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We investigate avalanches and clusters associated with plastic rearrangements and the nature of
structural change in the prototypical strong glass, silica, computationally. We perform a detailed analysis of
avalanches, and of spatially disconnected clusters that constitute them, for a wide range of system sizes.
Although qualitative aspects of yielding in silica are similar to other glasses, the statistics of clusters
exhibits significant differences, which we associate with differences in local structure. Across the yielding
transition, anomalous structural change and densification, associated with a suppression of tetrahedral
order, is observed to accompany strain localization.
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The mechanical response of amorphous solids such as
metallic glasses, window glass, foams, emulsions, colloidal
suspension, etc., to external deformation or applied stress is
of central importance to characterize their behavior and
determining their utility [1–3]. The response for large
enough deformations involves plastic rearrangements,
leading eventually to yielding. The yielding transition in
amorphous solids has been investigated actively in recent
years through experiments [4–8], numerical simulations
[9–19] and theoretical investigations including analysis of
elastoplastic and other models [20–31]. Yielding has been
observed to be a discontinuous transition for sufficiently
well annealed glasses under uniform shear [17] and for
cyclic shear [15,18,32], accompanied by a discontinuous
drop in energy and stress, and by localization of strain in
shear bands [18,33–35].
Plasticity in amorphous solids is distinguished from that

in crystalline solids [36] by the absence of well-defined
structural defects with which it can be associated. Thus, the
structural aspects of plastic rearrangements [18,37–41]
have been a subject of investigation, to understand the
structural motifs associated with plastic rearrangements
below yielding, and to investigate the structural features
that distinguish the regions in which plasticity is concen-
trated above the yielding transition.
Another aspect of the approach to yielding and steady

state flow that has received considerable attention is the
distribution of avalanches corresponding to plastic rear-
rangements [14,15,21,42,43], of interest also in a wide
variety of phenomena exhibiting crackling noise [44]. The
avalanche distribution is expected to have a power-law
form, with a mean field prediction of exponent τ ¼ 3=2,
and a characteristic cutoff that is finite below yielding. The
scaling form has been rationalized by several elastoplastic
models and mean-field theories constructed to pin down the
scaling properties of avalanches [21,45–49]. In numerical

simulations, the avalanche distribution is found to be
different across the yielding transition for cyclic shear
[15], and to depend on factors such as the inertia of the
system [50], shear rate [46], and the quantification of
avalanche size (in terms of energy drops, or the size of the
connected clusters of active particles) [15].
Plastic rearrangements in amorphous solids lead to long

range stress fields [9,20,51,52], and thus long range
interactions among regions of plastic activity. The impli-
cations of long range interactions on avalanches have been
investigated in the context of depinning and crack propa-
gation models [53,54], where it has been shown that such
interactions lead nontrivially to avalanches being composed
of spatially disconnected clusters. Similar investigations
have not been performed for glasses, to our knowledge. We
thus perform a detailed investigation of the statistics of
avalanches, and of spatially disconnected clusters, for the
archetypal glass, silica.
Relatively few studies [38,55–59] have addressed yield-

ing behavior in silica, which is characterized by an open,
tetrahedral, local geometry, and whose interaction potential
includes long range Coulomb interactions (or silicon [60–
63], which shares several geometric and thermodynamic
characteristics), with most studies focusing on glasses
composed of particles with spherically symmetric, short
ranged interactions. In the liquid state, the tetrahedral
network structure of silica entails a rich spectrum of novel
behavior, including density maxima [64,65], a liquid-liquid
phase transition [66,67] and a strong-to-fragile transition
[68–71]. Studying silica is therefore of specific interest to
understand the role of the nature of directional interactions
and local tetrahedral geometry.
We find that the statistics of clusters is substantially

different than those of avalanches, and confirm key
observations made in [54]. In addition, we find such
statistics for silica to be markedly different from that for
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atomic glasses with short ranged interactions [15,72],
despite broad similarities in their yielding behavior [32].
We attribute such differences to the local geometry in silica
and discuss supporting evidence. It is therefore of interest
to understand in detail the structure and structural change in
silica across the yielding transition. We present results in
this regard which highlight the unusual features of struc-
tural change in silica upon yielding.
We study a version of the Beest-Kramer-Santen (BKS)

model introduced by Saika-Voivod [71,73] [see
Supplemental Material (SM) for details [74] ]. We prepared
several equilibrated samples by performing constant vol-
ume, temperature (NVT) molecular dynamics simulations
with an integration time step of 1 fs for a wide range of
temperatures that straddles the threshold temperature T th ¼
3100 K [32] for a fixed density ρ ¼ 2.8 g=cm3. Avalanche
properties display significant size dependence and, for this
reason, we also simulate sizes ranging from N ¼ 1728 to
N ¼ 74088. All the samples are equilibrated for at least
20τα, τα being the structural relaxation time obtained from
the self-intermediate scattering function Fsðk; tÞ. Inherent
structures (energy minimum configurations) obtained from
instantaneous quenches of equilibrated liquid configura-
tions are then subjected to an athermal quasistatic shearing
protocol involving two steps: (i) affine deformation by a
small strain increments of dγ ¼ 2 × 10−4 in the xz plane
(x0 → xþ dγ z, y0 → y, and z0 → z) and (ii) energy min-
imization. The procedure is then repeated and the strain γ is
varied cyclically as 0 → γmax → −γmax → 0. Repeating the
deformation cycle for a fixed strain amplitude γmax, the
glasses are driven to the steady state wherein properties of
the system remain stable with further cycles of strain.
We consider 12 samples for N ¼ 1728, four samples for
N ¼ 5832 and 13 824, and one sample for N ¼ 27000 and
N ¼ 74088 to perform the cyclic shear. We employ the
conjugate-gradient algorithm for energy minimization and
execute all the numerical simulations in LAMMPS [86].
We investigate avalanches by computing the statistics of

avalanche size (S), cluster size (s), and the number of
clusters (ncl). The size of the avalanches is computed as the
total number of active particles during a plastic rearrange-
ment, identified by computing the deviatoric strain ϵd for
each particle. Active particles are identified as those for
which ϵd > 0.22, following the procedure introduced in
[87] [consistent results are obtained employing nonaffine
displacements [15] for both silica and the Kob-Andersen
binary Lennard-Jones glass (KA BMLJ), as shown in the
SM]. We further obtain the sizes of clusters of connected
active particles. Distributions of avalanche size and cluster
size for N ¼ 1728, several γmax are shown in Fig. 1(a) and
follow power laws with exponents close to τa ¼ 1.1 for
avalanches and τc ¼ 2 for clusters, which do not change
with γmax, whereas the cutoffs do [2,44]. Strikingly, the
cluster size exponent (τc) is significantly greater than the
mean field avalanche exponent of 3=2 [36], whereas τa is

significantly smaller. The distributions of energy drops,
however, follow a power law with exponent ≈ − 1.25 as
also observed for KA BMLJ [15] for which τc ≈ 3=2 (a
summary of avalanche exponents found in different sys-
tems is included in the SM [74]).
In order to confirm these exponents, we perform a finite

scaling analysis of the distributions of S, s, and ncl, for
γmax ¼ 0.25 (consistent results for other γmax are shown in
the SM). We assume a scaling form for cluster size

PðsÞ ≈ N−βcf½s=Nβc=τc �; ð1Þ

where the scaling function fðxÞ → x−τc for x → 0, and
fðxÞ → 0 for x → 1. This scaling form implies that the
moments hsmi ∼ NαðmÞ, where αðmÞ ¼ βcðmþ 1 − τcÞ=τc
is the moment exponent [88,89]. In the inset of Fig. 1(b),
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FIG. 1. (a) Distribution of avalanches size (open symbols) and
clusters size (filled symbols) of active particles for N ¼ 1728,
T ¼ 2500 K for several strain amplitudes γmax (the yield ampli-
tude γYmax ¼ 0.23). (b) Moment analysis of cluster size: the
moment exponent (see text) αðmÞ ¼ ðβc=τcÞðmþ 1 − τcÞ (black
line) and ∂αðmÞ=∂m (red dashed line) against m. Points are
highlighted for integer values of m for which data of hsmi against
N are shown in the inset. The solid lines in the inset are the least
squares fits to extract the value of αðmÞ. Open squares represent
the ratio of the second and first moments hs2=1i ¼ hs2i=hsi which
scales as N0.63 and not N1=3 as observed in other glasses
[10,15,17]. (c) PðsÞNβc against s=Nβc=τc for different system
size N with τc ¼ 1.9 (see text) and βc=τc ¼ 0.79. The solid line
through the data points is a fit to y ∼ x−2. The inset shows the
unscaled distributions for different system sizes. (d) Scaled
avalanche size distribution PðSÞNβa for different system sizes
with τa ¼ 1.1 and βa=τa ¼ 0.79. Inset: Scaled distribution of the
number of clusters for different system sizes with κ ¼ 1.12 and
βn=κ ¼ 0.78. Avalanches are collected in the first quadrant of the
strain cycle.
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we show a log-log plot of hsmi against N for m ¼ 1, 2, 3,
and 4, from which we obtain αðmÞ. In Fig. 1(b), we present
αðmÞ and the corresponding derivative ∂αðmÞ=∂m (which
must equal βc=τc for large m) as a function m, for γmax ¼
0.25 [αðmÞ values for γmax ¼ 0.28, 0.3, shown in the SM,
are nearly the same]. By a linear fit of αðmÞ in the large m
range, we determine (averaging over γmax ¼ 0.25, 0.28,
and 0.3) βc=τc ¼ 0.79� 0.02 and βc ¼ 1.70� 0.10, or
τc ¼ 2.15� 0.07. Figure 1(c) shows the excellent data
collapse obtained byplotting scaled distributionsPðs; NÞNβc

against s=Nβc=τc , using τc ¼ 1.9 (rather than 2.15, for
reasons explained below), for different system sizes N
(equally good data collapse is obtained for choices
τc ¼ 2.15, 2 as shown in the SM, Fig. S7). The collapsed
data are best described by τc ¼ 2. We offer an analysis of the
difference below, but note that the range 1.9 − 2.15 indicates
the precision with which we can determine τc.
Assuming similar scaling forms for S and ncl, we

estimate τa ¼ 1.1� 0.05, βa=τa ¼ 0.79� 0.02 for ava-
lanche size, and κ ¼ 1.12� 0.08, βn=κ ¼ 0.78� 0.03
for number of clusters [with PðnclÞ ∼ n−κcl ]. In Fig. 1(d)
we present the collapsed data for S and ncl that confirm
these exponents. We note that the observed equality
βc=τc ¼ βa=τa is expected from the scaling functions
considered, and is related to the fractal dimension as
df ¼ dβ=τ. The estimated values destf ¼ 2.37 for silica,
and destf ¼ 1.98 for KA BMLJ (for which we find
βa=τa ¼ 0.66), are in close agreement with values obtained
directly using the box counting method, df ¼ 2.22, df ¼ 2
for KA BMLJ (see SM Fig. S18).
We next discuss the relationship between these expo-

nents. Considering nðsjSÞ, the number of clusters of size s
in an avalanche of size S, we have, by definition,R
S
1 s nðsjSÞ ds ¼ S and

R
S
1 nðsjSÞ ds ¼ nclðSÞ. We assume

(as supported by numerical data) that nðsjSÞ ∼ s−τc up to
the cutoff S. We straightforwardly obtain hncliS ∼ Sγns with
γns ¼ τc − 1 and the mean cluster size hsiS ∼ S2−τc . Data
for several system sizes and S values, shown in Figs. 2(a)
and 2(b), show that hncliS ∼ S0.9 and hsiS ∼ S0.1, leading to
τc ¼ 1.9, smaller than the value obtained by the moment

analysis. We consider this to be a more robust estimate, as it
is based on integrals over nðsjSÞ, whose scaling depends
only on τc. We attribute the difference with the fit value of
τc ¼ 2 to the effect of the finite size cutoff function, whose
form is generally not known. We obtain the form
and demonstrate its effect on the fit exponent in the SM,
Sec. S-5 C [74]. Further, assuming a scaling function
PðncljSÞ ∼ S−γnsgðncl=SγnsÞ for the distribution of the num-
ber of clusters, we obtain

PðnclÞ ¼
Z

PðncljSÞPðSÞdS ∼ n−κcl ; ð2Þ

with κ ¼ 1þ ðτa − 1Þ=γns ¼ 1þ ðτa − 1Þ=ðτc − 1Þ. The
exponent values we obtain, γns ¼ 0.9, τc ¼ 1.9, τa ¼ 1.1,
and κ ¼ 1.12 clearly satisfy the exponent relationships we
describe. Such consistency is also obtained for a two
dimensional glass [72]. Despite such consistent analysis
within the framework of [54], the large value of τc is
surprising. Factors in addition to the long range elastic
interactions may lead to a larger τc in silica, such as the
long range interaction potential or the open, tetrahedral
structure. Preliminary results for a short ranged silicalike
model [90], shown in the SM, suggest the latter, which
motivates a detailed investigation of structural change
we present below. A more complete investigation of the
resulting exponent values is involved, which we leave for
future work.
We study the modification of structure under shear by

considering the tetrahedrality parameter [91],

qi ¼ 1 −
3

8

X

j>k

�

cos θjik þ
1

3

�
2

; ð3Þ

that measures the tetrahedral order around a central Si atom
i (with qi ¼ 1 for perfect tetrahedral order; see SM for
details). We compute the distributions PðqiÞ for different
γmax across the yielding transition, for T ¼ 2500 and
6000 K, which are shown in Figs. 3(a) and 3(b). For
T ¼ 2500 K, the structure does not display any evolution
for γmax < γYmax, with a peak at q ∼ 0.8. Beyond yielding,
the distributions evolve and become broader with increas-
ing amplitude γmax, with a shoulder appearing around qi ≃
0.4 (reminiscent of the variation with temperature [91]). For
T ¼ 6000 K, Fig. 3(b), the behavior is very different.
Below yielding, a strong enhancement of the tetrahedral
order upon increasing γmax is observed, with the initial
undeformed glass displaying very weak tetrahedral order.
Beyond yield, as for T ¼ 2500 K, the peak value decreases
with γmax.
Next, we compute the mean and variance of qi as a

function of strain amplitude for different T as shown in
Figs. 3(c) and 3(d), respectively. Below yielding, we
observe two patterns. For T > T th, hqii increases with
γmax up to the yield amplitude. Interestingly, for all cases

10
0

10
2

10
4

S
10

0

10
2

10
4

〈n
cl

〉 S

N=1728
N=5832
N=13824
N=27000
N=74088

10
0

10
2

10
4

S
1

2

4

8

〈s
〉 S

0.1

(b)

0.9

(a) γ
max

=0.25

FIG. 2. (a) The average number of clusters hncliS, and (b) the
average cluster size hsiS, for given avalanche size S for different
system sizes, follow hncliS ∼ Sτc−1 ∼ S0.9 and hsiS ∼ S2−τc ∼ S0.1,
leading to the estimate τc ¼ 1.9.
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with T ≥ T th, the maximum hqii ¼ 0.7 (attained at γYmax)
equals the value of hqii for the undeformed samples at T th
(see Fig. S19 of SM). For T < T th, hqii does not vary with
γmax until the yield point where it abruptly drops to the
same values as for the high temperature case. Above
yielding, all the curves collapse, indicating that the final
structure depends only on the strain amplitude, and hqii
decreases with γmax. As shown in Fig. 3(c), the fluctuation
of qi also behaves in a similar way but in the opposite
fashion, with a minimum at γYmax. These trends strikingly
reflect the changes in the energy of the system [32]. The
decrease of tetrahedral order in deformed silica can be
explicitly linked to an increase in the population of five
coordinated silicon atoms (see Sec. S-10 of SM, Fig. S20).
We next investigate structural features associated with

strain localization [18] above γYmax. Figure 4(c) (inset)
shows a snapshot of a zero strain configuration for
N ¼ 74088, T ¼ 2500 K, and γmax ¼ 0.23. The color
map indicates the deviatoric strain ϵd, between consecutive
stroboscopic configurations, up to a cutoff value 1.25 (see
SM for a justification of this choice), highlighting the
localization of strain in a shear band. We compute and plot
the slabwise density hρxi along the x direction in Fig. 4(a).
Contrary to the observation in [18,41] for KA BMLJ, we
find that hρxi becomes progressively larger inside the shear
band, with the number of cycles of shear. This reversal of
trend reflects the fact that the energetically favorable
tetrahedral structure of silica has lower density than more

disordered, higher energy structures, leading to density and
other anomalies [91]. We compute slabwise averages of qi,
shown in Fig. 4(b), as well as the distributions of qi within
and outside the shear band [Fig. 4(c)], which confirm a
lowering of orientational order within the shear band,
analogous to observations in [40,92]. The reduced tetra-
hedral order within the shear band, analogous to high
temperature undeformed glasses, is associated with the
enhancement of the fraction of five coordinated defects (see
Fig. S22 of SM).
In summary, we have investigated the statistics of

avalanches and clusters in silica and obtained a satisfactory
analysis of the relationship between exponents within a
framework [54] that envisages the fragmentation of ava-
lanches in the presence of long range interactions. We find
that the cluster size exponent for silica is considerably
larger than for atomic glasses investigated, which suggests
that either the long range interactions in silica or the open
tetrahedral geometry may additionally have an effect. A
preliminary investigation of a short range silicalike model
suggests that microscopic structure plays a role, but how
microscopic structure (or other factors) may lead to the
observed cluster statistics needs further investigation,
including the study of other model systems. To elucidate
further the anomalous structure and structural change
in silica, we investigated structural change across the
yielding transition and differences in structure within
and outside shear bands. We find that yielding and the
formation of shear bands is accompanied by a reduction of
tetrahedral order, and corresponds to an anomalous increase
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(rather than decrease) of density. Although the qualitative
features of yielding—the role of annealing, formation of
shear bands, etc.—in silica are analogous to other glasses
[32], the peculiar features of local geometry in silica
apparently lead to unusual cluster statistics and structural
change during yielding. In turn, the cluster characteristics
and morphology of avalanches may be expected to influ-
ence details of plasticity, yielding, and failure modes,
inasmuch as avalanches form precursors to failure modes.
Establishing such a connection is an important future
direction.
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[75] J. Lin, T. Gueudré, A. Rosso, and M. Wyart, Phys. Rev. Lett.
115, 168001 (2015).

[76] A. Lemaître and C. Caroli, Phys. Rev. Lett. 103, 065501
(2009).

[77] M. Talamali, V. Petäjä, D. Vandembroucq, and S. Roux,
Phys. Rev. E 84, 016115 (2011).

[78] A. E. Lagogianni, C. Liu, K. Martens, and K. Samwer, Eur.
Phys. J. B 91, 104 (2018).

[79] H. Xu, J. C. Andresen, and I. Regev, Phys. Rev. E 103,
052604 (2021).

[80] G. P. Shrivastav, P. Chaudhuri, and J. Horbach, Phys. Rev. E
94, 042605 (2016).

[81] T. Niiyama, M. Wakeda, T. Shimokawa, and S. Ogata, Phys.
Rev. E 100, 043002 (2019).

[82] Z. Ge, R. Martone, L. Brandt, and M. Minale, arXiv:2106
.14341.

[83] T. B. Schröder, S. Sastry, J. C. Dyre, and S. C. Glotzer, J.
Chem. Phys. 112, 9834 (2000).

[84] E. Lerner and I. Procaccia, Phys. Rev. E 79, 066109
(2009).

[85] M. J. Demkowicz and A. S. Argon, Phys. Rev. Lett. 93,
025505 (2004).

[86] S. Plimpton, J. Comput. Phys. 117, 1 (1995).
[87] K. M. Salerno and M. O. Robbins, Phys. Rev. E 88, 062206

(2013).
[88] M. De Menech, A. L. Stella, and C. Tebaldi, Phys. Rev. E

58, R2677 (1998).
[89] A. Chessa, H. E. Stanley, A. Vespignani, and S. Zapperi,

Phys. Rev. E 59, R12 (1999).
[90] D. Coslovich and G. Pastore, J. Phys. Condens. Matter 21,

285107 (2009).
[91] M. S. Shell, P. G. Debenedetti, and A. Z. Panagiotopoulos,

Phys. Rev. E 66, 011202 (2002).
[92] Y. Shi and M. L. Falk, Phys. Rev. B 73, 214201 (2006).

PHYSICAL REVIEW LETTERS 128, 098001 (2022)

098001-6

https://doi.org/10.1103/PhysRevLett.102.175501
https://doi.org/10.1103/PhysRevLett.102.175501
https://doi.org/10.1103/PhysRevE.104.015002
https://doi.org/10.1103/PhysRevE.104.015002
https://doi.org/10.1038/35065675
https://doi.org/10.1038/35065675
https://doi.org/10.1103/PhysRevE.92.042135
https://doi.org/10.1103/PhysRevLett.116.065501
https://doi.org/10.1103/PhysRevE.75.036108
https://doi.org/10.1103/PhysRevE.75.036108
https://doi.org/10.1038/nphys1957
https://doi.org/10.1038/nphys1957
https://doi.org/10.1103/PhysRevE.95.022139
https://doi.org/10.1103/PhysRevLett.109.105703
https://doi.org/10.1103/PhysRevLett.109.105703
https://doi.org/10.1098/rspa.1957.0133
https://doi.org/10.1140/epje/i2004-10054-8
https://doi.org/10.1140/epje/i2004-10054-8
https://doi.org/10.1103/PhysRevE.81.046116
https://doi.org/10.1103/PhysRevE.81.046116
https://doi.org/10.1103/PhysRevLett.126.025702
https://doi.org/10.1103/PhysRevLett.126.025702
https://doi.org/10.1103/PhysRevLett.97.055501
https://doi.org/10.1140/epjb/e2012-30317-6
https://doi.org/10.1140/epjb/e2012-30317-6
https://doi.org/10.1021/acs.jpcc.7b01324
https://doi.org/10.1103/PhysRevLett.102.195501
https://doi.org/10.1021/acs.nanolett.8b00469
https://doi.org/10.1103/PhysRevB.72.245205
https://doi.org/10.1103/PhysRevB.72.245205
https://doi.org/10.1103/PhysRevB.72.245206
https://doi.org/10.1103/PhysRevB.72.245206
https://doi.org/10.1080/14786430600596852
https://doi.org/10.1080/14786430600596852
https://doi.org/10.1103/PhysRevE.82.066116
https://doi.org/10.1103/PhysRevE.82.066116
https://doi.org/10.1126/science.193.4258.1121
https://doi.org/10.1103/PhysRevE.63.011202
https://doi.org/10.1103/PhysRevE.63.011202
https://doi.org/10.1063/1.4984335
https://doi.org/10.1063/1.4984335
https://doi.org/10.1103/PhysRevB.60.3169
https://doi.org/10.1016/0009-2541(95)00170-0
https://doi.org/10.1016/0009-2541(95)00170-0
https://doi.org/10.1103/PhysRevLett.93.235701
https://doi.org/10.1103/PhysRevLett.93.235701
https://doi.org/10.1103/PhysRevE.69.041503
https://doi.org/10.1103/PhysRevE.69.041503
https://doi.org/10.1063/5.0085064
https://doi.org/10.1063/5.0085064
https://doi.org/10.1103/PhysRevLett.64.1955
http://link.aps.org/supplemental/10.1103/PhysRevLett.128.098001
http://link.aps.org/supplemental/10.1103/PhysRevLett.128.098001
http://link.aps.org/supplemental/10.1103/PhysRevLett.128.098001
http://link.aps.org/supplemental/10.1103/PhysRevLett.128.098001
http://link.aps.org/supplemental/10.1103/PhysRevLett.128.098001
http://link.aps.org/supplemental/10.1103/PhysRevLett.128.098001
http://link.aps.org/supplemental/10.1103/PhysRevLett.128.098001
https://doi.org/10.1103/PhysRevLett.115.168001
https://doi.org/10.1103/PhysRevLett.115.168001
https://doi.org/10.1103/PhysRevLett.103.065501
https://doi.org/10.1103/PhysRevLett.103.065501
https://doi.org/10.1103/PhysRevE.84.016115
https://doi.org/10.1140/epjb/e2018-90051-7
https://doi.org/10.1140/epjb/e2018-90051-7
https://doi.org/10.1103/PhysRevE.103.052604
https://doi.org/10.1103/PhysRevE.103.052604
https://doi.org/10.1103/PhysRevE.94.042605
https://doi.org/10.1103/PhysRevE.94.042605
https://doi.org/10.1103/PhysRevE.100.043002
https://doi.org/10.1103/PhysRevE.100.043002
https://arXiv.org/abs/2106.14341
https://arXiv.org/abs/2106.14341
https://doi.org/10.1063/1.481621
https://doi.org/10.1063/1.481621
https://doi.org/10.1103/PhysRevE.79.066109
https://doi.org/10.1103/PhysRevE.79.066109
https://doi.org/10.1103/PhysRevLett.93.025505
https://doi.org/10.1103/PhysRevLett.93.025505
https://doi.org/10.1006/jcph.1995.1039
https://doi.org/10.1103/PhysRevE.88.062206
https://doi.org/10.1103/PhysRevE.88.062206
https://doi.org/10.1103/PhysRevE.58.R2677
https://doi.org/10.1103/PhysRevE.58.R2677
https://doi.org/10.1103/PhysRevE.59.R12
https://doi.org/10.1088/0953-8984/21/28/285107
https://doi.org/10.1088/0953-8984/21/28/285107
https://doi.org/10.1103/PhysRevE.66.011202
https://doi.org/10.1103/PhysRevB.73.214201

