thermal
one. Reference [29] dubbed this the “decay” diagram
because it describes thermal gluon decays that become
available thanks to finite temperature corrections. We work
at the leading order in the strong coupling constant g, since
we consider binary collisions.

Reference [59] provides general expressions for the
resummed gluon propagator at one loop, and we account
for both virtual gluons and quarks. If one wants to
determine the production rate just above the QCDPT, the
decoupling of heavy quarks at their mass thresholds must
be done properly. For this reason, and unlike previous
treatments in the literature, we keep the quark masses finite
in our analytical expressions. With the resummed propa-
gator in hand, we express the axion self-energy II,
appearing in the rate in Eq. (3) in terms of the longitudinal
and transverse gluon spectral densities [60,61]. The final
expression involves several numerical integrations, and we
adopt the strategy of Ref. [59] that divides the spectral
densities into pole and continuum parts to deal with
numerical difficulties. We employ the ‘RunDec’ [62,63]
code to account for the running of the a up to four loops.

We follow Ref. [29] and parametrize the rate

dN, 20(3)d, ( a,
avdr

Vg

with the Riemann zeta function {(3) ~ 1.2 and d,, = 8 the
dimension of the adjoint representation of the SU(3) color
gauge group. The temperature dependence via the control
function F5(T) is shown in Fig. 1.

Rate below QCDPT.—At temperatures below the con-
finement scale, axion production is controlled by hadron
scatterings. The rate computation must resort to nonpertur-
bative techniques, and we employ the ones of chiral
perturbation theory (ChPT) in this regime. Large instanton
effects make the operator in Eq. (1) rather inconvenient to
identify axion couplings. We rotate it away through an axion-
dependent anomalous field redefinition of the light quarks,
q — exp|—ic,(a/f,)r’]g, with ¢, = M;'/2Tr[M;'] and
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FIG. 1. Function F5(T), which controls the rate via Eq. (4), as a

function of the temperature toward the QCDPT.

M, = diag(m,, my, mg). While we remove the coupling to
gluons, axion derivative interactions to quark currents appear
in the Lagrangian

Lo = f N qarra (5)
4 g=ud.s

We match this operator onto a low-energy effective theory
with only hadrons in the spectrum. As we discuss shortly, we
apply this theory only up to energies Acppr ~ O(100 MeV).
Thus the leading contribution to the production rate comes
from pion scatterings, and the ones from processes involving
baryons (e.g., nucleons) and heavy mesons (e.g., K and ) are
highly suppressed.

Axion-pion interactions at low energy are an application
of the general formalism provided by Refs. [64,65]. We
match spin-one standard model currents with the same
symmetry properties between the uv and ir, with the axion
acting as a spectator in this operation. We find the low-
energy Lagrangian [44,66,67]

d,ac
‘Cun arnnm J;t 6
fa fa (6)

where we introduce the spin-one current made of pions
o = 272702 + 2% Fat =27t 2 0#2%], and the
dimensionless coefficient c,,,, explicitly reads

2
Cannn = gTrM:;cq] =2

with 2* a Gell-Mann matrix. We use the quark mass ratios
values m, /m, = 0.48(3) and m, /m; = 0.024(1) [68], and
they give the coupling ¢, ., =~ 0.12(1).

These operators mediate axion production via the pion
binary collisions zt + 7~ = 2° 4+ a, 2t +2° - 77 + a,
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FIG. 2. Axion production rate across the QCDPT. At high
temperatures (7 > Ay), the production is driven by thermal
gluon scatterings whereas pion binary collisions are the main
source of axions at low temperatures (T < Acypr). We interpolate
between the two regimes (see text for details).

and 7~ +7° — 7~ + a. We compute the scattering cross
section with the aid of FeynCalc [72,73], and we derive
the axion production rate in this regime:

eq eq
g Nz, n,[]

T scattermgi

T ka Urel>' (8)

The sum runs over the production processes, and ny,
denotes the pion equilibrium number density. Each cross
section times the Mgller velocity v, is thermally averaged
over all the possible initial state configurations.

Matching across the QCDPT.—The axion production
rate above the confinement scale is quantified by the
function y,, in Eq. (4), with the function F3(T) in
Fig. 1. The validity of this result extends down to a
temperature 7~ Ay ~2 GeV where the strong coupling
constant is a,(Ay) 2 0.3. In the opposite regime, below the
confinement scale, the rate is driven by pion scattering
through the function y,, defined in Eq. (8). Its evaluation
relies upon the ChPT framework which is valid up to a uv
cutoff Acppr where such a formalism breaks down.

Up to what temperatures are we allowed to push the
validity of y,,? We treat the primordial plasma within the
hadron resonance gas (HRG) formalism [74-76], and
lattice QCD results show how this is inconsistent above
T > 150 MeV [53]. Besides our treatment of the thermal
bath, the analyzes in Ref. [39] pointed out how one loses
perturbativity control above T > 62 MeV if the leading
order ChPT is employed to compute axion production.

Both values of this uv cutoff Acypr for the function y,,
are smaller than Ay. We interpolate the axion production
rate between Acypr and Ay with the “spline” (cubic)
method. We account for both options for Acppr, with
results shown in Fig. 2. Here, the red-dashed and blue-
dashed lines correspond to the interpolation with the
choices Acppr = 62 and 150 MeV, respectively. As it is
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manifest from the figure, the two lines coincide with each
other. The insensitiveness of the matching result to the
detailed choice for Aqypr is reasonable since the QCDPT is
a smooth crossover without any discontinuity in the
thermodynamic variables [77].

Axion dark radiation.—The axion number density n,
evolves according to the Boltzmann equation

dn n
44+ 3Hn, = 1-—-2).
dt + ng Va < nzq) (9)

The term proportional to the Hubble rate on the left-hand
side accounts for the dilution due to the expansion.
Collisions are responsible for the right-hand side. The term
with the equilibrium axion number density ng! describes
the inverse (axion destruction) process, and the production
rate y, is the quantity shown in Fig. 2.

Dimensionless variables are convenient for numerical
solutions so we employ the axion comoving number
density Y, = n,/s. The entropy density is a function of
the bath temperature T, s = 27°g,,(T)T> /45, with g,,(T)
the effective entropic degrees of freedom. Concerning the
evolution variable, we choose the combination x = M/T,
with the choice of M purely conventional; throughout this
analyzes we set M =1 GeV since we are investigating
axion production around the QCDPT. The Boltzmann
equation in terms of these new variables reads

¥, (1 _ldlog g*s> Ya(X) (1 _ﬁ) (10)
dlogx 3 dlog x ) H(x)s(x) Yo' )
Solving this equation requires knowing the composition of
the primordial bath. Besides the already discussed entropic
degrees of freedom g.,(7), we also need the ones [g.(T)]
contributing to the energy density since they affect the
expansion rate [78].

We solve this differential equation numerically starting
from an initial temperature 7';. We consider two opposite
initial conditions: vanishing initial density and a thermal
axion population in equilibrium with the plasma at T;.
These two extremes cover the broad spectrum of possibil-
ities such as axion early thermalization from inflaton
decays. Nevertheless, the prediction for AN in the region
where the signal is detectable is not sensitive to the initial
conditions unless we consider large values of f.

As the Universe expands and cools down, and regardless
of the details of axion production, there is a temperature
below which the axion comoving density freezes to a
constant value Y° = const. This can happen either because
the bath particles participating in the production processes
become nonrelativistic and their number density gets
exponentially suppressed, or because the Universe gets
too cold and diluted to have significant collisions within a
Hubble time. Such an asymptotic value corresponds to
AN g =~ 75.6(Y)*/3.
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FIG. 3. ANy from axion dark radiation as a function of the

axion decay constant f,. We consider different values for the
initial temperature 7';, and we account for both a vanishing initial
density as well as an initial thermal axion population.

Outlook.—The QCD axion is one of the most motivated
hypothetical particles for physics beyond the SM: it solves
the strong CP problem via the PQ mechanism, and it is a
viable dark matter candidate. Extraordinary efforts from
experiments, which have been literally blossoming in the
last decade with novel ideas, make the present time
remarkably exciting for axion physics.

Hot axions produced in the early Universe leave a
cosmological imprint through AN . Intriguingly, such a
population of relativistic axions could lie at the origin of the
discrepancy between high- and low-redshift measurements
of the Hubble expansion rate [79]. The impressive projec-
tions by future CMB-S4 surveys make this a central
signature of PQ theories that is complementary to other
search strategies. Reliable theoretical predictions quantify-
ing this effect are of paramount importance.

In this Letter, we filled an important gap: the evaluation
of the axion production rate across the QCDPT. Focusing
on the model-independent axion interaction in Eq. (1), we
computed the production rate above and below the confine-
ment scale, and we provided a smooth interpolation between
these two regimes as shown in Fig. 2.

The central result of our analyzes is in Fig. 3 where we
show the amount of axion dark radiation as a function of
the axion decay constant f,. Vertical lines identify the
SN1987A bound on f,. Equivalently, this is a bound on the
axion mass m, as can be understood with the help of Eq. (2)
and as illustrated explicitly in the upper vertical axis. The
solid vertical line indicates the bound f, > 3.87 x
10® GeV that was obtained by Ref. [49] accounting for
nucleon bremsstrahlung. Recently, it has been argued that
(negative-charged) pions might be abundant during super-
novae explosions [80], and, consequently, the 7z~ + p —
n + a process could contribute to the axion luminosity [81—
83] significantly. This implies the bound f, = 4.75 x
10% GeV [81] that we show as a dashed vertical line.
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Furthermore, we shade away the region excluded by the
Planck data [1] (green). Solid continuous lines correspond to
the predicted AN when we solve the Boltzmann equation
with vanishing initial axion density starting from the initial
temperature 7;. We employ for the Boltzmann evolution the
effective relativistic degrees of freedom provided in
Refs. [84,85], and we shade the region in between the two
solutions. Our predictions do not depend on this choice. The
brown band is the predicted AN ; when we begin the
evolution with a full thermal equilibrium population. As
expected, the difference between these two initial conditions
arises at large f, when it is harder to thermalize if we begin
with vanishing initial density. Current CMB experiments,
such as the Planck satellite, are testing a region in conflict
with stellar bounds for the hadronic axion interaction in
Eq. (1). Future CMB-S4 surveys will probe values of f, as
large as 10° GeV even if the primordial bath begins its
existence after inflation with no axions.

Our analyzes paves the way for several future directions,
and we conclude by mentioning two possibilities. On one
hand, the interaction in Eq. (1), although model indepen-
dent, is far from being the only axion coupling within
concrete models [25]. One can predict the amount of axion
dark radiation for all models available in the literature
building upon the work that we have presented here, and
potentially use a future detection of AN as a discriminant.
The recent work in Ref. [54] provided a prediction for
AN for the DFSZ axion [86,87], other motivated frame-
works are flavor-violating axion models [88] where the
production is controlled by bath particle decays. On the
other hand, one can investigate axion production mediated
by the operator in Eq. (1), with rate shown in Fig. 2, for
modified cosmological histories.
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