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We generalize the flux insertion argument due to Laughlin, Niu-Thouless-Tao-Wu, and Avron-Seiler-
Zograf to the case of fractional quantum Hall states on a higher-genus surface. We propose this setting as a test
to characterize the robustness, or topologicity, of the quantum state of matter and apply our test to the
Laughlin states. Laughlin states form a vector bundle, the Laughlin bundle, over the Jacobian—the space of
Aharonov-Bohm fluxes through the holes of the surface. The rank of the Laughlin bundle is the degeneracy of
Laughlin states or, in the presence of quasiholes, the dimension of the corresponding full many-body Hilbert
space; its slope, which is the first Chern class divided by the rank, is the Hall conductance. We compute the
rank and all the Chern classes of Laughlin bundles for any genus and any number of quasiholes, settling, in
particular, the Wen-Niu conjecture. Then we show that Laughlin bundles with nonlocalized quasiholes are not
projectively flat and that the Hall current is precisely quantized only for the states with localized quasiholes.
Hence our test distinguishes these states from the full many-body Hilbert space.
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Introduction.—Topological states describe special phases
of strongly correlated quantum matter arising at low temper-
atures, which exhibit certain remarkable properties, such as
precise quantization phenomena in materials with impurities,
fractional and non-Abelian statistics, and ground state degen-
eracy robust under local perturbations. These unusual proper-
ties make the topological states suitable for a range
of applications from quantum metrology to fault-tolerant
quantum computing.

In this Letter, we suggest a concrete criterion that
distinguishes between topological and nontopological states
of matter. The criterion is of geometric nature and applies to
situations where the ground state of the system is degenerate.

Best known examples of topological states of matter
include superconductors, spin liquids, quantum Hall states,
etc. We focus here on the fractional quantum Hall effect,
where explicitly defined trial states are available for
investigation, although the criterion is potentially appli-
cable to a broader class of situations.

Projective flatness test for the ground state bundle.—
Here we describe our test in a general setting. We consider
the situation, when the ground state is degenerate and
separated by a gap from the rest of the spectrum, and
depends continuously on 7 classical parameters forming an
n-dimensional manifold M. We assume that the degeneracy
r of the ground state is constant over the whole parameter
manifold. Our ground states thus form a rank-r Hermitian
vector bundle V over the parameter space M. The adiabatic
theorem applies to determine the Berry connection,
whose curvature R is in general non-Abelian, as, e.g., in
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Ref. [1]. Then a generic bundle V of quantum states can be
assigned a set of cohomology classes, represented by the
traces of powers of the Berry curvature ch,, (V)=
[(=1)"/(2zi)"m!|trR™, called the Chern characters. In
particular chy(V) = r is the degeneracy, ch; (V) = ¢(V)
the first Chern class and ch; is a 2i-cohomology class on M,
i =0,...,[n/2] (Chern characters are a more convenient
notion than the more familiar Chern classes c;(V). They
are polynomial functions of the latter: chy(V) =r,
chy (V) =c;(V), chy(V) =%(ci —cy), etc. In general,
the full Chern class is recovered from the Chern characters
by the formula ¢(V) =co(V)+c (V) +--+c,(V) =
exp Yoy (1) (i = 1)lehy (V).

Furthermore, the bundles of the topological states are
characterized by their robustness against perturbations. We
formalize this condition as the requirement that the adia-
batic transport of the quantum states of V along a path y in
the parameter space M 1is independent of continuous
deformations of the path and depends only on its topology,
possibly up to a U(1) Berry phase. In more precise terms,
we require that the adiabatic transport defines a projectively
flat connection on V.

For example, in Fig. 1, the adiabatic transport along the
curves y; and y,, which can be continuously deformed into
each other, would have the holonomies equivalent up to the
U(1) phase, while the transport along y3 could yield an
a priori different holonomy.

Now, by a standard result on complex vector bundles [2],
if V is projectively flat then its total Chern character
ch(V) = >, ch;(V) simplifies and is given by

© 2022 American Physical Society


https://orcid.org/0000-0001-7477-2722
https://orcid.org/0000-0002-5783-0481
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevLett.128.036602&domain=pdf&date_stamp=2022-01-21
https://doi.org/10.1103/PhysRevLett.128.036602
https://doi.org/10.1103/PhysRevLett.128.036602
https://doi.org/10.1103/PhysRevLett.128.036602
https://doi.org/10.1103/PhysRevLett.128.036602

PHYSICAL REVIEW LETTERS 128, 036602 (2022)

(5

FIG. 1. The adiabatic transport of quantum states in the
parameter space M along the curves y;, y,, y3 starting and
ending at the same point x.

ch(V) = rer1().

In other words, the higher Chern characters of a projec-
tively flat bundle V are essentially powers of its first Chern
class:

ehy(v) = Ml H (1)

il

We claim that these relations can be used to test the
topologicity for quantum states of matter. Here is the
strategy as to how the geometric test can be implemented:
(i) Given a parameter space M, and a bundle of quantum
states V, compute the non-Abelian Berry curvature R,
(i1) take its mth power R™, (iii) compute its trace trR"™, and
(iv) check whether tR™ = (1/m!r™')(r'R)™ in coho-
mology. If this relation does not hold, then the quantum
states in V are not topological in the sense above.

If r = 1, the ground state is nondegenerate and the vector
bundle becomes a line bundle, for which any connection is
projectively flat. Also, parameter spaces of the real dimen-
sion dim M < 3 do not support higher Chern characters.
Therefore the projective flatness test only gives nontrivial
results when r>1 and dimM > 4. In particular, for
Laughlin states the crucial observables, that allow one to
distinguish between topological and nontopological states
of matter, appear in genus g > 2.

Laughlin states on Riemann surfaces.—A Laughlin trial
state, Ref. [3], describes the fractional quantum Hall effect
for filling fractions of the form 1/, where f is an odd
integer. First define an N-particle Laughlin state with p
quasiholes on the Riemann sphere (g = 0) for any positive
integer f as follows:

¥, = P(thb o ZN) H (Zn _Zm)ﬁ; (2)

1<n<m<N

here P is a completely symmetric polynomial in N variables
Z1s ..., 2y € C, of degree at most p in each z,,. Thus we do
not restrict to the fermionic case and consider the bosonic
states (even f5) as well. Besides the (anti-)symmetry for
(odd) even p, the two other defining properties of ¥, are
the vanishing on the diagonal A =u, _,, {z, = z,,} to the
order  and total degree in each variable z,, being equal to
the magnetic flux, Ny = p + (N — 1). The vanishing on

the diagonal is a simplified model for the Coulomb
interactions between particles. The total degree condition
ensures that each electron is on the lowest Landau level for
the magnetic field with flux N.

The full many-body Hilbert space of functions of
the form (2) has dimension (N;p), by the number of
linearly independent polynomials P. It has a special one-

dimensional subspace of states with p quasiholes localized
at positions wy, wy, ..., Wp!

N N
Y, = 11 =1(zn - w;) E(zn — Z)P. (3)

As long as the positions of the quasiholes are fixed, the
states above do not depend on any continuous parameters.

The standard way to bring a parameter space into play in
QHE is to consider Laughlin states on a Riemann surface X
of genus g > 0 [4-8]. The definition here mimics the one
given above for the sphere [9]. Namely, we require the
(anti-)symmetry for (odd) even £ and vanishing on the
diagonal A =U,,_,, {z, = z,,} to the order 8. The analog of
being a degree-N, polynomial on a compact Riemann
surface is the condition that ¥}, is a section of a degree-N,,
holomorphic line bundle L. Now, the latter come with a
natural parameter space: he moduli space of degree-N 4 line
bundles is the Picard variety PicV¢(X) isomorphic to a
g-dimensional complex torus. These inequivalent con-
figurations of the magnetic field of flux Ny through the
surface are obtained by applying the Aharonov-Bohm
solenoid fluxes through the 2g cycles on the surface,
{butazi.. 2y €10.27]%, see Fig. 2.

This is precisely the setting of a higher genus surface
considered in the integer QHE case in Ref. [8], and
generalizing Laughlin’s gauge argument [10] (for the case
of a torus see Refs. [5-7]). Following the standard argu-
ment of these references, when changing the flux through
the cycle b of the surface, ¢, = —V ¢t adiabatically with
time ¢, the Hall current through the cycle a equals V, times
the Hall conductance,

I, = (GH)ath’

which is the first Chern class of the Laughlin bundle over
Pic+ divided by its rank in case of degeneracy,
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FIG. 2. AB phases on the genus-g Riemann surface.
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OH = Z(GH)uhd¢a A dgy = CI(V)-

a,b

4)

Thus we need to compute the rank and the first Chern class
of the Laughlin bundle.

Quantum optimal packing problem.—We begin by
computing the rank of the Laughlin bundle, i.e., the
degeneracy of states (3) on a genus-g Riemann surface.
The space of sections of a holomorphic line bundle $ over a
complex manifold X is denoted by H(X,S) and its
dimension by h°(X,L). The main tool for computing
h°(X,S) is the Hirzebruch-Riemann-Roch formula

dimc X

> (=), S) = A e td(X),

i=0

where hi(X, S) are the dimensions of cohomology groups
of S, ¢;(S) is the first Chern class of S, and td(X) is the
Todd class of X. In the case of Laughlin states, one can use
the Kodaira vanishing theorem to show that the higher
cohomology groups in H(X,S), i > 0 vanish and what
remains in the left-hand side is just h°(L, X), which is the
degeneracy of ground states:

r:Lecl(S)td(X). (5)

We do not recall the general definition of the Todd class
here, but an expression for td(X) in the case of Laughlin
states is given below in Eq. (7). Let us describe X and S in
this case.

As a multiparticle wave function, the Laughlin state is
naturally a function on the Cartesian product of N copies of
the Riemann surface V. More precisely it is a section
of the line bundle L®*N =7iL ® --- ® L over =V,
which is (anti-)symmetric for (odd) even f and vanishes
on the diagonal to the order . Twisting LEV by the divisor
p times the diagonal A =UY_,, {z, = z,,} we reinterpret a
Laughlin state as a completely symmetric section of the
bundle § = L¥N(—BA) over the Nth symmetric power of
the Riemann surface X = SV = £V /S, Note that SV is
a smooth complex manifold: indeed, locally unordered sets
{z1, ..., zn} of N complex numbers are parametrized by the
coefficients of the polynomial (z —z;) - (z — zy)-

For N > 2g — 1, there is a particularly useful description
of the Nth symmetric power X = S¥E of a Riemann
surface as a holomorphic bundle of projective spaces
PN=9 over the Picard group PicV(X) of the surface, [11]
(Sec. 3.a), see Fig. 3 (The Picard group is a g-dimensional
complex torus isomorphic to the Jacobian of Z, but the
isomorphism is not canonical. We use Pic" rather than the
Jacobian because it makes the map X — Pic" (2) canonical
and also because it allows us to distinguish PicV from
another complex torus responsible for the AB fluxes, which

pN-e

S

pN-s

Picv

FIG. 3. Representation of the Nth symmetric power of the
Riemann surface as projective spaces PV~9 fibered over the
Picard variety.

will appear in the next section). Pic"(X) carries a natural
(1,1)-cohomology class ©, Poincaré dual to the theta
divisor, and X carries another cohomology class &, dual
to the divisor of configurations of N points where at least
one point coincides with a fixed point on X. The class &
restricts to the hyperplane class in each fiber PV=9.

We adopt the notation ¢ for the class © in Pic"V (%),
arising from the configurations of N points on the surface in
order to distinguish it from another class ® in Pic"¢(Z) on
the space of AB fluxes. The first Chern class of the line
bundle S = L¥N(—pA) over X = SVX then equals

CI<S) = ﬁ®conf + PZ_,:, (6)

where p = N, — (N + g — 1), and all three classes O,

& and ¢ (S) lie in H*(X, Z). Further, the Todd class of X
reads

W(X) = (1dE)V-7" exp (@)mf tdf‘%) 7)

where tdé = [£/(1 — e¢)]. This is a mixed degree even
cohomology class spanning all even degrees from 0 to
2dimg X. Plugging this into Eq. (5) we arrive at the
following formula for the dimension of the vector space
of Laughlin states, r = r(N, 3, p, g), and consequently for
the rank of the Laughlin bundle:

S ([ Ge P

with the convention ({) = 0if b < 0. Since both ¢, (S) and
td(X) are expressed in terms of & and ©.y,¢ and that the
intersection numbers of these two classes are known,
deducing the formula for the rank r is a purely combina-
torial problem, but it is not entirely trivial; actually, the
computation involves the Lagrange inversion theorem [12].

It follows from Eq. (8) that there are no Laughlin states
for p < 0, in other words, for a given filling fraction 1/
and magnetic flux N, the configuration of N = N,
particles, where
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N = % Fiog 9)

is optimally packed in the sense that no extra particles can
be added on the lowest Landau level. Moreover, the state
with N = N, when N, is divisible by f, is incompress-
ible, and this result demonstrates the Wen-Zee shift formula
Ref. [13]. In the latter case, the degeneracy of the Laughlin
states

r|p=0 :ﬁg

is purely topological, that is, independent of N. Thus our
result establishes the topological degeneracy of Haldane-
Rezayi and Wen-Niu [4,14]. The explicit expression for the
Laughlin states in the optimally packed configurations we
refer to Ref. [9].

For the case p > 0, formula (8) computes the dimension
of the full many-body Hilbert spaces of Laughlin states,
corresponding to suboptimally packed configurations, gen-
eralizing the (¥ ;P) degeneracy of Eq. (2) on the sphere
[15], [Eq. (3)] and [16] [Eq. (6)] on the torus.

Now, the case of p > 0 quasiholes localized at fixed
points wy,...,w, corresponds to a subspace of the full
many-body Hilbert space analogous to the one in Eq. (3),
but also degenerate for g > 0. The same calculation goes
through in this case with the replacement of the original line
bundle L by the line bundle L(-w;—---—w,). Thus
plugging Ny — Ny — p we obtain that the dimension of
this subspace again equals /Y.

Chern characters of the Laughlin bundle—Turning on
the solenoid AB fluxes, see Fig. 2, brings in the parameter
space M = PicV¢(Z) of real dimension 2g: the number of
independent fluxes through cycles on the surface. In this
setting, the Hall conductance oy for IQHE was computed
in Ref. [8] as the first Chern class on M. Here we generalize
this result to the FQHE.

Again we define Laughlin states as sections of a line
bundle S = L¥¥(—pA), but now over the product space
M x X, where once more, X = SVX is viewed as a PN~
bundle over the Picard variety Pic" (). Since as manifolds
both M = PicV+(X) and PicV(X) are isomorphic to the
same 2g-dimensional torus, we distinguish them in what
follows by putting prime on the object related to the latter.

In order to describe how the AB fluxes couple to the
electronic states, we makes use of the canonical basis of
one-cycles on X, which are ¢ pairs of simple loops
(Ya»7g+a) for each handle of the surface. Let (a,.f,) be
the corresponding dual basis of harmonic one-forms on X.
Then insertion of AB fluxes ¢,, ¢, leads to the change
of the one-particle U(1) electromagnetic connection V, —
Vot 3o (Paa + basgha)s 8], [Eq. (3)]. Taking the
trivial connection along PicV¢(X), V, =3 (d¢,0,, +
d(/)HgQ/,W) and summing over all N particles, we arrive

at the expression for the first Chern class generalizing

g9
c1(8) = BOcont + PE+ Y _(depy A dplysy+dly A dipyy),
a=1

where the novel term is a two-from with one component
along M = PicV¢(Z) and the other, primed, component
along Pic" (Z).

The Laughlin bundle V is a rank-r vector bundle over
M = PicVs(Z), whose fibers are vector spaces of Laughlin
states. To compute its Chern characters we apply the
Grothendieck-Riemann-Roch theorem,

ch(V) = / e d(X),

and the result of the integration over the fibers X in
the product X x M is the Chern character of V on M.
Performing the integration we obtain

g — N—qg+ emn
=10 (0

k=m

As a consistency check, for m = 0 we do recover Eq. (8)
for the rank. The theta class ®p,, can be represented
as ®ﬂux = Zfz:l d¢u A d¢a+!]’

For p = 0 (no quasiholes), only last term on the rhs of
Eq. (10) remains, and the total Chern character becomes

1

ch(V) = re®w,  r=po. (11)

In particular, the first Chern class is given by

CI(V> :ﬂg_IGﬂuw (12)

and Eq. (11) is consistent with Eq. (1) for projectively flat
bundles, confirming the topological nature of FQHE states.
Equation (11) stands unchanged for the case of p localized
quasiholes, where the degeneracy is still 49, as discussed in
the end of Sec. 4.

However, when we have p > 1 nonlocalized quasiholes,
the relation (1) does not hold as soon as g > 2. We can
conclude that in this case the Laughlin bundle is definitely
not projectively flat.

We also note that Eq. (10) remains valid for any space
of ground states topologically equivalent to the Laughlin
states, i.e., which can be obtained from the latter by a
continuous deformation, preserving the ground state degen-
eracy and the gap. Under a deformation like that the vector
bundle of ground states changes continuously and its
characteristic classes remain the same.

Hall conductance and the projective flatness test.—
Following Refs. [5-7] we now consider the charge
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transport on our surface for g > 1 [8]. If the Laughlin state
is completely filled (9) or else if the p quasiholes are
completely localized, the topological contribution to the
Hall current reads 1, = 6, 4.4V 444 Thus changing the AB
flux through the cycle a + g of the surface induces the Hall
current in the dual cycle a controlled by the precisely
quantized Hall conductance two-form, given by Eq. (4),

1
oy = _®ﬂux'

p

We stress that this equation remains exact for any number of
particles N. Next we increase the magnetic flux N until we
find ourselves in the situation when there are more quasi-
holes than the number of impurities that can localize them.
For p nonlocalized fluxes of the magnetic field, we are in
the setting of the full many-body Hilbert space (2), whose
dimension, i.e., the rank of the corresponding Laughlin
bundle, is given by Eq. (8). Its first Chern class reads

9 g—1\/N—-g+
Cl(V)_Z<.Z_l><k_gg+5>ﬁk_l®ﬂux~

k=1

These states no longer pass the projective flatness test, and
one of the immediate most striking consequences is that the
Hall current is no longer precisely quantized. Indeed, taking
the large N asymptotics of the rank and the first Chern class,
while keeping p and ¢ fixed, we arrive at the following
asymptotic expression for the Hall conductance:

oy = [%—ﬁzl;N—kC’)(l/Nz) Opux- (13)

We see that as the number p of quasiholes increases,
the Hall conductance starts to decrease from its precise
quantized value 1/f4. This is consistent with the fact that
increasing p corresponds to increasing the flux of the
magnetic field. Equation (13) generalizes the FQHE result,
see, e.g., Ref. [17] [Eq. (4.72)] for the g = 1 case.

Discussion.—The Hall conductance is the trace of the
curvature of the adiabatic Berry connection M = PicV¢(X)
and our computation only determines the cohomology class
represented by this two-form, but not form itself. The L>
adiabatic connection requires a computation of N-fold
L?-normalization integrals, see, e.g., Ref. [18]. In the
IQHE [8,19] the adiabatic curvature is indeed exponentially
close to the one in Eq. (12) for large N. We expect the same
effect to hold for f > 1, see, e.g., Refs. [18,20,21] for the
case of the torus, although this point definitely deserves
further investigation.

We have seen that the bundles of quantum states passing
the projective flatness test do turn out to be sufficiently
robust and thus warrant the label of topological states of
matter. It would be interesting to apply our test to other
FQHE states [22-26] and other parameter spaces [27-34],

such as the moduli spaces of complex structures on X,
where projective flatness has been conjectured to hold
for some of the states in FQHE [35]. In the case of the
parameter spaces being the space of positions of the
quasiholes, our test can be applied to the question of
topological braiding [36-38]. Another interesting applica-
tion of the higher Chern classes is that they can potentially
be used as novel indices to distinguish between phases of
quantum matter [39]. We further note that the importance
of the projective flatness of the quantum bundles for the
consistency of the general quantization procedure was
emphasized in Ref. [40], where its relevance for conformal
field theories has also been discussed.
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