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The combination of topology and quantum criticality can give rise to an exotic mix of counterintuitive
effects. Here, we show that unexpected topological properties take place in a paradigmatic strongly
correlated Hamiltonian: the 1D extended Bose-Hubbard model. In particular, we reveal the presence of two
distinct topological quantum critical points with localized edge states and gapless bulk excitations. Our
results show that the topological critical points separate two phases, one topologically protected and the
other topologically trivial, both characterized by a long-range ordered string correlation function. The long-
range order persists also at the topological critical points and explains the presence of localized edge states
protected by a finite charge gap. Finally, we introduce a superresolution quantum gas microscopy scheme
for dipolar dysprosium atoms, which provides a reliable route towards the experimental study of
topological quantum critical points.
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Introduction.—Topology represents a fascinating topic
in different areas of modern quantum physics [1–3].
Among the related interesting phenomena one finds con-
ducting edge modes in bulk gapped phases [4,5], quantized
conductance [6–9], and fractionalized charges [10–12].
Because of the gapped and nonlocal nature of their
elementary excitations, topological phases further represent
a particularly suitable platform where fault-tolerant quan-
tum computation could be performed [13–17].
While in noninteracting systems [18] symmetry argu-

ments allow for a complete description of topological
insulators [19–21] and superconductors [22], topology in
many-body quantum systems represents a more challeng-
ing task [23]. In this context, the notion of symmetry-
protected topological (SPT) phases [24–27] has allowed
us to classify quantum states that are topologically
protected up to local perturbations preserving specific
symmetries. Celebrated examples of such fully gapped
topological states include the Haldane phase occurring in
several strongly correlated systems [28–45], and the
topological Mott insulator (TMI) appearing in interacting
Su-Schrieffer-Heger (SSH) models [46–54]. Noticeably,
the impressive the level of flexibility and accuracy
reachable in ultracold atomic platforms has allowed for
the experimental realizations of these SPT phases [55,56].
Recent works have further shown that, contrary to

standard intuition, topology can also occur in critical

phases [27,57–71]. Here, topological phase transitions
deserve special attention. As shown in specific models
[67], topologically protected edge states (ESs) can remain
localized at critical points despite the presence of gapless
bulk excitations. Because of the novelty of such a concept,
the mechanism that topologically protects quantum critical
points is not yet fully understood.
The results reported in this Letter provide grounds for a

better comprehension of topological quantum critical
points (TQCPs). Our analysis, based on density-matrix
renormalization-group (DMRG) [72–74] calculations,
shows that these states of matter occur in distinct regimes
of the broadly investigated 1D extended Bose-Hubbard
model (EBHM). Here, we unveil that, for large enough
interaction, different TQCPs take place both at unit density
and at half filling in the presence of a lattice dimerization.
Despite the usual vanishing bulk gap at quantum criticality,
our results show that topology remains protected by a finite
charge gap. This scenario holds in quantum critical points
separating a topological and a trivial phase, both sharing
a similar type of long-range order captured by the same
string correlation function. This hypothesis is confirmed
by studying other topological phase transitions between
phases without such order, where the charge gap vanishes
and the topological properties disappear.
We further present a reliable route to probe the existence

of TQCPs through a quantum-simulation scheme involving
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magnetic atoms with dipolar long-range interaction [75].
The latter have been recently employed to study droplets
physics [76,77], thermalization [78], supersolidity [79–81],
topological pumping [82], and notably, to simulate the
EBHM [83]. However, the dipolar interaction in current
experimental setups has been too weak to explore the full
EBHM phase diagram. We propose a new quantum gas
microscopy scheme based on strongly interacting dyspro-
sium atoms trapped in a short wavelength optical lattice,
which allows us to make precise predictions about the
experimental realization and detection of TQCPs.
Model.—The 1D EBHM reads as

H ¼ −
XL−1

i¼1

ðJ þ δJð−1ÞiÞðb†i biþ1 þ H:c:Þ

þU
2

XL

i¼1

niðni − 1Þ þ V
XL−1

i¼1

niniþ1; ð1Þ

where b†i ðbiÞ is the bosonic operator describing the creation
(annihilation) of a particle at the i-site of a lattice of length
L filled with N bosons. The tunneling amplitude J − δJ
(J þ δJ) describes hopping processes in odd (even) links
connecting two nearest-neighbor (NN) sites while U and V
represent, respectively, the on-site and NN interactions. The
most investigated version of Eq. (1) is the homogeneous
case δJ ¼ 0 at unit density n̄ ¼ N=L ¼ 1. Here, early
studies [84,85] discovered the presence of a gapless
superfluid in the limit of weak interaction, a Mott insulator
(MI) in the regime of strong on-site repulsion and, for large
enough V, a charge density wave (CDW1). The CDW1 is
characterized by a staggered density pattern of alternated
pairs and empty sites, analogous to the effective antiferro-
magnetic (AFM) order of the XXZ spin-1 chain which, for
large U=J, represents an accurate description of the EBHM
[30,34,40]. This analogy has induced the discovery of a
fully gapped SPT phase with nonlocal AFM order between
pairs and empty sites occurring at intermediate couplings
strength [30]. The latter corresponds to the celebrated
Haldane insulator (HI), which in the EBHM is protected
by effective spin rotational symmetries and exact inversion
symmetry [86]. Instead, the dimerized case, δJ > 0, has
been only partially investigated [87,88]. At n̄ ¼ 1=2, the
large U=J regime unveils the presence of a phase transition
between an inversion symmetry protected topological Mott
insulator (TMI) and a trivial charge density wave (CDW1=2)
with local AFM order signaled by a staggered density
pattern of alternated empty and single occupied sites [89].
Although the gapped topological phases in Eq. (1) are
understood, the study of possible topological states appear-
ing at quantum critical points remains an open challenge.
Homogeneous case (δJ ¼ 0) at n̄ ¼ 1.—SPT phases are

characterized by two main features: degenerate localized
ESs and gapped bulk excitations. The first requirement
is tested by examining the edge localization length ξe,

which, for a phase hosting ESs, is extracted from
jEþ − E−j ∼ e−L=ξe . Here, E� are the energies of the two
degenerate ground states, jLi � jRi, where jLiðjRiÞ
denotes a state with the left (right) ES occupied by a
bosonic pair and the right (left) ES empty [90]. In
particular, a thermodynamic extrapolation is expected to
show ξ−1e ≠ 0 in the presence of localized ESs and ξ−1e → 0
as they delocalize and become bulk states. Analogously,
gapped bulk excitations are captured by a finite value of the
bulk correlation length ξb ∼ ΔE−1

bulk, where ΔEbulk ¼ E1 −
EGS is the lowest energy bulk gap and EGS (E1) is the
energy of the ground (first excited) state. As usual, at
quantum criticality ΔEbulk ¼ 0 and therefore ξb diverges.
In Figs. 1(a)–1(b), our calculations show that the HI has all
the aforementioned features, namely, ξ−1e , ξ−1b ≠ 0. Probing
the SPT nature of HI demands uniquely nonlocal order
parameters. More specifically, the parameters describing

the HI are O1;αðjÞ ¼ eιπ
P

k<j
Sα
1
ðkÞSα1ðjÞ, with α ¼ x, z,

Sx1ðiÞ ¼ ð1= ffiffiffi
2

p Þ½ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ðni=2Þ

p
bi þ b†i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ðni=2Þ

p �, and

(b)
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FIG. 1. DMRG calculations of edge ξe (a) and bulk ξb
(b) correlation length in units of the lattice spacing alat, with
parameters n̄ ¼ 1, δJ ¼ 0, U=J ¼ 6 as a function of V=J. The
insets show the finite size extrapolation of ξe and ξb at the MI-HI
(squares) and HI-CDW1 (pentagons) critical points. Lm is the
maximum length to extract ξe from a linear fit of logðjEþ − E−jÞ
versus L [106]. (c) Bulk gap ΔEbulk (orange) and charge gap
ΔEcharge (blue) for L ¼ 200. The gaps are computed by fixing the
edge occupation by means of large chemical potential. iDMRG
calculations of the decay of C1 (green), O2

1;x (purple), and O2
1;z

(magenta) relative to: HI at V=J ¼ 3.65 (d), the HI-CDW1 critical
point at V=J ¼ 3.86, (e) and CDW1 at V=J ¼ 3.91 (f). We
employ a bond dimension D ¼ 250 and we cut the number of
bosons per site at n0 ¼ 4.
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Sz1ðiÞ ¼ 1 − ni [34]. The HI is therefore characterized by
the long-range order [91,92] of the string correlators

O2
1;αðji − jjÞ ¼ hO1;αðiÞO1;αðjÞi; α ¼ x; z: ð2Þ

Because of the breaking of the effective rotational x ↔ z
symmetry, the two strings O2

1;α are expected to behave
differently in CDW1. In particular, the local AFM order of
CDW1 is characterized by an exponential decay ofO2

1;x but
preserved long-range order of O2

1;z. Crucially, the CDW1

has no topological features since, as discussed, its local
magnetic order is captured by the two points correlator

C1ðji − jjÞ ¼ hSz1ðiÞSz1ðjÞi: ð3Þ

In Figs. 1(d) and 1(f) we obtain the expected behavior of
Eqs. (2) and (3) in the HI and the CDW1. By varying V=J at
intermediate values of U=J, a Gaussian and an Ising
phase transition describing, respectively, the MI-HI and
HI-CDW1 critical points are found [93]. As expected, and
confirmed by the diverging ξb shown in Fig. 1(a), the bulk
gap vanishes at the transition points, see Fig. 1(c). The
absence of a bulk gap may suggest that localized ESs also
disappear. On the contrary, our calculations demonstrate
that this is not always the case. In particular, while at the
Gaussian phase transition ξ−1b , ξ−1e ¼ 0, at the HI-CDW1

critical point the edge localization length ξe remains finite
in the thermodynamic limit. This proves the presence of
localized ESs formed by an empty site and a pair of bosons.
Moreover, as reported in Fig. 1(e), this critical point shows
algebraic decay of both O2

1;x and C1, while O2
1;z preserves

the long-range order. As discussed, the algebraic decay of
C1 does not occur in the HI, thus implying that a different
topological phase exists at this critical point.
In order to understand the origin of such TQCP, we show

in Fig. 1(c) how a gap at energies higher than ΔEbulk, i.e.,
the charge gap ΔEcharge ¼ EGSðN þ 1; LÞ þ EGSðN −
1; LÞ − 2EGSðN;LÞ associated to the AFM ordering in
both HI and CDW1, does not vanish at the HI-CDW1

transition point. This explains why at this TQCP, see
Fig. 1(e), we still find long-range order of uniquely a
string correlator, namely, O2

1;z, as required in SPT phases.
As a consequence, it is natural to state that the ΔEcharge is
the responsible for the protection of the ESs. It is worth to
underline that this analysis can be used to interpret the
physics of spin-1 chains where the same TQCP takes place
[67]. In the latter case, a finite ΔEcharge corresponds to a
finite spin gap [40] and the string order parameter along the
z axis is still expected to be finite at criticality, see the
Supplemental Material [93]. As known [30,31,40,107], for
U ¼ 0 and truncated local Hilbert space to n0 ¼ 2, the
homogeneous case is strictly equivalent to a spin-1 XXZ
chain [108]. Interestingly, our results fully characterize
a TQCP away from this spin-1 limit, thus generalizing

the physics of TCPQs to new regimes of the EBHM. We
show that for relatively large U=J, inversion symmetry
combined with effective rotational symmetries are still able
to give rise to TQCPs. We now explore whether similar
TQCPs appear when effective spin-1 representations are
not applicable.
Dimerized case (δJ > 0) at n̄ ¼ 1=2.—In this regime, a

TMI appears for large enough U=J and intermediate or
vanishing V=J [87,88]. Notice that such phase displays
features analogous to the SPT phase appearing in the
dimerized spin-1=2 Heisenberg model [109]. The topology
of TMI is protected by the inversion symmetry and,
although the bulk-edge correspondence does not hold due
to the absence of chiral symmetry, localized ESs appear
for large enough values of U=J [87], see Fig. 2(b). In this
case, the ESs are given by either a vanishing or single
occupation. Figure 2(a) shows a finite bulk correlation
length in the TMI phase, and in Fig. 2(d) we report that the
topological nature of TMI is effectively captured by the
long-range order of specific nonlocal string correlators

(a)

(c)

(d) (e) (f)

(b)

FIG. 2. DMRG calculations of the edge ξe (a) and bulk ξb
(b) correlation length in units of the lattice spacing alat, with
parameters n̄ ¼ 1=2, δJ ¼ 0.5, U=J ¼ 6 as a function of V=J.
The insets show the finite size extrapolation of ξe and ξb at the
PS-TMI (squares) and TMI-CDW1=2 (pentagons) critical points.
Lm is the maximum length to extract ξe from a linear fit of
logðEþ − E−Þ versus L [106]. (c) Bulk gap ΔEbulk (orange) and
charge gap ΔEcharge (blue) for L ¼ 200. The gaps are computed
by fixing the edge occupation by means of large chemical
potential. iDMRG calculations of the decay of C1=2 (green),
O2

1=2;x (purple), and O2
1=2;z (magenta) relative to TMI at V=J ¼

6.03 (d), the TMI-CDW1=2 critical point at V=J ¼ 6.35 (e), and
CDW1=2 at V=J ¼ 6.97 (f). We employ a bond dimension D ¼
250 and we cut the number of bosons per site at n0 ¼ 3.
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O2
1=2;αðji − jjÞ ¼ hO1=2;αð2i − 1ÞO1=2;αð2jÞi; α ¼ x; z:

ð4Þ

signaling nonlocal magnetic order between odd and
even sites with alternated bosonic occupation. Here, the

associated nonlocal order parameters are O1=2;αðjÞ ¼
eιπ

P
k<j

Sα
1=2ðkÞSα1=2ðjÞ with Sz1=2ðiÞ ¼ ð1=2 − niÞ and

Sx1=2ðiÞ ¼ 1=2ð ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ni

p
bi þ b†i

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ni

p Þ. For V < 0, a
diverging compressibility signals the presence of a first
order phase transition to a regime of phase separation [93].
At the transition point we find that ξ−1e , ξ−1b ¼ 0, meaning
that the ESs disappear and the topology is destroyed.
Instead, for larger V=J the system undergoes a phase
transition where the TMI is replaced by a trivial CDW1=2,
captured by the long-range order of the two points
correlator

C1=2ðji − jjÞ ¼ hSz1=2ðiÞSz1=2ðjÞi: ð5Þ

As in the previous case, the TMI and CDW1=2 have,
respectively, nonlocal and local AFM order which now
reflects the alternation between empty and singly occupied
sites. In Fig. 2(a) we report that the critical point connecting
the CDW1=2 and TMI is, as expected, signaled by ξ−1b ¼ 0,
which follows from ΔEbulk ¼ 0, see Fig. 2(c). Crucially, in
Fig. 2(b) we reveal that localized ESs captured by a finite ξe
remain stable at this transition point. The topological ESs
are formed by an empty and single occupied state, thus
different from the TQCP observed for δJ ¼ 0. Moreover,
this TQCP is further characterized by an algebraic decay of
O2

1=2;x and C1=2 [Fig. 2(e)]. In this case, the TQCP is
protected uniquely by inversion symmetry, but as shown in
Ref. [93], the same results are found for the hardcore limit,
where the topological ESs are formally protected by the
combination of inversion symmetry and chiral symmetry.
Furthermore, as we show Fig. 2(c), the topological ESs in
the TQCP and the long-range order of the z-oriented string
correlatorO2

1=2;z, which effectively captures the topological
nature of the critical point, are again protected by a
nonvanishing charge gap.
The results on the dimerized case provide a new example

of a TQCP substantially different from the one found for
δJ ¼ 0. More importantly, they also confirm the hypothesis
that the two studied cases share a common mechanism as
the one responsible for the appearance of TQCPs. Our
results point in the direction that if two gapped phases, one
topologically protected and the other trivial, are both
characterized by a similar long-range order captured by
a string correlator, as a consequence, the two phases are
connected by a TQCP.
Experimental realization and detection of a TQCP.—In

this section we discuss how to observe TQCPs using
ultracold dysprosium atoms in an optical lattice. In addition

to the usual contact interactions, the large magnetic dipole
moment of 10μB, where μB denotes the Bohr magneton,
makes such atoms interact highly nonlocally through
dipole-dipole repulsion. Since such interaction scales as
1=r3, it is necessary to trap the atoms in a lattice with
short periodicity in order to achieve sizable NN inter-
actions. A lattice formed using lasers with a wavelength
around 360 nm is promising for this purpose [93]. The
corresponding lattice spacing alat ¼ 180 nm results in a
NN interaction strength of V=h ∼ 200 Hz, where h is
Planck’s constant. This is an enhancement by a factor of
six compared to previous experiments with magnetic atoms
[83] and a factor of four compared to dipolar molecules
[110]. As shown in Fig. 3, and explained in detail in the
Supplemental Material [93], by changing the lattice depth
V0=ER and tuning the on-site interaction between atoms
using a Feshbach resonance [111,112], it is possible to
achieve values of interactions where TQCPs can be
explored. Notice that in one dimension and for not too
large V, dipolar interaction can neither produce new phases
with respect to NN interactions nor change the nature of the
transition points. For this reason, our cut of the dipolar
interaction to NN is a reliable approximation. Moreover,
strongly coupled bilayer geometries could be realized by
implementing a subwavelength optical barrier inside the
individual lattice sites of a 1D lattice [113]. In this way, an
effective dimerization δJ > 0 can be achieved. Thanks to
the strong dipolar interaction, we also estimate a critical
temperature required to stabilize the topological phase on
the order of tens of nK, well within the reach of current
experiments. In such a setting, two-point density-density
correlation functions C1 and C1=2, string correlators O2

1;z

and O2
1=2;z, and edge correlation lengths ξe are directly

(a)

(b)

FIG. 3. (a) Qualitative phase diagram of Eq. (1) at δJ ¼ 0 and
n̄ ¼ 1 [36]. The circles represent examples of experimentally
accessible values of U=J and V=J calculated by considering
dysprosium atoms with dipole moment of 10μB and s-wave
scattering length a3D ¼ 91a0 with a0 the Bohr radius. The
atoms are trapped in a lattice with longitudinal lattice spacing
alat ¼ 180 nm and transverse confinement of frequency
ω⊥ ¼ 2π × 4 kHz, see Ref. [93] for details. (b) Values of U=J
(circles) and V=J (squares) calculated by considering lattice
depth V0=ER ranging from 15 to 25. Notice that different choices
of a3D and ω⊥ allow us to achieve different sectors of the
phase diagram.
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accessible using quantum gas microscopy [55,114,115].
However, the requirement of a short lattice wavelength
poses a significant challenge for quantum gas microscopy,
as the lattice wavelength is significantly below the Abbe
resolution limit for the 421 nm imaging transition in
dysprosium. As we show in Ref. [93], this limitation can
be overcome by using superresolution techniques to detect
individual atoms below the diffraction limit. This scheme
results to be inherently number resolving and can allow to
individually image empty sites, as well as higher-order
occupations, thus allowing for a complete characterization
of TQCPs.
Discussion and outlook.—We have shown that the

recently discovered phenomenon of topological phases
occurring at quantum critical points can be explored in
the celebrated EBHM. The TQCPs are SPT phases with
gapless bulk excitations but, at the same time, localized
edge states. Our analysis has revealed how different kinds
of TQCPs are found by adjusting the Hamiltonian param-
eters. Furthermore, we revealed that TQCPs take place
between two fully gapped phases, one topological and one
trivial, when they are both characterized by a finite value of
the same string correlator denoting a similar type of long-
range order. In this scenario, we have demonstrated that, at
criticality, a finite charge gap is able to protects the
localized edge states. In order to provide a reliable route
towards the experimental investigation of TQCPs, we have
proposed a detailed experimental setup involving trapped
dysprosium atoms at ultracold temperatures. Here, on one
hand, laser beams producing short lattice spacing can be
employed to achieve the desired region of the phase
diagram and, on the other hand, a quantum gas microscope
with superresolution techniques can allow for an accurate
detection of TQCPs. Because of the fact that EBHMs are of
great relevance in different physical systems [116–120], we
expect that our results can stimulate the study of TQCPs in
a broad variety of research lines.
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