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In condensed matter systems, the electronic degrees of freedom are often entangled to form complex
composites, known as hidden orders, which give rise to unusual properties, while escaping detection in
conventional experiments. Here we demonstrate the existence of hidden k-space magnetoelectric multi-
poles in nonmagnetic systems with broken space-inversion symmetry. These k-space magnetoelectric
multipoles are reciprocal to the real-space charge dipoles associated with the broken inversion symmetry.
Using the prototypical ferroelectric PbTiO5 as an example, we show that their origin is a spin asymmetry in
momentum space resulting from the broken space inversion symmetry associated with the ferroelectric
polarization. In PbTiO;, the k-space spin asymmetry corresponds to a pure k-space magnetoelectric
toroidal moment, which can be detected using magnetic Compton scattering, an established tool for
probing magnetism in ferromagnets or ferrimagnets with a net spin polarization, which has not been
exploited to date for nonmagnetic systems. In particular, the k-space magnetoelectric toroidal moment
combined with the spin-orbit interaction manifest in an antisymmetric magnetic Compton profile that can
be reversed using an electric field. Our work suggests an experimental route to directly measuring and
tuning hidden k-space magnetoelectric multipoles via specially designed magnetic Compton scattering

measurements.
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Spin-orbit interaction (SOI)-induced spin splitting of the
electronic energy bands in materials is central to the design
of many spintronic devices [1-5]. The presence of the SOI
in ferroelectric materials provides additional tunability of
the spin texture through electric-field manipulation of the
polarization [6,7], motivating recent research in identifying
and designing materials for practical applications [8—12].
Here, we show that the spin texture in ferroelectrics (or in
general in nonmagnetic systems with broken inversion (7)
symmetry) is a consequence of ordered magnetoelectric
multipoles (MEMs) in k space. We illustrate the behavior
in the prototypical ferroelectric PbTiO5, for which the real-
space electric dipole corresponds to a reciprocal-space
magnetoelectric toroidal moment. Finally, we show that
the k-space MEMs combined with the SOI give rise to a
magnetic Compton profile (MCP), which was previously
unknown in nonmagnetic systems, and which provides a
platform for their direct detection.

In real space, the MEMs, defined by 7 ® ji, where Ji is
the magnetization density, break both Z and time-reversal
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(7)) symmetries. As a result, they are well established for
describing the linear magnetoelectric response of materials,
in which a magnetization is induced by an electric field
and vice versa [13—15]. Of particular interest is the toroidal
moment, 7 [Fig. 1(a) upper left], which is the antisymmetric
irreducible component of the MEM, for example
t, = Xpy — yy. In addition to causing an off-diagonal
linear magnetoelectric response, the toroidal moment is
proposed to be the order parameter of hidden ferrotoroidic
order [14,16,17], is linked to skyrmions [18] and anti-
ferromagnetic spintronics [19,20], and is even implicated in
the pseudogap phase of cuprate superconductors [21-23].

In contrast to the real-space MEMs, the k-space repre-

sentations of the MEMs, which are defined by k ® p, break
only Z symmetry, while 7 symmetry is preserved. This is a
result of the nontrivial duality between real and k space
[24,25] [Fig. 1(a)]: On inversion, both 7 and k change sign,
?i —7 and l_c)i —I?, whereas on time reversal, k changes
sign but 7 does not, I:L —1?, but ?L?, Since ﬁg—ﬁ, the
k-space MEM, which is the product of k and j, is time-
reversal symmetric and space-inversion antisymmetric. The
consequences of this, which we explore throughout the
remainder of this Letter are twofold: (i) Any crystal
symmetry that does not contain inversion in real space
allows a magnetoelectric multipole in k space. (i) A
magnetoelectric multipole in k space has a nonzero
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FIG. 1. (a) Transformations (denoted by the big arrows)
between real (left) and k-space (right) multipoles in 7~ antisym-
metric (top) and symmetric (bottom) systems with broken 7
symmetry. (b) Magnetic Compton scattering with a circularly
polarized photon beam in PbTiO;. The solid-outlined Ti-atom
position, tgk) spins, and MCP indicate one polarization orienta-
tion. With reversed E (dashed outlines), the Ti ion displacement

(k) (k)

reverses, the toroidal moment t;” — —t;, and the sign of the

MCP reverses.

MCP. As a result, an apparently nonmagnetic electric
polarization will cause a magnetic signal in an appropri-
ately designed Compton scattering measurement.

To further illustrate this point we consider the example of
PbTiO;3, which adopts the tetragonal P4mm structure [26]

TABLE L.

with Cy, point group symmetry. The absence of Z in the
C4, symmetry allows for several odd-parity charge multi-
poles, of which the Q;, dipole, z [Fig. 1(a), lower left],
which has irreducible representation (IR) AT in the PbTiO;
structure (Table I), is the lowest order. As expected from the
duality discussed above, the corresponding k-space repre-
sentation ku, — kyu, [see Table I and Fig. 1(a) lower right]

is an odd function in k and has explicit z dependence, so it
is even under 7 as required. Note that kpt, — kyp, = tgk) is
a toroidal moment in k space; such pure toroidal moments
are rare in real space, where they are usually accompanied
by magnetoelectric quadrupole moments [14,15,20,25,27].

Recently, Compton scattering [31], an inelastic scatter-
ing of x-ray photons by electrons, has been proposed as
a possible probe for the direct detection of real-space
MEMs [25,32,33]. Based on the duality relations discussed
above, a real-space MEM corresponds to an electric dipole
(with no magnetization dependence) in reciprocal space,
as shown in the top panel of Fig. 1(a). Since Compton
scattering measures the electron density in momentum
space, the antisymmetric electron density of a k-space
electric dipole gives rise to an antisymmetric signal in the
regular (nonmagnetic) Compton profile [25].

The key result of this work is to extend this argument and
show that magnetic Compton scattering, which measures
the spin-dependent electron momentum distribution [34],
can be used to probe the k-space MEMs of a nonmagnetic
system. Here, the measured quantity, the MCP J,,,,(p. ), is
the one-dimensional projection of the spin-polarized elec-
tron momentum density along the direction of the scattering
vector p.,

Tog(p2) = / / o' (B) -0 Pldpudp,. (1)

p1(p) [p*(p)] is the density of the majority (minority) spin
electrons in the momentum space. Since a spin-polarized
electron density is typical for systems with net magneti-
zation (i.e., breaks 7 symmetry), magnetic Compton

The real space and k-space basis functions of the odd parity charge multipoles (lowest order in k) corresponding to the IR

representations of PbTiO3; and GeTe [24,28-30]. The magnetic moment j includes both orbital and spin contributions.

Real space k space
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scattering has to date only been performed in ferro- or
ferrimagnetic materials [35-47], where it has been used to
extract spin polarizations at Fermi surfaces [44—46] and to
separate magnetizations into their spin and orbital [36-38],
or localized and itinerant electron contributions [39—43].
As the MCP is a measure of the spin-polarized electron
momentum density, however, it is clear that a net mag-
netization is not required, and that a material with k-space
MEMs, and, correspondingly, an antisymmetric k-space
magnetization density, will give rise to an antisymmetric
MCP in the presence of SOI. This means that a nonzero
MCP can occur in a nonmagnetic material provided that the
7 symmetry is broken. Since the k-space MEM determines
both the magnitude and direction of the antisymmetric
MCP, the MCP, in turn, can be used to detect the k-space
MEM. We note that an antisymmetric MCP in a non-
magnetic system is consistent with the presence of 7

. . T
symmetry, which dictates Jyo(p.)— = Jmag(—p;). In
contrast, in the centrosymmetric, nonmagnetic case with
both Z and 7 symmetries, the MCP is zero since

Jmag(pz)i‘]mag<_l’z)'

Next, we illustrate the above ideas by explicitly comput-
ing the MCP and the odd-parity multipoles for the prototype
tetragonal ferroelectric PbTiOj;, using first-principles meth-
ods based on density functional theory (DFT) as imple-
mented in extended versions [15,48] of the Elk code [49].
The odd-parity charge multipoles are extracted by decom-
posing the 7 symmetric density matrix p;,, y,s into parity-
odd tensor moments, where only the odd [—17 terms
contribute to the desired multipoles [15]. We choose a
ferroelectric for our demonstration because the electric
polarization, and in turn the real-space odd-parity multipoles,
can be readily switched using an electric field. This in turn
allows for switching of the k-space MEMs and the MCP, as
illustrated for PbTiO5 in Fig. 1(b). Such an electrical tuning
of the MCP is also advantageous over the conventional
experiments with magnetic field, as we discuss later.

Our calculated MCP of PbTiOj5 [50] is shown in Fig. 2(a).
We note first that the computed MCPs are antisymmetric
and so satisfy the net moment, m = [ J,..(p,)dp, =
S22 Jimag(Py)dp, = 0, as required for a nonmagnetic sys-
tem. The computed MCP is about three orders of magnitude
smaller than the corresponding total Compton profile and is
about an order of magnitude smaller than the MCP for
ferromagnetic Ni [51]. The computed MCPs along p, and p,
are consistent with the toroidal moment tgk) , which indicates
the presence of magnetically polarized bands with magnetic
orientation along y (x) in the k, (k) direction of momentum
space. Note that the signs of the MCPs along p, and p, are

opposite, directly reflecting the opposite signs of k, and k, in

tgk) = kypy — kyp,. These asymmetries are also reflected in

the spin asymmetry in the calculated band structure along the
tk, (or +k,) directions, shown in Fig. 2(b). The band
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FIG. 2. (a) Calculated MCPs of PbTiO; along the p, and p,

directions in momentum space. (b) Band structure of PbTiOg
along +k,, showing spin asymmetry (color map) in the S, spin
component. The top of the valence band is set to 0 eV.
(c) Mlustration of the antisymmetric hopping 4 between O
Py-p; and py-p. orbitals along +% and =+ directions respec-
tively, induced by broken Z symmetry. Only hoppings between
apical O atoms are indicated. In-plane O atoms are shown in
dashed circles. (d) Dependence of the MCP on the enforced SOI
strength 4 = 1. x 4,, with 4, and A, the actual SOI strength and
the scaling factor, respectively.

structures are consistent with the presence of 7 symmetry,
which dictates that the 1-spin band at +k has the same energy
as the |-spin band at —k, that is en(l_é M= sn(—lzi).
Since the spin asymmetry that leads to the MCP is largest
at the top of the valence bands, which are predominantly of
O-p character, we next analyze the role of the O p orbitals in
the chemical bonding, by analyzing the hopping parameters
f between neighboring O p orbitals along the X and §
directions. We note that the off-centering of the atoms in the
noncentrosymmetric ferroelectric structure induces addi-
tional interorbital hoppings between the p,-p. and p,-p,
orbitals of the O atoms, which are forbidden in the Slater-
Koster [52,53] parameters in the presence of Z symmetry [see
Fig. 2(c)]. Interestingly, the computed effective hopping
parameters for the broken symmetry structure [54], have left-
right asymmetry [Fig. 2(c)]. Such antisymmetric hopping
parameters lead to sine terms in the tight-binding (TB)
model, in contrast to the usual cosine terms associated with
symmetric hopping, e.g., (p.|Hal|p.) = =2if sin(k.a). In
the small & limit, sin(k,a) — k.a, and the corresponding
p-orbital TB Hamiltonian is H,(k) = y(k,L, — k,L,),
where the constant y « f is a measure of 7 asymmetry
and L, f,y are the Cartesian components of the orbital angular
momentum operator for the p orbitals [55]. We recognize that
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FIG. 3. (a) Variation of MCP with displacement & (in units of
lattice vector c) of the Ti atom from the centrosymmetric position
in PbTiO;3. The MCP increases with §, and switches sign as the
sign of d changes. (b) Variation of the odd-parity charge multipole
Q1o at Pb, Ti, and O sites [apical O(1) and in-plane O(2) and
O(3)] for the same displacements 6 as in (a). The correlation
between Q;, and MCP is apparent. The vertical dashed line
corresponds to the centrosymmetric case with 6 = 0, at which
both multipoles and MCP vanish. The odd-parity multipoles at Pb
and Ti sites are obtained by adding the p-d and p-s contributions,
while for the O atoms only the p-s contribution is considered.

‘H, represents the orbital part of the toroidal moment t§k>,

indicating the crucial role of the antisymmetric hopping
between the O p orbitals in generating the k-space toroidal
moment.

Since the MCP does not probe the orbital moment of an
electron due to the short time spent by the photon probing
the electron distribution [56,57], and because the TB
Hamiltonian H, (k) without including the SOI represents
only the orbital part of the toroidal moment, the MCP

should vanish in this case. The spin component of tgk),

however, appears when the orbitals couple to the spins
mediated via SOI, indicating SOI as a crucial ingredient for
the MCP. To verify this, we next artificially change the
strength of the coupling 4 in our calculations. As seen from
Fig. 2(d), this results in a drastic change in the magnitude of
the MCP, with vanishing MCP at 4 = 0, confirming the
importance of SOIL.

We now turn to the tuning of the MCP by manipulating
the k-space MEMs through changing the real-space odd-
parity charge multipoles. We achieve this by scaling the
ferroelectric atomic displacements in PbTiO; along the
[001] polarization direction. The resulting changes in MCP
are depicted in Fig. 3(a). We also evaluate the correspond-
ing variation in the charge multipoles at the Pb, Ti, and the
three O atoms, shown in Fig. 3(b). As expected, the electric
dipole at the Pb atom dominates due to the 65> lone pair that
causes the broken Z symmetry. The magnitudes of the
dipoles at the Ti and O atoms are rather weak and have the
opposite sign to that of the Pb atom. It is also apparent from
Figs. 3(a) and 3(b) that the MCP follows the trend in odd
parity multipoles: The magnitudes of both increase with
increasing ferroelectric displacement and both reverse sign
as the displacement is switched. Since the switching of
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FIG. 4. Switching of MCP in GeTe. (a) The rhombohedral unit
cell of GeTe. The dashed atoms indicate the centrosymmetric
Ge (0.25,0.25,0.25) and Te (0.75,0.75,0.75) positions; the solid
atoms the positions with polarization P. (b) Calculated MCP for
structures with polarization P, —P, and O (for which the MCP
vanishes). Inset: odd-parity multipoles Qf, and QF, (in a.u.),
which contribute to J,,, (py), for the antisymmetric spin density
with spin quantization along [001]. Multipoles at Ge and Te have
opposite sign. O}, is summed from its p-d and p-s contributions;
Q;rl has only p-d contribution.

ferroelectric displacements in PbTiO; can be achieved
using an external electric field, our results show the
possibility of switching the MCP using electrical means,
which may be of practical importance in reducing the
experimental uncertainties in a measurement of the effect.

To emphasize the correlation between MCP and odd-
parity multipoles, we briefly touch upon the example of
ferroelectric GeTe, with electric polarization along the
[111] direction of the rhombohedral unit cell [Fig. 4(a)].
The ferroelectric distortion of GeTe [58,59] allows the t)(ck),

t§k) components of the k-space toroidal moment, as well as

quadrupole moment components Q,(CI;), Qy?, Q,(CI?, and
Qilﬁ)_yz , in addition to t§k> [see Table I], and the correspond-

ing MCP has more components than in the case of PbTiO;.
First, in contrast to PbTiO;, the MCPs in GeTe have
simultaneous contributions from toroidal and quadrupole
moments rather than pure toroidal contribution. For exam-
ple, {t,(ck), va’;)} contribute to the MCP along p,, with [001]
spin quantization axis. Second, even along the same
momentum direction, the MCP can appear for different
spin quantization axes. For example, along the p, direction
in momentum space, an MCP exists for X, y, and Z spin
quantization axes. Knowledge of the odd-parity multipoles
is invaluable in interpreting such a complex MCP, and
despite the complexity the MCP can again be switched by
reversing the direction of polarization [see Fig. 4(b)]. While
the magnitude of the MCP is slightly smaller than that of
PbTiO3, in GeTe MCP components with parallel spin and
momentum directions [e.g., along % and J driven by Q,2_
(see Table I)] exist, allowing for experimental detection
within the simple backscattering geometry.
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Finally, we discuss the proposed experimental setup for
detecting the MCP in PbTiOj3. The experiment is similar to
conventional magnetic Compton scattering, with a circu-
larly polarized beam [60,61], except that an electric field
instead of a magnetic field is used to produce a single
ferroelectric domain of PbTiO;. The antisymmetric spin
profile is obtained either by reversing the circular polari-
zation of the incoming photon and subtracting the two
signals, as in the case of conventional magnetic Compton
measurements or, more conveniently, by flipping the
electric polarization using an electric field at fixed photon
helicity. Since electrical switching is much faster than the
magnetic-field switching required in a conventional setup,
systematic errors due to temporal drifts in photon energy
and detector electronics are minimized. Furthermore, sys-
tematic errors from imbalance between signal strengths
from the two polarization states are eliminated entirely due
to the requirement that the difference Compton profile has
zero integral. Since the ferroelectric transition temperature
for PbTiO5 is T, ~ 765 K [62], the measurements can be
done at room temperature.

The k-space MEMs associated with the odd-parity real-
space charge multipoles have implications beyond the MCP
[63—67]. Examples include a proposed exotic supercon-
ducting state driven by odd-parity multipole fluctuations
[68,69], and the predicted Rashba effect in PbTiO5 [12],

which is a direct consequence of t§k>. Higher order k-space

MEMs in PbTiO; can give rise to a Berry curvature dipole
which should lead to a nonlinear Hall effect. Furthermore,
the k-space MEMs could conveniently describe the recently
observed polar skyrmions [70], in the same spirit as their
real-space counterpart forms a basis for describing mag-
netic skyrmions [18]. We hope that our proposal stimulates
experimental efforts to measure the MCP, or these related
k-space MEM-driven behaviors, in odd-parity nonmagnetic
systems.
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