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Deconfined quantum critical point (DQCP) characterizes a kind of exotic phase transition beyond the
usual Landau-Ginzburg-Wilson paradigm. Here we study the nonequilibrium imaginary-time dynamics of
the DQCP in the two-dimensional J-Q5; model. We explicitly show the deconfinement dynamic process
and identify that it is the spinon confinement length, rather than the usual correlation length, that increases
proportionally to the time. Moreover, we find that, in the relaxation process, the order parameters of the
Néel and the valence-bond-solid orders can be controlled by different length scales, although they satisfy
the same equilibrium scaling forms. A dual dynamic scaling theory is then proposed. Our findings not only
constitute a new realm of nonequilibrium criticality in DQCP, but also offer a controllable knob by which to
investigate the dynamics in strongly correlated systems. Possible realizations in foreseeable quantum

computers are also discussed.
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Introduction.—Fractionalization is one of the most
intriguing notions in particle physics and modern con-
densed matter physics [1-4]. A prominent example in
which fractionalized degrees of freedom play dominant
roles is the deconfined quantum critical point (DQCP).
The DQCP was proposed to describe the phase transition
between the Néel order and the spontaneously dimerized
valence-bond solid (VBS) in the two-dimensional (2D)
spin-1/2 Heisenberg model [5,6]. According to the tradi-
tional Landau-Ginzburg-Wilson (LGW) paradigm, this
phase transition should be first ordered. However, the
DQCP theory shows that the phase transition can be
continuous when the essential fluctuating modes near this
critical point are the deconfined spinons and the emergent
gauge fields, although the usual “intact” spin-wave and
triplet excitations govern the dynamics in the Néel and VBS
order, respectively [5,6]. Besides its conceptual importance,
the DQCP also provides profound insights in other strongly
correlated systems, such as high-temperature superconduc-
tivity [7-10], spin liquid [11-13], lattice gauge theory
[14-17], and so on. Accordingly, the DQCP has attracted
enormous attention from theoretical, numerical, and exper-
imental aspects [18-39].

The long-range fluctuations of the deconfined degrees of
freedom can induce striking equilibrium critical properties
near the DQCP. Besides the remarkably large anomalous
dimension [20,25], the DQCP possesses two relevant
length scales. In addition to the correlation length scale
£, an extra divergent length &', which measures the spinon
confinement length or the thickness of the VBS domain
walls, develops near the DQCP [6,30]. They satisfy

& « E¥/Y) | with v and V/ being the corresponding critical
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exponents [6,30]. It was plausibly shown that the interplay
between these two length scales may take responsibility for
some anomalous equilibrium scaling behaviors near the
DQCP [29,30].

On the other hand, understanding nonequilibrium
dynamics is one of the central subjects in diverse fields
such as cosmology, high-energy physics, and condensed
matter physics, spanning almost all time and length scales
[40,41]. Near a critical point, the nonequilibrium dynamics
has been raising intensive attention from both theoretical
[40,41] and experimental aspects [42-45]. However, the
nonequilibrium critical dynamics in the 2D DQCP has
rarely been studied.

As a routine method to find the ground state, the
imaginary-time evolution is now under extensive investi-
gation owing to its application in the experimental platforms
of quantum computers [46-49], which were shown to
provide a promising tool to study the nonequilibrium
properties ranging from high-energy physics to quantum
critical dynamics [50-55]. In addition, the imaginary-time
dynamics shares some universal properties with the real-
time dynamics and bears amenability to quantum
Monte Carlo (QMC) simulations without sign problem
[56-58]. Previous studies demonstrated that the imagi-
nary-time relaxation dynamics in the LGW quantum phase
transitions [59] exhibits scaling behaviors in analogy to the
classical short-time critical dynamics [60-62], providing
fruitful insights in quantum critical dynamics [59,63-66].

These motivate us to study the imaginary-time relaxation
dynamics of the DQCP. By large-scale QMC simulations
[58,67,68], we show that the DQCP exhibits a lot of exotic
nonequilibrium scaling behaviors induced by the intriguing
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interplay between the nonequilibrium dynamics, decon-
finement process, emergent symmetry, and the critical
scaling with the two length scales. In particular, we find
that it is the spinon confinement length &, rather than the
conventional correlation length &, that scales with the
imaginary time 7 as & « 7(//?) with z = 1 as the dynamic
exponent in DQCP, in sharp contrast to the usual LGW
critical dynamics in which &  7(1/2) [59,63]. In addition,
we find the dynamics of the Néel order parameter and the
VBS order parameter can be controlled by different length
scales, although they share similar equilibrium finite-size
scaling. Moreover, a remarkable dual dynamic scaling is
then discovered, in which the scaling form of the Néel order
parameter and the VBS order parameter exchanges as the
initial state is changed to its dual counterpart. This dual
dynamic scaling can be regarded as the nonequilibrium
incarnation of the equilibrium emergent symmetry.

Model.—A prototypical model that exhibits the DQCP
is the J-Q; model in the 2D square lattice [20]. The
Hamiltonian reads

H==JY P;=0 > PiPyP,, (1)
(ij) )

(ijklmn

in which / >0 and Q >0, (ij) and (ijklmn) denote,
respectively, nearest neighbors and three nearest-neighbor
pairs in horizontal or vertical columns on the square lattice,
and P;; denotes the spin singlet operator defined as P;; =
4—11 —S; - §; with S being the spin-1/2 operator. The system
favors the Néel (VBS) phase with a finite order parameter
M (D) when g = J/Q > 1 (x 1) [20]. For the imaginary-
time relaxation dynamics, the evolution of the wave
function |y(z)) obeys the imaginary-time Schrddinger
equation —(09/07)|y(r)) = H|y(z)) with an uncorrelated
initial state [59].

Relaxation dynamics of two length scales.—Given the
two relevant length scales in DQCP, one should at first
explore their dynamic scalings. Scaling analyses demon-
strate that there should be two possibilities: (i) & « 7(1/2)
and & « 7/%9; (i) € « (19, and & « 7*/*). In usual
LGW criticality, conventional wisdom tells us that
& « 7(1/2) [59,63,64], indicating that scenario (i) is right.
However, a prominent question is whether this scenario is
also selected by the DQCP.

To reveal the answer, we investigate the deconfinement
process from an initial state with a triplet embedded in the
VBS background at the critical point (determined in the
following). We find that the size of the spinon pair A,
defined via the strings connecting the unpaired spins in the
S =1 sector [30,69], increases with 7z as A « 93! as
shown in Figs. 1(a) and 1(b). This exponent is close to 1,
demonstrating that & ocr“/z), since it was shown that

& « A [30]. There follows &« z(!/2) with z, = (z¢//v)

(@)
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FIG. 1. Dynamics of the confinement length scale. (a) [llustra-
tion of the fractionalization process of spinons. Shown is the
evolution of typical configurations for a sampled overlap
(Wier|Wrign) in S =1 sector with two spinon strings, which
are initially located in nearest-neighbor sites embedded in the
VBS background (not shown). (b) Curves of the size of spinon
pair A for various lattice sizes before (left) and after (right)
rescaling.

(subscript u indicates the usual length scale). This demo-
nstrates that scenario (ii) is right.

General dynamic scaling form.—Generally, the imaginary-
time relaxation process near the DQCP should be controlled
by the dynamics of two relevant length scales & « 7(!/?) and
& « 7(1/2)_ For an operator Y, its dynamic scaling should
satisfy

Y(z,6,L, {X}) = ¢ f (w5, 1L 7%, 2L~ {X775}), (2)

in which s is the exponent related to Y, § = g — g, with g, as
the critical point, L is the lattice size, and Z is the dynamic
exponent, which can be z or z,, or their combination,
depending on the dynamic process; similarly, Z can be v or
v, and {X} with its exponent ¢ represents other possible
relevant variables associated with the initial state [70]. For
saturated ordered and completely disordered initial states, X
vanishes, since these states keep invariant under scale trans-
formation [59,60]. If z, = z, Eq. (2) recovers the usual single-
length-scale relaxation scaling theory, in which, for instance,
a dimensionless variable at 6 = 0 is a function of 7L %, and
the order parameter scales as M?> = 7~ (2//v2) f (¢ =) for a
saturated initial state, and M? = L~4¢(4/2)=CF/vz) (] =)
for a disordered initial state [62]. These results are bench-
marked in the quantum Ising model [71,72] in the
Supplemental Material [73].

Relaxation dynamics with the VBS initial state.—We
then explore the dynamic scaling in model (1) from a
saturated VBS state. For a dimensionless quantity
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FIG. 2. Relaxation dynamics with the VBS initial state. (a) Determination of the critical point via the average sign of the VBS order
parameter /. (b) Curves of the squared VBS order parameter for various lattice sizes before (left) and after (right) rescaling. (c) Curves
of the squared Néel order parameter for various lattice sizes before (left) and after (right) rescaling. (d) Curves of the density of domain
wall energy « for various lattice sizes before (left) and after (right) rescaling.

Ip(z,8,L), defined as the average sign of the VBS order
parameter, I, = (sgn{D(r)}), we find in Fig. 2(a) that for a
fixed 7L 7% the convergence of crossing points of (7, 8, L)
for large L corroborates the value of the critical point
q.~0.671(2) [24], which indicates that zL~* dominates
the dynamics of I, rather than zL7%. This makes the
scaling form of I, remarkably different from the usual one,
since the relevant length scale is not the conventional £ but
the spinon confinement length &'.

In equilibrium, both M? and D? are proportional to
L=CPIY) with (2f/v) ~ 1.228 [24,27,37]. Strikingly, here
we find that their relaxation dynamics from a saturated
VBS initial state are controlled by different length scales.
For D?, Fig. 2(b) shows that in the short-time stage it obeys
D?*(z,L) = 798! suggesting the exponent is (2f/vz,)
with z,, ~ 1.394. Accordingly, v/ ~0.717, close to the
known results [30,74]. The short- and long-time scaling
behaviors require that the scaling form of D? satisfies
D*(z, L) = v~ (®#/vs) f(zL~%), for which the usual corre-
lation length & 7(1/z:) dominates. Otherwise, if & domi-
nates, the appearance of zL~° in the scaling function f
will make the scaling form hard to satisfy these two
limits simultaneously within a simple form. The above
scaling form is confirmed by the rescaling collapse in
Fig. 2(b) [75].

Contrarily, for M2, Fig. 2(c) shows that its short-time
dynamics obeys M? « L~97%743 [73]. This exponent is
close to [(d/z) — (2f/vz)]. Accordingly, the short- and
long-time scaling behaviors require the full scaling form of
M? to be M?(z,L) = L~4¢(4/2)=(F/v3) f(z1=7), where &
and 7L 7° dominate. This scaling form is confirmed by the

scaling collapse in Fig. 2(c). Thus, D?> and M? select
different dominant length scales separately. A possible
reason for the discrepancy is that D? is deeply affected by
the memory from the initial VBS state and thus the local
fluctuations dominate in the short-time stage; whereas with
this initial state M? feels a disorder environment and its
value comes from the global fluctuations, for which the
contributions of VBS domain walls govern the dynamic
scaling behaviors [73].

More interestingly, some quantities can even show
fascinating relaxation behaviors controlled by the dynamics
of £ and & simultaneously. For instance, in equilibrium,
the VBS domain wall energy density «x is found to scale
as k o &71Ed42) (d 4 7 —2 = 1) [5,30]. Here we gen-
eralized this scaling into the nonequilibrium case. As
shown in Fig. 2(d), x relaxes according to «(z,L) =
7= (/2)7=(1/2) f(zL7%) from the saturated VBS state at
g = q.. In the short-time stage, x o 7~(1/2)z=(1/2) while
in the long-time stage, k crosses over to k ~ L~1+/Y)] a5
f(zL™2) ~ (zL72)(/2)+(1/2) for 7 — oo, recovering its equi-
librium finite-size scaling [6,30,73,74].

Relaxation dynamics with the Néel initial state.—To
illustrate the role played by the initial state in the relaxation
dynamics, we now study the dynamic scaling with the
saturated antiferromagnetic initial state. From Fig. 3(a), we
find that the average sign of the Néel order parameter
defined as I); = (sgn{M(z)}) obeys I,; = f(zL ™) similar
to Ip. The critical point estimated by crossing-point
analyses of I, is 0.671(2), consistent with that given
by Ip. Notably, we find that M? and D> exchange their
scaling forms compared with the VBS initial state case.
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FIG. 3. Relaxation dynamics with the saturated Néel initial state. (a) The average sign of the Néel order parameter /,, is used to
estimate the critical point. For different L and fixed 7L~ = 1/4, crossing points (left) of curves of I,; — g are extrapolated to estimate

the critical point as g, ~ 0.671(2) (right), corroborating that from 7, shown in Fig. 2. (b) Curves of the squared VBS order parameter for
various lattice sizes before (left) and after (right) rescaling. (c) Curves of the squared Néel order parameter for various lattice sizes before
(left) and after (right) rescaling. (d) Curves of the susceptibility for various lattice sizes before (left) and after (right) rescaling.

Namely, M? satisfies M>(z, L) = v~ %#/v2) f(¢L %) gov-
erned by ¢, since in the short-time stage its dominant
component M, decays as M? « 770363 with the exponent
close to (2f/vz,), as shown in Fig. 3(b). Contrarily, D?
satisfies D?(z, L) = L~4¢(4/9=(P/v) f(z1=%), governed by
&, since D? changes as D « L™%7%%%° with the exponent
close to (d/z) — (23/vz), as shown in Fig. 3(c). Moreover,
the full scaling forms for M? and D? are also verified in
Figs. 3(b) and 3(c) by rescaling collapse. Again, M? and D?
are governed by different length scales.

In addition, we find in Fig. 3(d) that the dynamics of the
susceptibility y at the momentum [(27/L), 0] [30] satisfies
x(t,L) = L7479 f(¢L%) (here d — z = 1). An interesting
phenomenon is that in the short-time stage y(z,L)~
L~'(zL=%)/V3) indicating a hidden interplay between
the dynamics of two length scales (see Supplemental
Material for further discussions [73]).

Dual dynamic scaling.—The exchange of scaling forms
for M? and D? demonstrates a remarkable dual dynamic
scaling behavior. This dual dynamic scaling property can
be regarded as the dynamic incarnation of the equilibrium
emergent symmetry, which, for model (1), is an emergent
SO(5) symmetry by the rotation between the Néel order and
the VBS order [19,37]. The emergence of the dual dynamic
scaling is quite intriguing. As demonstrated in the usual
two-length scale theory, the dangerously irrelevant variable
and the corresponding additional length scale only manifest
themselves in one side of the transition point [76-79]. In
the DQCP of model (1), it was regarded that the discrete Z,
symmetry breaking in the VBS phase takes responsibility

for the additional length scale [30,37]. Therefore, asym-
metric dynamic behaviors can be expected for different
initial conditions. However, here we find that M?(D?) for
the saturated antiferromagnet initial state shares the same
scaling form with D*(M?) for the saturated VBS initial
state. This demonstrates that the scaling with two length
scales even extends to low excited states in both sides of
the DQCP.

The dual dynamic scaling also manifests itself when the
initial state is a disordered state. We find in the Supplemental
Material [73] that M? and D? evolve according to the same
scaling form P?(z, L) = L~(4/9=(/v2) f(z1,=%) in which
P represents M or D and & dominates their relaxation
dynamics.

Discussion.—Our findings can be detected in the exper-
imental platforms of quantum computers in the foreseeable
future. Recently, realizing various “experiments” in quan-
tum computers has become a new vivifying realm ranging
from high-energy physics [50] to condensed matter physics
[51-55], boosted by the claimed quantum advantage
[80-82]. In particular, nonequilibrium quantum critical
dynamics has been observed in the noisy intermediate-
scale quantum device [52]. Moreover, imaginary-time
relaxation has been employed in various quantum computa-
tional devices in the search of ground states [46—48]. It is
promising that the imaginary-time relaxation dynamics we
revealed can be detected directly in these devices. Besides,
since directly simulating the real-time dynamics in 2D is
confronting huge challenges, our work also provides
significant instructions to the real-time relaxation dynamics
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of the DQCP by realizing that the short-time scaling also
manifests itself in real-time dynamics in various quantum
systems [83—-88].

Summary.—In summary, we have studied the imaginary-
time nonequilibrium dynamics in 2D DQCP and found that
the interplay between the deconfinement process and the
fluctuating modes with two length scales can contribute
striking nonequilibrium properties. We have identified that
in the relaxation process the confinement length &
increases proportionally to 7z, contrary to the usual case
in which £ increases proportionally to z. In addition, we
have discovered that the Néel and VBS order parameters
can be controlled by different length scales, depending on
the initial states, although these two order parameters obey
the similar equilibrium finite-size scaling. An exotic dual
dynamic scaling is then discovered, which can be regarded
as the dynamic incarnation of the equilibrium emergent
symmetry. In this dual dynamic scaling, the scaling form of
the Néel order parameter and the VBS order parameter
exchanges as the initial state is changed to its dual
counterpart. Our work pioneers the studies on the non-
equilibrium dynamics in 2D DQCP and provides new
ingredients in investigations on the DQCP. Possible real-
izations in near-term quantum computers have also been
discussed.
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