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Prediction of a Supersolid Phase in High-Pressure Deuterium
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Supersolid is a mysterious and puzzling state of matter whose possible existence has stirred a vigorous
debate among physicists for over 60 years. Its elusive nature stems from the coexistence of two seemingly
contradicting properties, long-range order and superfluidity. We report computational evidence of a
supersolid phase of deuterium under high pressure (p > 800 GPa) and low temperature (7 < 1.0 K). In
our simulations, that are based on bosonic path integral molecular dynamics, we observe a highly concerted
exchange of atoms while the system preserves its crystalline order. The exchange processes are favored by
the soft core interactions between deuterium atoms that form a densely packed metallic solid. At the zero
temperature limit, Bose-Einstein condensation is observed as the permutation probability of N deuterium
atoms approaches 1/N with a finite superfluid fraction. Our study provides concrete evidence for the
existence of a supersolid phase in high-pressure deuterium and could provide insights on the future

investigation of supersolid phases in real materials.
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Reports of an anomalous superfluid phase in solid “He
[1] have spurred renewed interest in the study of this
unusual state of matter, often referred to as a supersolid, in
which long-range translational order and superfluidity are
believed to coexist [ [-14]. The very concept of a supersolid
is puzzling since in a solid the nuclear density is localized
around the equilibrium positions, while in a superfluid
the nuclei wave functions are delocalized due to exchange
(3,4,10-16].

Theoretical investigations [2—4,17] have preceded the
first experimental reports of a “He supersolid [1]. Some of
them argued that a supersolid could not exist [17] while
others suggested that defects could favor its formation [2—4].
However, the experimental claim of [1] has been challenged
[5-7], and it was pointed out that the defect formation energy
in solid “He is too large to be invoked as a pathway to
supersolidity [18]. Nevertheless, the search for a supersolid
phase has not been abandoned and is still of great interest.
Some encouragement in this direction comes from theoreti-
cal studies which indicate that a supersolid phase can be
stabilized by suitable interparticle interactions [11-13,19],
the dimensionality of the system [10,11,20] or optical
coupling [14].

In this Letter, we report numerical evidence that deu-
terium at low temperature and high pressure can indeed
become supersolid. There are various reasons why we pay
attention to high pressure deuterium. First, the light mass of
deuterium (Z = 2) leads to significant nuclear quantum
effects (NQEs). Second, high level quantum mechanical
calculations, such as density functional theory (DFT) and
quantum Monte Carlo, predict that deuterium forms a
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metallic /4, /amd phase at p > 500 GPa [21,22]. Such a
compressed environment promotes exchange interactions
of deuterium atoms by bringing them closer. Third, it was
argued that soft core interatomic potentials aid in favoring a
supersolid phase [I11]. In deuterium, the interactions
between the nuclei in the metallic phase have screened
Coulomb character which is softer than Lennard-Jones
interactions. Last, the predicted phase transition pressure
of the metallic 14,/amd phase (p > 500 GPa) appears to
be within reach of experimental capabilities in the near
future [23-26].

Simulating the quantum behavior of a supersolid phase
of deuterium poses several challenges, such as (1) the
accurate modeling of the interaction potential, (2) the
inclusion of NQEs, and (3) the introduction of bosonic
exchange symmetry. Here, we sketch the main points of our
approach and refer the interested reader to a more detailed
description of our methodology in Supplemental Material
[27]. Following the approach pioneered by Behler and
Parrinello [47], the interaction potential is described by a
feed forward neural network potential, that is trained on a
large number of DFT calculations. We chose the vdW-DF2
functional based on the generalized gradient approximation
with nonlocal correlations [48] (Supplemental Material
[271, Sec. D).

NQEs are described by using a discretized version of
Feynman’s path integral expression for the quantum par-
tition function that is sampled in molecular dynamics
simulations (PIMD) [49] by exploiting its well-known
isomorphism with a system of classical ring polymers
[50]. Exchange symmetry is dealt with using the bosonic
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Atomic density of high-pressure deuterium solid with exchange. Two-dimensional (2D) cross sections of the atomic density

n(r) of high-pressure deuterium in path integral molecular dynamics (PIMD) (a)—(c) and bosonic path integral molecular dynamics
(PIMDB) (d)—(f) simulations at p = 800 GPa and 7 = 0.5 K. While the ring polymers of PIMD simulation are always closed form (a)—
(c), the PIMDB simulations allow deuterium atoms to exchange (d)—(f).

version of path integral molecular dynamics (PIMDB) of
Hirshberg et al. [51,52]. This is done by evaluating the
PIMD potential for N bosons recursively,

N

-pv _ lE : —B(EY +V5 ™)

e Ve —Nk:1e NV ), (1)
where £ is the inverse temperature, V%N_k) is the PIMD

potential for N — k bosons, and E%() is the spring energy of
aring polymer constructed by connecting all of the beads of
k particles sequentially [51]. The method provides the
correct bosonic thermal expectation values while avoiding
the need to enumerate all N! permutations of identical
particles. This reduces the computational scaling of
PIMDB simulations from factorial to cubic, allowing large
bosonic systems to be simulated using PIMD [51]. We have
explicitly checked that this method [52] gives results in full
agreement with those obtained using the path integral
Monte Carlo (PIMC) method pioneered by Ceperley
[16]. Our evaluation of superfluid fractions of liquid “He

[16] and hcp solid “He [18] concurred with the previous
PIMC results (Supplemental Material [27], Figs. 12 and
13). For deuterium, we note that the current implementation
only considers the spatial permutations of atoms with
the same spin-projection (Supplemental Material [27],
Sec. III). Thus, our estimation is relevant to a spin-polarized
system and might lead to a slight overestimation of the
superfluid transition temperature.

To perform simulations at constant pressure, we imple-
mented the isothermal-isobaric (NPT) PIMD algorithm and
adapted it to use the correct pressure estimator for bosons
(Supplemental Material [27], Sec. II). Although we have
studied the system at different thermodynamic conditions,
we report the results obtained at p = 800 GPa in a range of
low temperatures from 7’ = 0.1 Kto 7 = 1.2 K in the main
text. Additional thermodynamic conditions are found in
Supplemental Material [27]. We find that converged results
can be obtained if we discretize the Feynman path using
P =256 beads (Supplemental Material [27], Fig. 7).

In order to bring out the role of NQEs and exchange
symmetry, we performed simulations of solid deuterium
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FIG. 2. Exchange effect on the geometry and electronic properties of high-pressure deuterium. (a) A snapshot taken from the (N x P)
trajectory of PIMDB simulations at 7 = 0.5 K and p = 800 GPa. Each blue sphere represents a one bead of a ring polymer (in total
P = 256 beads and N = 128). (b) Structure factors S(q) of high-pressure deuterium from the MD (green line), PIMD (blue line), and
PIMDB (red line) simulations. The amplitude of omitted S(g) peak (*) of the MD simulation (green) is 14.9. (c) Radial distribution
functions ¢(r) of high-pressure deuterium from the MD (green line), PIMD (blue line), and PIMDB (red line) simulations. (d) The density
of states (red points) and inverse participation ratio (green bars) of a supersolid phase. The Fermi level (Er) is set to zero (cyan dashed line).

using three different methods, treating deuterium as (1) a
classical particle (MD), (2) a distinguishable quantum
particle (PIMD), and (3) an indistinguishable boson
(PIMDB) (Figs. 1 and 2). The average density n(r) is
greatly affected by exchange processes (Fig. 1).

Even for distinguishable deuterium the NQEs make
the atomic density distribution of neighboring atoms
overlap [Figs. 1(a)-1(c)]. This overlap suggests the pos-
sible role of exchange processes. Indeed, as the exchange
of deuterium atoms is allowed via PIMDB simulation,
it is difficult to spot the precise equilibrium positions
of deuterium [4,/amd phase due to active exchange
[Figs. 1(d)-1(f)]. This implicates that the connected ring
polymers of deuterium atoms emerge at low temperatures
[Figs. 1(d)-1(f)]. At first sight [Fig. 2(a)], it would appear
that the n(r) would correspond to that of a glassy system,
however, our analysis shows that the /4, /amd symmetry is
hidden but not lost [Figs. 2(b) and 2(c)]. To show it, we
evaluated the structure factor,

| LN I
D =gy 2L

=1 jk=1

where P, N, R( ) are the number of beads, the number of

particles, and p0s1t10n of atom j at 7z imaginary time,
respectively. Bragg peaks can be clearly seen with and
without exchange at the same positions in reciprocal space
[Fig. 2(b) and Supplemental Material [27], Fig. 8]. Thus, the
resultindicates that this peculiar exchange of deuterium does
not break the solid long-range order. Also, the pair corre-
lation of the solid phase is preserved under exchange
interactions as evidenced by the radial distribution function
g(r) of MD, PIMD, and PIMDB simulations [Fig. 2(c)].
Even in the active exchange regime, the system still remains
metallic as the solid phase. This can be understood given that
this anomalous deuterium phase preserves the solid long-
range order. Thus, the density of states [Fig. 2(d)] is similar
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FIG. 3. The superfluid fraction of high-pressure deuterium. The

superfluid fraction (red points with error bar) at p = 800 GPa as
the function of temperature with a guiding line (dotted gray line).

to that of the solid [Supplemental Material [27], Fig. 2(b)].
The presence of disorder in a supersolid phase might
introduce the localization of electronic states [53].
However, our analysis based on the inverse participation
ratio shows that the electronic states of supersolid phase
are delocalized [Fig. 2(d) and Supplemental Material [27],
Sec. III].

The fact that one can reconcile long-range order and a
very active exchange regime remains puzzling also in the
Feynman isomorphism. In order to get insight into how this
is possible, we look at the bead’s spatial arrangement as it
evolves during the simulation where all permutations
contribute to the forces on atoms at each time step [51].
This can be measured by a structure factor of the
beads system considered as a set of independent

particles Sy (q) = (1/PN) f,‘r’:l >N e aRY-RT)
While the beads distribution changes dynamically from
one time step to another, the overall long-range order of
(P x N) configuration is still preserved (Supplemental
Material [27], Fig. 9). This points to a highly coherent
exchange mechanism.

An elegant way of measuring whether a system is
superfluid is to compute its winding number [54]. This
quantity reflects the number of paths that, due to
exchange, are so long that they wrap around the periodic
boundary conditions [54]. In our approach, in which all
permutations are sampled at every time step, standard
methods to evaluate it cannot be applied. Therefore, we
have developed an approximate but highly accurate
approach to measure the winding number in PIMDB
simulations  (Supplemental Material, Sec. I and
Supplemental Material [27], Fig. 11). The result obtained
is presented in Fig. 3. It shows that at T<1.0K a
superfluid condensate is formed. The analysis of the
probability of observing longer rings also confirms this
picture (Supplemental Material [27], Fig. 12). Our
calculation shows that for high pressure deuterium a
defect-free pathway to supersolidty is possible.

Experiments on such thermodynamic conditions will be
feasible in the near future given the rapid advancement of
diamond anvil cell techniques at cryogenic temperature
[23-25], and verifying this prediction in experiments will
be a fascinating challenge to undertake.

All the implementations of the isotropic and full-cell
NPT simulations of PIMDB are freely available in the
author’s GitHub repository [55]. All the necessary input
files of this computational study are also available in the
author’s Github repository [56].
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