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We report on the influence of elastic strain on solid-state dewetting. Using continuum modeling, we first
study the consequences of elastic stress on the pinching of the film away from the triple line during
dewetting. We find that elastic stress in the solid film decreases both the time and the distance at which the
film pinches in such a way that the dewetting front is accelerated. In addition, the spatial organization of
islands emerging from the dewetting process is affected by strain. As an example, we demonstrate that
ordered arrays of quantum dots can be achieved from solid-state dewetting of a square island in the
presence of elastic stress.
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Dewetting most often refers to the familiar process by
which a liquid film on a solid substrate breaks up into
droplets. In this process, mass is transported by hydro-
dynamic flows in the film, and the dynamics is driven by a
gain in surface and interface energies [1–4]. Following the
upsurge of nanosciences in the 1990s, observations of
dewetting of solid films with nanoscale thickness have now
become commonplace [5–8], both in semiconductors
[9–18] and metal films [19–26]. Furthermore, strategies
for the control of the size and spatial order of nanoislands
emerging from solid-state dewetting have attracted much
attention, driven by applications in nanotechnologies
[7,18,27]. In solid-state dewetting, mass is usually trans-
ported by surface diffusion. This mechanism, which is
efficient only at the nanoscale and for high enough temper-
atures, triggers specific dynamical features. One of the most
striking consequences of surface diffusion is periodic film
pinching behind the dewetting rim [20,28]. In this Letter,
we show how spatiotemporal scales and ordering of islands
formed by dewetting are influenced by a fundamental
difference between solids and liquids, i.e., elasticity.
The role of elasticity on the nanoscale patterning of thin

solid films has been a major issue, especially since the
discovery of the Stranski-Krastanov growth mode, by
which nanoislands (also called quantum dots) form sponta-
neously during deposition [29–32]. The destabilization of
flat films leading to quantum dots originates from the
Asaro-Tiller-Grinfeld (ATG) instability [33,34], in which
part of the elastic energy caused by the lattice mismatch
between the film and the substrate is released by surface
corrugations.
We find that the dewetting of stressed solid films leads to

an interplay between surface-diffusion instabilities (such as
the pinching process) and the stress-induced ATG insta-
bility. We combine well-established continuum models,

including surface diffusion and elastic strain [35–38], with
a wetting potential that accounts for a finite contact angle
[39,40]. We show that periodic pinching is accelerated by
elasticity. The timescale and length scale of pinching obey a
scaling Ansatz involving the contact angle and a normalized
elastic strength. These results are quantitatively compared
with the decrease of the island size observed in experiments
in stressed Si(100) films on amorphous SiO2 substrates
(sSOI) [17,41], which have been previously [7,42] dis-
cussed only on the basis of an energy balance discarding
kinetics. Comparison with experimental data suggests a
broad well of the wetting potential at the interface between
Si and SiO2. Beyond its influence on spatiotemporal scales,
elastic strain also changes drastically the ordering of the
islands emerging from the dewetting process. Indeed, the
usually complex spatial organization of islands in
unstressed square films [18,27] changes to ordered arrays
of dots when the film is stressed.
Model.—Our model is based on the standard Mullins

approach [43] for surface diffusion. We assume that all
physical properties of the film and the substrate are
isotropic. Mass conservation imposes that the normal
velocity vn of the interface obeys a continuity equation
vn ¼ −∇s · j, where ∇s is the surface gradient. The surface
flux j is assumed to be proportional to the gradient of the
local chemical potential j ¼ −M∇sμ, where the mobilityM
is taken to be constant for the sake of simplicity. This leads
to an evolution equation for the height hðx; y; tÞ of the free
surface [43,44] (see the Supplemental Material [45]):

∂th ¼ ∇ · ðMψ cos θ∇μÞ; ð1Þ

where cos θ ¼ ½1þ ð∇hÞ2�−1=2, i.e., θ is the angle of the
local surface slope,∇ is the gradient in the x, y plane, and ψ
is a tensor with components ψxx ¼ 1þ ð∂yhÞ2, ψyy ¼ 1þ
ð∂xhÞ2 and ψxy ¼ ψyx ¼ −∂xh∂yh.
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The chemical potential μ ¼ μγ þ μw þ μel accounts for
three contributions. The first one is the effect of surface
tension [43] μγ ¼ Ωγκ, where γ is the surface tension, Ω is
the atomic volume, and κ is surface curvature. The second
contribution accounts for wetting effects and is a gener-
alization of the disjoining pressure [37,39,40,55–59]

μw ¼ ΩðwðhÞκ þ w0ðhÞ cos θÞ; ð2Þ
where wðhÞ is the film wetting potential. Partial wetting
with a contact angle θeq is obtained with wðhÞ ¼
ð1 − cos θeqÞγWðh=hwÞ. The function WðzÞ vanishes for
large thicknesses Wðz → ∞Þ ¼ 0, exhibits a single mini-
mumWð0Þ ¼ −1 at z ¼ 0 that corresponds to the substrate
height, and increases quickly for negative z. In equilibrium,
this leads to the Young-Dupre relation [39] γ cos θeq ¼
wð0Þ − wðhÞ. The potential width hw is defined for any
potential as the width of an equivalent square-well potential
with the same depth [i.e.,

R
∞
0 dhwðhÞ ¼ hwwð0Þ]. We

have used three different types of potentials: (i) finite
range Wðz > 7=2Þ ¼ 0, (ii) exponential [Wðz ≫ 1Þ∼
− expð−3z=2Þ], and (iii) van der Waals power law
(Wðz ≫ 1Þ ∼ −z−2). The full expressions of WðzÞ are
reported in the Supplemental Material [45]. The numerical
results reported in the main text are all obtained with the
finite-range potential. In nonequilibrium conditions like
those encountered during solid-state dewetting, the contact
angle is close to its equilibrium value (for constant M), as
discussed in details in Ref. [39].
In a seminal work, Wong et al. [28] have shown that

solid-state dewetting dynamics induces pinching at a finite
distance from the triple line, as shown in Fig. 1 (this is
similar to the periodic formation of toroidal voids during
the surface diffusion–induced merging of solid spheres
[60]). For a flat film of initial thickness hf, the distance λ0
and time τ0 between two consecutive pinching events were
predicted for unstressed films with small θeq [28]:

λ0 ¼
hfL0

θeq
; τ0 ¼

h4fT0

MΩγθ4eq
; ð3Þ

where L0 and T0 are dimensionless numbers. Wong et al.
found that L0 ¼ L�

0 ≈ 67.5 and T0 ¼ T�
0 ≈ 217 × 103.

These results correspond to the limit of a film thickness
hf much larger than the width of the wetting potential
hf=hw → ∞ [40]. When hf=hw is finite, mass shedding is
accelerated by the attractive tail of the wetting potential
[40]. We have checked that the dependence of λ0 and τ0
on θeq is still given by Eq. (3) for finite hf=hw (see the
Supplemental Material [45]). However, L0 and T0 depend
on hf=hw, as discussed in Ref. [40]. They tend to L�

0 and T
�
0

when hf=hw → ∞ and decrease with decreasing hf=hw in a
way that depends on the details of the wetting potential
profile (see Ref. [40] and the Supplemental Material [45]).
To our knowledge, there is no direct measurement of

wðhÞ in solid films. However, indirect information can be
extracted from dewetting experiments. For example, mass
shedding of thick Ni=MgO films with hf ¼ 120 nm
indicated λ0 ≈ 5 μm and τ0 ≈ 1255 min [61]. As discussed
in Ref. [40], using physical parameters from the literature
[62–66], Eq. (3) with L0 ¼ L�

0 and T0 ¼ T�
0 predicts λ0 ≈

5 μm and τ0 ≈ 3604 min in agreement with experiments.
Hence, we conclude that, for Ni=MgO, hw ≪ hf ¼ 120 nm.
In the presence of elastic stress, a third contribution

appears in the chemical potential [35,36,38,67,68]:

μel ¼
Ω
2
σijuij; ð4Þ

where σ and u are, respectively, the stress and strain
tensors. In the bulk, mechanical equilibrium imposes
∇ · σ ¼ 0 in the film and the solid. We assume identical
elastic properties in the film and substrate for simplicity. At
the free surface of the film, we have σ · n ¼ 0, where n is
the surface normal. The interface between the film and the
substrate is assumed to be flat with a normal vector in the
z direction. We assume molecular adhesion with no slip at
this interface to account either for lattice matching between
a film and a substrate with different lattice parameters or for
a strained crystalline film sticking on an amorphous
substrate such as in sSOI. The interface imposes a strain
η ¼ ðas − afÞ=as in the film, where af is the unstressed
bulk lattice parameter of the film material and as is the
lattice parameter imposed by the contact to the substrate.
The displacement relative to the reference state composed
of a film with strain η and a substrate with no strain are
assumed to be continuous across the film-substrate inter-
face. In addition, we impose that σ · z is continuous across
the interface.
The linearization of the chemical potential for small

perturbations of a flat film leads to [33,34]

μel ¼ −ΩAelη
2HðhÞ; ð5Þ

where Ael ¼ 2ð1þ νÞE=ð1 − νÞ depends on the Young’s
modulus E and the Poisson’s ratio ν. Denoting the Fourier

FIG. 1. Stress-induced acceleration of periodic mass shedding.
One-dimensional simulations of strained (ρ ¼ 0.043) and un-
strained thin film, with h̄f ¼ 4.7, θeq ¼ 10°, and finite-range
wetting potential. Time from top to bottom: strained,
t̄ ¼ 2.3 × 106, 2.5 × 107; unstrained 2.3 × 107, 4.4 × 108.
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transform with the variable q of a function f as f̂q, the
operator H is defined via its Fourier transform ĤqðhÞ ¼
jqjĥq. The integrodifferential operator H is the Hilbert
transform of the gradient of h as derived in Ref. [69]
showing explicitly the long-range character of elastic
interactions. The minus sign in Eq. (5) accounts for the
decrease of the elastic energy when the film surface is
corrugated. Hence, surface perturbations are unstable—this
is the ATG instability. The wavelength and timescale
emerging from this instability result from a balance
between elastic relaxation and surface tension:

λ∞ ¼ 8π

3

γ

Aelη
2
; τ∞ ¼ 28

33
γ3

ΩMA4
elη

8
: ð6Þ

In the case of sSOI with η ¼ 0.8% to η ¼ 1.6% [41], we
find λ∞ ≈ 0.3 to 0.07 μm. (for better accuracy, we consid-
ered different elastic properties for the film and the
substrate; see the Supplemental Material [45] and
Refs. [37,57]). Since similar orders of magnitudes λ0 ≈
0.4 μm are obtained for the mass shedding wavelength
from Eq. (3) for a hf ¼ 7 to 8 nm Si film as in sSOI
experiments [41], we expect a nontrivial coupling between
mass shedding and the ATG instability.
To investigate the full dynamics numerically, we define

normalized variables h̄ ¼ h=hw, x̄ ¼ x=hw, ȳ ¼ y=hw, and
t̄ ¼ tΩMγ=h4w. Remark that since h and x are rescaled by
the same factor, the angles θ are preserved. The normalized
evolution equation for h̄, reported in the Supplemental
Material, depends on 3 dimensionless parameters: θeq,
which accounts for wetting effects; ρ ¼ Aelη

2hw=γ, which
describes the balance between elasticity and surface ten-
sion; and Poisson’s ratio ν. In the following, we use ν ¼ 0.3
so that the dynamics only depends on θeq and ρ.
Pinching simulations.—Simulations were performed via

the coupling to a finite element elastic solver for the bulk
elastic fields following an approach analogous to that of
Ref. [32] (see the Supplemental Material [45] for more
information) and using the finite-range wetting potential. A
simulation starting with a film with a straight edge along
the y direction is shown in Fig. 2. The pinching instability is
still present when ρ is nonvanishing, leading to the
formation of lines that subsequently break down into
islands. Interestingly, no transversal fingering instability

is observed. A similar absence of fingering was reported
recently for very thin films in the absence of elastic effects
in Ref. [40]. Note also that fingering can be observed for
some orientations and not for others in experiments [13,41]
and in kinetic Monte Carlo simulations with anisotropy
[70–72].
Since no transversal perturbation of the front along y is

observed in Fig. 2 during the initial pinching process that
forms lines, we resort to faster one-dimensional simula-
tions, assuming translational invariance along y to analyze
the pinching process. In addition, we use a linearized
approximation of the elastic chemical potential [Eq. (5)],
leading to μ̄el½h̄; ν� ¼ Hðh̄Þ (a check of the quantitative
agreement with the full solution is reported in the
Supplemental Material [45]). An example of simulation
is reported in Fig. 1. The normalized pinching distance λ̄
and pinching time τ̄ both decrease with increasing ρ.
The shape of the resulting islands is close to that of the iso-
lated equilibrium islands as derived in Refs. [73,74].
Furthermore, the values of λ̄ and τ̄ approach the predic-
tions of the ATG instability [Eq. (6)] for large ρ, which
read λ̄∞ ¼ 8π=ð3ρÞ and τ̄∞ ¼ 28=ð33ρ4Þ in normalized
coordinates.
Since λ̄ is found to be independent of θeq for large ρ, and

recalling that L0 is also independent of θeq, we propose a
simple scaling Ansatz λ̄ ¼ θ−1eq gðρ=θeqÞ with gðu → 0Þ ¼
hfL0=hw and gðu ≫ 1Þ ¼ 8π=ð3uÞ. Similarly, we obtain
τ̄¼θ−4eq fðρ=θeqÞ with fðu→0Þ→h4fT0=h4w and fðu≫1Þ→
28=ð33u4Þ. These scaling Ansätze are confirmed by data
collapse in Figs. 3(a),(b).
Island density.—Experimental measurements of the

increase of the final island density cexp for increasing
strain have been reported in Ref. [41] for sSOI islands
results from the Rayleigh-Plateau-like instability [75,76] of
the linear structures formed during the dewetting process.
However, due to the absence of real-time in situ measure-
ment for sSOI, it is not clear if such linear structures result
from a pinching instability or from a fingering instability of
the dewetting front, as suggested in Refs. [71,77,78].
Motivated by the observation that the distance between
islands within a line in Fig. 2 is similar to the distance
between the lines, we proceed with the simple assumption
that the island concentration obeys cexp ≈ c ¼ 1=λ2.
Using our scaling Ansatz, we expect a reduction of the

island density c=c0 ¼ ½gð0Þ=gðρ=θeqÞ�2, so that c=c0 → 1

when ρ → 0, and c=c0 → ½3ρhfL0=ð8πhwθeqÞ�2 for large ρ.
Considering L0 as a fitting parameter, we see in Fig. 3(c)
that L0 ¼ 0.4L�

0 provides quantitative agreement with
experiments. Anisotropy could affect the quantitative
interpretation of this result because anisotropy can affect
the profile of the rim and change the value of L0 [79].
However, the pinch-off distance of metal films is quanti-
tatively predicted by the isotropic prediction [Eq. (3)] with
L ¼ L�

0 [40], and in addition previous modeling based on

FIG. 2. Mass shedding in the presence of strain. Starting from a
stripe, with h̄f ¼ 4.7, θeq ¼ π=4, ρ ¼ 0.017 and finite-range
potential. The final simulation time is 1.46 × 107.
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an isotropic phase field model [18] has succeeded in
reaching a quantitative description of the dewetting process
of SOI films. Therefore, we use the value of L0 calculated
from our isotropic model.
We have studied the decrease of L0 when increasing

hf=hw for the finite-range, van der Waals, and exponential
potentials (see the Supplemental Material [45]). We find
that L0 ¼ 0.4L�

0 corresponds to an effective potential width
hw between 1.7 and 3 nm. This value of hw is much larger
than the length scales suggested by usual microscopic
descriptions of molecular interactions in Si-SiO2 systems
[80] and by first-principles calculations of wetting poten-
tials (e.g., ∼0.15 nm for Ge films on Si(001) [81,82]).
Since the Si=SiO2 interface is atomically flat [83–87], we
do not expect any artificial increase of hw due to interface
roughness [88,89]. The high value of hw could be related to
the formation of a quasiordered SiO2 layer (up to 3 nm),
which is strongly dependent on the Si film thickness hf, as
suggested by Ref. [86]. Hence, the analysis of dewetting
dynamics appears as a novel way to probe the physics of the
wetting potential in solid films, following similar analyses
for liquids [90]. In addition, since we find that hf=hw is not
large (between 2 and 4), a finite potential width is necessary
in order to capture the wetting effects in the dewetting
dynamics of ultrathin SOI films.
The velocity at which the dewetting front invades the

film via periodic pinching is v ¼ λ=τ. As seen in Fig. 3(d),
v is accelerated by elastic effects and converges to the ATG
velocity λ∞=τ∞ for large elastic strain. However, the
propagation of the dewetting front is limited by the
emergence of the ATG instability in the film away from
the dewetting front. The number of pinching events that can
be observed before the destabilization of the film by the
ATG instability far from the dewetting front is p ¼ τ∞=τ
(up to fluctuation-induced corrections as discussed in
Ref. [40] for initial roughness and Refs. [70,91,92] for

thermal noise). From the scaling Ansatz, we obtain
p ¼ 28θ4eq=½33ρ4fðρ=θeqÞ�. Using L0 ¼ 0.4L�

0 as obtained
above, we find p ≈ 20, 5, and 2 for η ¼ 0.8%, 1.2%, and
1.6%. These results suggest that, while the dewetting
process is dominated by the propagation of the fronts
for η ¼ 0.8%, it should be dominated by the ATG insta-
bility away from fronts for η ¼ 1.6%.
Lateral ordering.—Elastic strain also has a drastic effect

on lateral ordering. To focus on spatial organization, we
compare dewetting simulations of square films of width l
with various values of ρ, keeping a fixed ratio n ¼
l=λ ¼ l̄=λ̄. Simulations with n ¼ 4 are shown in Fig. 4.
While complex patterns can be obtained in the absence of
elasticity [18,27], the ordering of the islands increases
drastically in the presence of elastic stress, leading to an
array of ordered quantum dots. Similar square films with
n ¼ 3 to 5 and their time evolution are presented in the
Supplemental Material [45]. These results open novel
perspectives in the design of complex patterns from films
with various initial shapes in experiments [18,61] and
simulations [18,93].

FIG. 3. Length scale and timescale of periodic mass shedding as a function of strain. Simulation results: (blue down pointing triangle)
θeq ¼ 10°, (orange up pointing triangle) θeq ¼ 20°, (green right pointing triangle) θeq ¼ 30°, (red left pointing triangle) θeq ¼ 40°,
(violet diamond) θeq ¼ 50°. (a) Collapse of pinching wavelengths. (b) Collapse of pinching times. (c) Ratio c=c0 of the island density
under strain over the density at zero strain. Experimental results from Ref. [41]: (cross mark). (d) Velocity v at which the dewetting front
invades the film by means of periodic pinching. (e) Number of pinching events p that can be observed before the destabilization of the
film by the ATG instability.

FIG. 4. Strain-induced ordering. Initial square film with a
lateral size l̄ ¼ 4λ̄, height h̄f ¼ 4.7. Finite-range potential with
θeq ¼ π=4. From left to right, ρ ¼ 0, 0.017 and 0.037, and
t̄ ¼ 3 × 108, 1.1 × 107, and 9 × 106.
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Conclusions.—In summary, elastic stress accelerates
solid-state dewetting and produces smaller islands in
agreement with experimental observations. Comparison
with experiments reveals that the width of the wetting
potential in SOI systems could be around 2 to 3 nm.
Acceleration of dewetting due to tensile residual stresses

[94,95] that are linear in the stress and not accompanied
with pinching was also found in slippery viscoelastic
polymer films. In contrast, the acceleration of surface
diffusion–limited dewetting of stressed solid films is
quadratic in the stress (tensile and compressive stresses
have similar consequences) and is intimately related to
pinching. Hence, dewetting of complex fluids and plastic
solids could exhibit novel behaviors that mix these two
limits.
In addition, elastic stress changes drastically the order of

solid islands emerging from solid-state dewetting. We hope
that our work will motivate further experimental inves-
tigations to control the size and spatial order of nanoscale
islands via solid-state dewetting of stressed solid films.
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