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A novel framework is proposed to extract near-threshold resonant states from finite-volume energy
levels of lattice QCD and is applied to elucidate structures of the positive parity D,. The quark model, the

quark-pair-creation mechanism and DK interaction are incorporated into the Hamiltonian effective field
theory. The bare 1 ¢35 states are almost purely given by the states with heavy-quark spin bases. The
physical D*,(2317) and D?,(2460) are the mixtures of bare ¢35 core and D*)K component, while the
D*,(2536) and D?,(2573) are almost dominated by bare ¢5. Furthermore, our model reproduces the clear
level crossing of the D%, (2536) with the scattering state at a finite volume.
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Since first proposed by Gell-Mann [1] and Zweig [2], the
quark model based on the valence quarks and antiquarks
has quite successfully explained the properties of the
ground mesons and baryons [3-9]. However, the
coupled-channel effects due to the hadronic loops are
not taken into account in such conventional quark models,
which is extremely important for near-threshold states [10—
14]. These missing effects lead to a gap between the
prediction and observation in the experiment. For example,
two lowest S-wave c¢5 states, D, (1968,07) and
Di(2112,17), are well described in the quark model, while
the P-wave ones, D};(2317) [15] and D7, (2460) [16],

which are close to the DK thresholds, are both lighter
than the quark model predictions.

Meanwhile, for D?,(2317) and D?,(2460), there exist
various  investigations, including quenched and
unquenched c¢5 quark models [7,17-25], and molecule
[26-49], tetraquark [50-54], and c5 plus tetraquark models
[19,55-58] (see reviews [59-62] for more details).
However, their inner structures are still a puzzle and the
debating has never stopped until now. One biggest obstacle
is the lack of experimental measurement for the scattering
amplitude of the DK — DK process. Fortunately, the
lattice QCD simulation opens a new window to extract such
information with the famous Liischer method [63-65],
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which was introduced as a powerful technique linking the
discrete energy levels from lattice QCD and the exper-
imental observations, such as the scattering phase shifts and
elasticities.

Recently, several energy levels for the D, family were
extracted by lattice QCD simulation around physical pion
mass [66—70]. The energy levels below the thresholds can
be recognized as the bound states, from which the extracted
masses of D%(2317) and D},(2460) are consistent with
experimental measurements. By using Liischer formalism
[63-65] and its developed equations (see review [71]), the
energy levels above the thresholds evolve into the scatter-
ing ones in the infinite volume. The Hamiltonian effective
field theory (HEFT) [72-75] enables a quantitative exami-
nation of the lattice energy levels and scattering amplitudes
in terms of hadronic degrees of freedom (d.o.f.) and
their interactions. The two formalisms are equivalent if
one ignores the exponential suppressed error [72,73].
Furthermore, the eigenvector from the Hamiltonian is
helpful to probe the internal structure of a coupled-channel
system. For instance, the property of N*(1535) was
successfully determined [75].

In this Letter, we extend the HEFT by combining it with
the quark model to study the nature of the mysterious near-
threshold  D%,(2317), D}, (2460), D (2536), and
D?,(2573) states. The Hamiltonian contains the bare meson
from the quark model, its coupling with the threshold
channels described by the quark-pair-creation (QPC) model
[76], and the channel-channel interactions induced by
exchanging light mesons. These contributions, first
together make a full phenomenological model to describe
these D; states. This is an important development, not only
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FIG. 1. Mass spectrum of bare ¢5 mesons within the relativized

quark model. The circles and squares are the results predicted in
Ref. [7] and our new fit, respectively. In this sector, the two lowest
lying DE*) states shown with open squares are used as input to
constrain the quark model parameters. The shaded areas corre-

spond to the experimental masses and their uncertainties [77,78].

for understanding the physical picture of them, but also a
novel approach to study the nature of the near-threshold
hadrons. The Godfrey-Isgur (GI) relativized quark model
provided a reasonably successful description for the spectra
of low-lying mesons, from pion to bottomonium [7].
Nowadays, more experimental data are available for mes-
ons, with which we improve the GI model parameters. We
use the masses of the well-established mesons that reside
far away from the thresholds, in order to avoid possible
mass shifts due to the coupled-channel effects. With the
updated parameters, the mass spectrum is better fitted to the
experimental data than that in Ref. [7].

We present the spectrum of ¢5 mesons in the original GI
model and the updated one in Fig. 1. Even with the improved
parameters, the masses of D¥;(2317) and D7 (2460) are
significantly larger than the experimental data. Thus, we
believe that the coupled-channel effects are important to the
two D,’s due to the nearby D) K thresholds.

The HEFT framework provides a multiple-component
picture for a physical hadron. In the rest frame, the
Hamiltonian reads

H=H,+ H,, (1)

where the noninteracting Hamiltonian is

Ho= S IBma(8l+ Y [ ¢Fla(i)ES

Here B denotes a bare c§ core with the mass mp extracted
from the GI model. The a represents the DWEK channels,

)(ak). (2)

and E,( \/mK—i—k +\/m + & (k is the relative

momentum) is the kinematic energy. The H; = g + v is the

energy independent interaction composed of two parts, the

potential g between the bare ¢ core and two-body channels

DWK, and the direct potential v in the two-body channels.
The potential g reads

9=3 / PT{a(®)gus(K)(B +He).  (3)

where gaB(|l:|) is obtained by the phenomenological QPC
model [79-85] in which the bare ¢5 core couples with the
D™ K channels through the creation of the light-quark pair
with the quantum number JP¢ = 0*7. Its explicit form is

k

- -
g(zB(|k|) = yl(zB(|k|)e 2A/27 (4)

where y is a free parameter containing the creation
probability of the quark-antiquark pair. The exponential
form factor with the cutoff A’ is introduced to truncate
the hard vertices given by usual QPC model [84,85]. The

spatial transform factor IaB(|E|) is calculated with the exact
wave functions obtained by our new fit.
The potential v in the two-body channels is defined as

=3 / PR |a(R)VE (R KD BE). (5)

where Vﬁ’/,(|§|, |l:'|) is the L-wave potential between a and
p channels. Here we consider the PP — PP and VP — VP
processes by exchanging light mesons, where P and V
represent the 4 x4 pseudoscalar and vector meson
matrices in the SU(4) flavor symmetry, respectively.
Then, the Véﬁﬁ( k. q’) is straightforwardly obtained by
the Lagrangian [86—88]

L= Lppy + Lyyy
= ig,Tr(0* P[P,V ,]) + ig,Tr(0"V*[V,, V,]), (6)

where g, is the overall coupling constant. To include the
effects of the hadron structures, we introduce the form
factors with a cutoff parameter A for the interaction vertex,

A2 2 A2 2
A2 + 2 A2 2 : (7)
Py + pi

For D, hadrons, we consider the bare c¢5 cores from the
GI model and the two possible coupled channels D)K.
The coupling of the bare c5 cores with the D}z or D,y
channels can be neglected, since these couplings arise from
the isospin breaking interactions and electromagnetic ones.
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TABLE L. The related bare ¢5 cores (B) and the DK (a)
channels in the Hamiltonians of the physical D, states. The wave
functions and mass spectrum (MeV) of the B are shown. ¢, =
I}, ®4,) and ¢, = [(3/2), ® 1,) are the heavy-quark symmetry
bases, where i and [ are the heavy and light d.o.f., respectively.
The script L in the last column denotes the orbital excitation in
the DK channels.

B(|»*1L))) B (mass) a L
D%,(2317) PPo) 24059 DK
D}, (2460)  0.68|'P,) —0.74]°P,) 25115 D*K S, D
= —0.99¢, + 0.13¢,
D;,(2536) —0.74|'P;) — 0.68]°P;) 25378 D'K S, D
= —0.13¢, — 0.99¢,
D*,(2573) PP,) 25712 pWK D

Other possible strongly coupled channels are located far
from the physical states and, therefore, not considered in
this Letter, such as Dy for D%,(2317). We can construct
three Hamiltonians for the physical D, states with the
quantum numbers J¥ = 0%, 17, and 2+, respectively. The
related bare c5 cores and the D*)K channels are shown in
Table I.

In the infinite volume, the scattering 7" matrix between
channels can be solved from the relativistic Lippmann-
Schwinger equation [73,75,89,90],

Top(k. K5 E) = Vop(k K3 E) +> / ¢*dq

Va,a’ (k’ q; E)Ta.ﬂ(q’ k,; E)
E—-E (q) +ie

(8)

where the effective potential Va‘ﬁ(k, k'; E) can be obtained
from the interaction Hamiltonian

g(lB(k)g;B (k/)
E— mpg

Voplk K3 E) ="

B

+ VE(k K). (9)

The pole positions of bound states or resonances are
obtained by searching for the poles of the 7 matrix in
the complex plane.

On the other hand, in a box with length L, the available
momentum is integral multiples of the lowest nontrivial
momentum 27/L in any one dimension. The Hamiltonian
is translated into the discrete form featured by n = n2 +
n)2 + n? and the bare states. The energy levels in the finite
box correspond to the eigenvalues of the Hamiltonian
matrix. Squares of the coefficients in the eigenvectors
represent the probabilities P(a) (a = ¢5, DK) of the
bare ¢5 and D¥K components [73].

In our model, there are four free parameters: the y and the
cutoff A’ in the QPC model, the coupling constant g,
(9. < ¢2) combing the D*) D™V and KKV vertices, and
the cutoff A in the DK interactions. There are two groups
of lattice data obtained using the pion mass m, = 150 and
156 MeV for the JP =0" and 1t D, sectors in
Refs. [68,69]. The chiral extrapolation, therefore, is not
considered in this Letter. We perform a simultaneous fit of
two lattice datasets in the J* = 0" (left) and 17 (middle)
sectors as shown in Fig. 2. The cutoff A is taken as 1 GeV,
noting that its dependence can be absorbed by the renorm-
alization of the interaction kernel (details are in the
Supplemental Material [91]), and then the other parameters
are fitted as
g.=42137, N=03231005] Gev, y=1031) (10)
with y?/d.o.f. = 0.95. The parameters are roughly con-
sistent with other phenomenological investigations [92,93].
With above parameters determined by the lattice QCD data,
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FIG. 2. The fitted binding energy dependence of length L for the D*;(2317) (left) and D%, (2460/2536) (middle) states with the pion
mass m, = 150 [69] and m, = 156 MeV [68]. The comparison of the lattice binding energies and our predicted ones for D%, (2573) is
shown on the right. The black curves are the results using the finite-volume Hamiltonian, while the dashed lines represent the masses of
the bare ¢5 cores and D*)K thresholds obtained with the free Hamiltonian H,.
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TABLE II. The comparison of D, pole masses (MeV) (Ours)
with the experimental results. The script P(c5) represents the
content of the bare ¢35 cores in the D, states at L = 4.57 fm.

P(c5)(%) Ours Experimental results
Dyy(2317) 320132 2338.9°2 2317.8+0.5
D;,(2460) 524150 2459.4737 2459.5 + 0.6
D;;(2536) 982101 2536.6103 2535.11 £ 0.06
Dy,(2573)  95.9f19 25702104 2569.1 £0.8

we obtain the pole masses of the 7 matrix as listed in
Table II, which agree with the experimental data.

For the J© = 07 case, one bare ¢5 core and the S-wave
DK channel are included for the D?;(2317) as shown in
Table I. In Table II, the pole position is located at
2338.9 MeV in the first Riemann sheet of the DK channel.
Because of the larger input data from lattice QCD, which is
likely to be due to discretization effects as was pointed out
in Refs. [68,69], the computed mass is around 21 MeV
larger than experimental data. However, this small discrep-
ancy is not expected to change our main conclusions. By
analyzing the eigenvector, the bare ¢35 core in D%,(2317)
occupies around 32.0% at L =4.57 fm, while the DK
component accounts for around 68.0%. This is consistent
with the result P(DK) = (67 £ 14)% from Ref. [94].
Despite the probability not being an observable, it will
be related to the decay patterns of the P-wave D}’s due to
the different strong and radiative decays of the ¢5 and DK
components [35,95-101]. Here, the P(«) shows that the
two components are significant and essential for the
D?,(2317) state. Furthermore, we have performed the fit
without coupling to the bare c¢s and found that the
Hamiltonian matrix cannot describe the lattice data of
D*,(2317) only with the D*JK component. This proves
that the bare core is indispensable in the formation of the
physical state.

For the J¥ = 17 case, it includes two bare c§ cores for
D%,(2460) and D},(2536) and two D*K channels with
S- and D-wave orbital excitations as shown in Table I.
These two bare c§ cores in the quark model lie close to the
D*K channels as illustrated in Fig. 1. However, they are
dominated by the |}, ® 1,) and |3, ® (3/2),) components,
respectively. Within a good heavy-quark symmetry, the
lighter and heavier bare c¢5 cores mainly couple with the S-
and D-wave D*K channels, respectively. In the middle
panel of Fig. 2, the lighter bare c§ core has a significant
mass shift due to the S-wave interaction and becomes the
lowest eigenstate corresponding to the D (2460) state,
which is the mixture of the bare ¢5 core and D*K
component with P(D*K) ~47.6% as shown in Table IL
In contrast, the D-wave interaction around the threshold is
significantly suppressed at O(k?) compared with the S-wave
one. Therefore, the energy level of D?,(2536) almost keeps
stable, and its bare ¢5 core dominates with P(c5) ~ 98.2%.

Meanwhile, a special crossing happens above the D*K
threshold in the 17 sector of Fig. 2 around L = 3.5 fm. The
dropping line is dominated by the lowest excited D*K
channel with the kinematic energy depending on (27/L)?,
while the flat line represents the D}, (2536) state. With
L = 3.5 fm, the energy levels of the lowest excited D*K
channel and the D, (2536) state are nearly degenerate, which
leads to the crossing. This crossing is well proved by the
lattice data. Above the D*K threshold, the two data points are
almost pinched at L = 3.4 fm, while others are distinguish-
able at L = 2.9 and 4.8 fm. One notes that the lattice data
close to the flat line were extracted mainly by the c¢§ operator
[68,69], which is completely consistent with our picture
where the majority of the D?,(2536) is the bare c5 core.

To verify our model, we give the prediction for the
D,(2573) with the fitted parameters. Here, the
Hamiltonian matrix includes one bare c¢s core and two
D-wave channels, DK and D*K. For the J* = 27 case, the
energy levels are shown in right panel of Fig. 2. Because of
the weak D-wave interaction, the D},(2573) is almost a
pure c¢5 state with P(c5) ~ 95.9%.

In summary, we have incorporated the quark model, the
QPC model, and the coupled-channel unitary approach into
the HEFT. Then, it is connected to the lattice QCD to
investigate the lowest four D, states with J* = 07, 17, and
27 for the first time. By fitting the recent energy levels on
lattice QCD for the three lowest 0" and 11 D states, we
successfully build a systematical model for the D},(2317),
D?,(2460), D}, (2536), and D,(2573) states. The obtained
pole masses are well consistent with experimental data.
Moreover, the model provides a clear physical picture for
the D, family with positive parity. The D%,(2317) and
D?,(2460) states have the mass shifts by tens of MeV
because of the coupled-channel effects with the S-wave DK
and D*K channels, respectively. They are the mixtures of
the bare ¢35 core and D" K component, while the
D?,(2536) and D}, (2573) states are almost pure ¢5 mesons
because of the kinematically suppressed D-wave coupling.

In addition, it is worth emphasizing that the bare state
plays an extremely important role to form the physical
D7,(2317) in our model. Further investigation can be done
in lattice QCD to examine this conclusion. With increasing
pion mass (m,), the mass of the bare c5 state will be almost
stable, similar to that of D(1968) in the lattice simulation.
However, the DK component contains light valence quarks.
Its mass will keep increasing with larger m, [69]. If
D?,(2317) is mainly a c5 core, the corresponding energy
level will finally approach the mass of the bare c¥ state,
although it may increase at first. Otherwise, it will keep
increasing [42]. There exists very limited data from differ-
ent lattice groups so far [69,102]. We strongly suggest
lattice QCD groups to make a systematical investigation
regarding the mass dependence of the D7,(2317) on m,,.

Furthermore, the model about the D, family should be
helpful in the relevant analysis of experimental processes,

112001-4



PHYSICAL REVIEW LETTERS 128, 112001 (2022)

such as B;/B — D" D®K or D¥KK. In these decays, the
DWK — D®K amplitude cannot be fully obtained
because of the unknown vertex related to the B/B state.
A theoretically motivated model for the parametrization of
DWEK — D®K amplitude is necessary.

Finally, the HEFT has built a bridge among the phe-
nomenological models, the patterns of the lattice QCD data,
and experimental data. This formalism can be extended to
study other states lying close to the two-meson thresholds,
for instance, the XYZ exotic states. Such investigation can
help disentangle their nature and deepen our understanding
of the nonperturbative QCD in the future.
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