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We present the two-loop QCD amplitudes for the production of two photons and a jet at hadron colliders
with full-color dependence. This is the first time that radiative corrections for a five-particle scattering
process have been computed beyond the leading-color approximation at this perturbative order in QCD.
The results presented in this Letter will be crucial to guaranteeing reliable predictions with unprecedented
precision for diphoton production at hadron colliders. The methodologies that we describe lead to a
significant simplification of the calculation and their applicability extends to a wider range of five-point
scattering processes.
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The past two decades have witnessed impressive devel-
opments in our understanding of scattering amplitudes in
quantum field theory, both in supersymmetric theories such
as N ¼ 4 super Yang-Mills, and in phenomenologically
relevant ones such as quantum chromodynamics (QCD).
The increasing interest devoted to formal aspects of
scattering amplitudes is motivated by their fundamental
role in providing accurate theoretical predictions to inter-
pret the experimental data collected at particle colliders
like the CERN Large Hadron Collider (LHC). The LHC
experiments are very successful at measuring a multitude of
interesting physical observables with unprecedented pre-
cision, opening the way to a new era of precision collider
physics. Comparing high-quality data with accurate theo-
retical predictions for wisely constructed physical observ-
ables offers a promising opportunity to unveil so-far elusive
signs of new physics beyond the standard model. The
required theoretical calculations can be performed in
perturbative quantum field theory by means of series
expansions in the relevant coupling constants, which are
assumed to be small. The coefficients of the perturbative
series are expressed in terms of Feynman diagrams of rising
complexity, i.e., with an increasing number of external legs
and internal loops.
While a general mathematical understanding of scatter-

ing amplitudes in quantum field theory remains beyond
reach, important breakthroughs have been achieved in the
past years. In particular, the interplay of techniques

borrowed from particle physics phenomenology [1–7]
and N ¼ 4 super Yang-Mills [8–11] with developments
in the theory of special functions [12–21] resulted in a
toolkit that allowed the community to compute a large set
of physically interesting 2 → 2 processes in two-loop
QCD. The steadily improving performance of the LHC
experiments has contributed to pushing the theory calcu-
lations further. The first three-loop corrections to 2 → 2
scattering amplitudes in supersymmetric theories [22–24]
and, very recently, in full QCD [25] have been computed.
Concurrently, considerable effort has been put in under-
standing the properties of higher-multiplicity processes,
most prominently 2 → 3 scattering at two loops. This
program profited from breakthroughs both in the develop-
ment of new strategies for handling their extraordinary
algebraic complexity [26–35], and in the study of the
special functions required for their evaluation [36–39].
These advances allowed the calculation of two-loop lead-
ing-color corrections to various 2 → 3 processes [40–56],
which have made it possible to perform the first phe-
nomenological studies in next-to-next-to-leading-order
(NNLO) leading-color QCD for three-photon production
at the LHC [57,58]. While the leading-color approximation
often provides a realistic estimate of the bulk of the
corrections, its validity is not guaranteed a priori for
arbitrary processes at the target precision. This motivates
a full-color calculation of the two-loop amplitudes to
enable reliable phenomenological predictions. Subleading-
color corrections are also interesting for formal reasons, as
they typically require the computation of complicated
nonplanar Feynman diagrams and are therefore the first
place where the full complexity of two-loop scattering
amplitudes becomes manifest. Although all nonplanar
master integrals for 2 → 3 massless processes are now
available [39], their use in the actual calculation of physical

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.

PHYSICAL REVIEW LETTERS 127, 262001 (2021)

0031-9007=21=127(26)=262001(8) 262001-1 Published by the American Physical Society

https://orcid.org/0000-0002-9266-9806
https://orcid.org/0000-0002-6847-8866
https://orcid.org/0000-0003-2207-7132
https://orcid.org/0000-0003-0887-9446
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevLett.127.262001&domain=pdf&date_stamp=2021-12-23
https://doi.org/10.1103/PhysRevLett.127.262001
https://doi.org/10.1103/PhysRevLett.127.262001
https://doi.org/10.1103/PhysRevLett.127.262001
https://doi.org/10.1103/PhysRevLett.127.262001
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


amplitudes poses additional challenges and has remained,
as of today, an outstanding task; full results in QCD have
been obtained only for five-gluon scattering in the sub-
stantially simpler all-equal helicity configuration [59].
In this Letter, we fill the gap and compute, for the first

time, the full-color two-loop massless QCD corrections for
a genuine 2 → 3 scattering process at the LHC, the
production of two photons and a strongly interacting jet.
This process is of foremost phenomenological interest:
comparing measurements of pairs of photons with nonzero
transverse momentum at the LHC with accurate
theory predictions allows us put stringent constraints on
various beyond-standard-model scenarios. At the technical
level, the calculation provides a nontrivial benchmark
involving colored particles in the initial and final states.
Finally, these amplitudes constitute an essential ingredient
for the N3LO QCD corrections to diphoton production at
the LHC.
The production of two photons and a parton in proton-

proton collisions proceeds through three classes of partonic
channels, namely quark-antiquark annihilation, qq̄ → gγγ,
quark(antiquark)-gluon scattering, qðq̄Þg → qðq̄Þγγ, and
the loop-induced gluon-fusion channel, gg → gγγ. The
two-loop corrections to the latter formally contribute
starting at N3LO and we do not consider them in this
Letter. We focus instead on the channels that involve a pair
of quarks and define the three subprocesses as

qðp1Þ þ q̄ðp2Þ → gðp3Þ þ γðp4Þ þ γðp5Þ; ð1Þ

qðp1Þ þ gðp2Þ → qðp3Þ þ γðp4Þ þ γðp5Þ; ð2Þ

gðp1Þ þ q̄ðp2Þ → q̄ðp3Þ þ γðp4Þ þ γðp5Þ: ð3Þ

All external particles are massless, p2
i ¼ 0 for i ¼ 1;…; 5,

thus the kinematics is completely fixed in terms of five
independent kinematic invariants, which we choose as

s12¼ðp1þp2Þ2; s23¼ðp2−p3Þ2; s34¼ðp3þp4Þ2;
s45¼ðp4þp5Þ2; s15¼ðp1−p5Þ2: ð4Þ

The physical scattering region is identified by [37]

s12≥ s34>0; s12−s34≥ s45>0;

0≥ s23≥ s45−s12; s−15≤ s15≤ sþ15; s15<0; ð5Þ

where

s�15 ¼
1

ðs12 − s45Þ2
½s212s23 þ s34s45ðs45 − s23Þ

− s12ðs34s45 þ s23s34 þ s23s45Þ
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s12s23s34s45ðs12 þ s23 − s45Þðs34 þ s45 − s12Þ

p
�:

In order to describe these five-point amplitudes, it is also
useful to introduce the parity-odd invariant

ϵ5 ¼ 4iϵμνρσp
μ
1p

ν
2p

ρ
3p

σ
4; ð6Þ

where ϵμνρσ is the totally antisymmetric Levi-Civita symbol
ðϵ5Þ2 ¼ Δ, and

Δ ¼ −4s12s23s34ðs23 − s45 − s15Þ
þ ðs12s23 þ s23s34 − s34s45 þ s45s15 − s15s12Þ2; ð7Þ

is the determinant of the Gram matrix ðGijÞ ¼ ð2pipjÞ. In
the scattering physical region, Δ < 0 and ϵ5 ¼ �i

ffiffiffiffiffiffiffijΔjp
,

where the sign depends on the actual kinematics inside this
region [60].
We first focus on the quark-antiquark annihilation (qq̄)

channel in (1), and describe details specific to the crossed
channels (2), (3) afterward. We express the amplitude as

Aa
ij ¼ ið4παÞQ2

q

ffiffiffiffiffiffiffiffiffiffi
4παs

p
Ta
ijA: ð8Þ

Here, α is the fine structure constant, αs is the strong
coupling constant, Qq is the quark charge in units of the
electron charge, i, j are the color indices of the qq̄ pair, a is
the gluon color index, and Ta

ij are the SU(3) color
generators in the fundamental representation.
We extract the helicity amplitudes for this process

following the approach suggested in [61,62]. Specifically,
we work in conventional dimensional regularization, but
construct projectors to extract only the physically relevant
helicity amplitudes. This is achieved by decomposing the
amplitude into Lorentz structures which are independent in
four dimensions, thereby avoiding the introduction of
evanescent form factors. We write

A ¼ Aμνρϵ�μðp3Þϵ�νðp4Þϵ�ρðp5Þ; ð9Þ

where ϵ�μðp3Þ is the polarization vector of the gluon,
and ϵ�ðpjÞ with j ¼ 4, 5 are the polarization vectors
of the photons. Imposing transversality, ϵi · pi ¼ 0 for
i ¼ 3, 4, 5, and making the cyclic gauge choice
ϵ3 · p4 ¼ ϵ4 · p5 ¼ ϵ5 · p1 ¼ 0, we obtain

A ¼
X16
j¼1

FjT j; ð10Þ

with the 16 Lorentz structures

T 1≤j≤8 ¼ ūðp2Þ=p3uðp1Þtμνρj ϵ�μðp3Þϵ�νðp4Þϵ�ρðp5Þ;
T 9≤j≤16 ¼ ūðp2Þ=p4uðp1Þtμνρj−8ϵ

�
μðp3Þϵ�νðp4Þϵ�ρðp5Þ; ð11Þ

where the tensors tμνρj are given by
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tμνρ1 ¼ pμ
1p

ν
1p

ρ
2; tμνρ2 ¼ pμ

1p
ν
1p

ρ
3;

tμνρ3 ¼ pμ
1p

ν
2p

ρ
2; tμνρ4 ¼ pμ

1p
ν
2p

ρ
3;

tμνρ5 ¼ pμ
2p

ν
1p

ρ
2; tμνρ6 ¼ pμ

2p
ν
1p

ρ
3;

tμνρ7 ¼ pμ
2p

ν
2p

ρ
2; tμνρ8 ¼ pμ

2p
ν
2p

ρ
3: ð12Þ

We stress that the number of independent Lorentz structures
matches the number of helicity configurations.
Each form factor Fj in Eq. (10) can then be computed by

defining a projector

Pj ¼
X16
k¼1

cðjÞk T †
k; ð13Þ

with cjk being rational functions of the Mandelstam invar-
iants such that

Fj ¼
X
pol

PjA; ð14Þ

where the polarization sums read
X
pol

uðpÞūðpÞ ¼ =p; ð15Þ

X
pol

ϵμðpÞϵ�νðpÞ ¼ −gμν þ
pμqν þ pνqμ

p · q
; ð16Þ

with q ¼ p4; p5; p1 for p ¼ p3; p4; p5, respectively. We
stress that even if, by construction, the algebra to derive the
projectors is performed in d space-time dimensions, the

coefficients cðjÞk in Eq. (13) do not depend on d; see [61,62].
It is straightforward to compute helicity amplitudes from

Eq. (10) by evaluating the Lorentz structures of Eq. (11) for
specific helicities of the external particles in four dimen-
sions. We denote the dependence of the color-stripped
amplitude (9) on the external helicities by

AðλÞ with λ ¼ fλq; λ3; λ4; λ5g; ð17Þ

where λq ¼ L, R is the helicity of the quark line, and
λj ¼ � for j ¼ 3, 4, 5 are the helicities of the gluon and the
two photons, respectively. For each partonic subchannel
there are three independent helicity amplitudes, from which
all the remaining ones can be obtained using parity, charge
conjugation, and permutations of the external photons. We
choose the following independent configurations

λA ¼ fL;þ;þ;þg;
λB ¼ fL;−;þ;þg;
λC ¼ fL;−;−;þg: ð18Þ

Note that AðλAÞ is zero at tree level. For each helicity
amplitude we factor out either the tree amplitude if it is

nonzero or a suitable product of spinors carrying the spinor
weight of the amplitude. Employing the spinor-helicity
formalism we write for left-handed spinors ūLðp2Þ ¼ h2j
and uLðp1Þ ¼ j1� and for a gauge boson of momentum pj

ϵμj;−ðpjÞ ¼
hqjjγμjj�ffiffiffi
2

p hqjji
; ϵμj;þðpjÞ ¼

hjjγμjqj�ffiffiffi
2

p ½jqj�
; ð19Þ

where qj is the gauge fixing momentum. We then define
spinor-free amplitudes BðλÞ according to

AðλÞ ¼ ΦðλÞBðλÞ; ð20Þ

where for the spinor functions ΦðλÞ we choose [55,63]

ΦðλAÞ ¼ 2
ffiffiffi
2

p ½31�h12i3h13i
h14i2h15i2h23i2 ;

ΦðλBÞ ¼ 2
ffiffiffi
2

p h12ih23i2
h14ih42ih25ih51i ;

ΦðλCÞ ¼ 2
ffiffiffi
2

p ½51�2½12�
½14�½42�½23�½31� : ð21Þ

The corresponding phases for the qg and gq̄ channels can
be obtained by exchanging 2 ↔ 3 and 1 ↔ 3, respectively.
The spinor-free amplitudes BðλÞ can be decomposed into

parity even and odd contributions,

BðλÞ ¼ BEðλÞ þ ϵ̄5BOðλÞ; ð22Þ

where ϵ̄5 ¼ ϵ5=s212 is dimensionless. We stress here that ϵ̄5
changes sign under parity transformations or odd permu-
tations of the external momenta; see Eq. (6). The BPðλÞ
terms, with P ¼ E, O, can in turn be expressed as linear
combinations of the form factors in Eq. (10) with coef-
ficients that depend only on the sij [61,62]. From the
operators in Eq. (13) one can finally derive six helicity
amplitude projectors, decomposed in terms of the complex
conjugates of the tensors in Eq. (11), and which directly
project onto the BPðλÞ defined above. The explicit form of
these projectors can be obtained from the authors upon
request.
The QCD corrections can be computed by expanding the

amplitudes in the bare strong coupling constant αbs ,

BPðλÞ ¼
X2
k¼0

�
αbs
2π

�
k

BP;ðkÞðλÞ þO(ðαbs Þ3): ð23Þ

By construction, the first order reads

BE;ð0ÞðλAÞ ¼ 0; BO;ð0ÞðλAÞ ¼ 0;

BE;ð0ÞðλBÞ ¼ 1; BO;ð0ÞðλBÞ ¼ 0;

BE;ð0ÞðλCÞ ¼ 1; BO;ð0ÞðλCÞ ¼ 0: ð24Þ
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We calculate the one- and two-loop corrections BP;ðkÞ,
k ¼ 1, 2, as follows. First, we generate the Feynman
diagrams using Qgraf [64]. We then contract them with
the helicity amplitude projectors described above and
express the amplitudes in terms of scalar Feynman inte-
grals. All the algebra required at this level has been carried
out using FORM [65]. The two-loop corrections can be
mapped to a large number of scalar two-loop integrals
drawn from two different integral families, which we
describe in Supplemental Material [66].
As it is well known, the scalar integrals fulfill linear

relations and can be reduced to a set of master integrals
using symmetry relations and integration-by-parts iden-
tities (IBPs) [1,2]. Laporta’s algorithm [67] maps the
problem to the row reduction of a large matrix. While
straightforward in principle, this step can become computa-
tionally very challenging and, until now, has remained a
major bottleneck for the calculation of the nonplanar two-
loop corrections to 2 → 3 massless scattering amplitudes.
(Very recently, the reduction of the most complicated
nonplanar rank five integrals has been achieved independ-
ently in [68].) We succeed in reducing all planar and
nonplanar two-loop Feynman integrals as follows. First, we
use REDUZE2 [69] to identify shift, symmetry, and crossing
relations of the scalar integrals. The actual integration-by-
parts reduction of the remaining integrals is performed
using a private implementation of the Laporta algorithm
FINRED, augmented by the use of finite-field arithmetics
[32,33,70], syzygy techniques [27,71–74] and denominator
guessing [44,75]. Despite expressing the integrals
directly in terms of the canonical basis defined in [39],
the reduction identities for the nonplanar integrals are quite
cumbersome if the rational coefficients are represented in a
common-denominator form, for example, with FERMAT

[76]. As it has already been observed in previous work
[51,53,75,77,78], substantial simplifications of these iden-
tities can be achieved by a multivariate partial fraction
decomposition of the rational coefficients. (The most
complicated IBPs in our calculation are for rank-five
nonplanar integrals, with sizes of order 1 GB each.
Multivariate partial fractioning reduces their size by factors
of order 100.) In practice, we find it most efficient to first
perform the reduction for a minimal subset of integrals in
the uncrossed families fA; Bg, simplify them using partial
fractioning, and finally cross them. For the partial fraction
decomposition we employ MULTIVARIATEAPART [75],
where we use SINGULAR [79] as a back end for the
polynomial reductions. In this way, we produce all required
identities for the reduction of the amplitude in a compact
representation. After inserting the reduction identities in the
amplitude we perform another partial fraction decomposi-
tion and express our results in terms of the pentagon
functions defined in [39].
The bare amplitudes contain poles in the dimensional

regulator ϵ both of ultraviolet (UV) and infrared (IR) origin.

We remove the UV poles by expressing our result in terms
of the MS renormalized strong coupling αsðμÞ:

BPðλÞ ¼
X2
k¼0

�
αsðμÞ
2π

�
k
B̄P;ðkÞðλÞ þOðα3sÞ; ð25Þ

where the relation between renormalized and bare coupling
is given by

Sϵαs ¼ μ2ϵαsðμÞZ½αsðμÞ�; ð26Þ

with Sϵ ¼ ð4πeγEÞ−ϵ. The UV-renormalized amplitudes
B̄P;ðkÞðλÞ still contain divergences of IR origin. Following
[80], their structure can be universally expressed in terms of
the lower-order scattering amplitudes as

B̄P;ð1ÞðλÞ ¼ I1B̄
P;ð0ÞðλÞ þRP;ð1ÞðλÞ;

B̄P;ð2ÞðλÞ ¼ I2B̄P;ð0ÞðλÞ þ I1B̄P;ð1ÞðλÞ þRP;ð2ÞðλÞ; ð27Þ

where theIk are universal and depend only on the loop order
and on the species of the colored partons in the initial and
final state of the scattering process, and theRP;ðkÞðλÞ are the
so-called finite remainders. The explicit expressions of the
operators Z½αs� and Ik with k ¼ 1, 2 are provided in the
Supplemental Material [66].
It is convenient to organize the one- and two-loop

corrections to the finite remainders RP;ðkÞðλÞ into sepa-
rately gauge-invariant color structures

RP;ð1ÞðλÞ ¼
X4
i¼1

b̃iR
P;ð1Þ
i ðλÞ;

RP;ð2ÞðλÞ ¼
X10
i¼1

c̃iR
P;ð2Þ
i ðλÞ: ð28Þ

At one-loop we choose the following basis,

b̃1¼N; b̃2¼N−1; b̃3¼nγγf ; b̃4¼nf; ð29Þ

whereas at two loop we have

c̃1 ¼ N2; c̃2 ¼ 1; c̃3 ¼ N−2;

c̃4 ¼ Nnf; c̃5 ¼ N−1nf; c̃6 ¼ nγγf nf;

c̃7 ¼ Nnγγf ; c̃8 ¼ N−1nγγf ; c̃9 ¼ nγfðN − 4N−1Þ;
c̃10 ¼ n2f; ð30Þ

where N is the number of colors, nf is the number of
massless quarks, and nγf and nγγf are defined as

nγf ¼ 1

Qq

Xnf
i¼1

Qi; nγγf ¼ 1

Q2
q

Xnf
i¼1

Q2
i : ð31Þ
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The finite remainders RP;ðkÞ
i ðλÞ are formally expressed as

linear combinations of the pentagon functions defined in
[39], whose coefficients are rational functions of the
kinematic invariants sij. After finding a minimal set of
such rational functions, we perform an optimized partial
fraction decomposition which removes spurious denomi-
nators and unnecessarily high denominator powers
throughout. This two-step procedure, detailed in [53],
renders our final expressions very compact and suitable
for fast and stable numerical evaluations. Notably, for the
most complicated color factor which involves nonplanar
contributions, c2 in Eq. (30), the largest helicity coefficient
amounts to only 4.5 MB in size.
The discussion presented so far focused on the qq̄

partonic channel in Eq. (1), but the formal expressions of
Eq. (28) hold for the crossed channels in Eqs. (2) and (3)
as well. In fact, results for these processes can be readily
extracted from the qq̄ case without repeating any of the
heavy steps of the calculation. In practice, we obtain the
helicity amplitudes for the gq̄ and qg channels from the qq̄
ones by applying the permutations 1 ↔ 3 and 2 ↔ 3,
respectively. While this operation is trivial for rational
functions of the sij and ϵ̄5, this is not the case for the
pentagon functions. In order to express the crossed
pentagon functions in terms of the uncrossed ones, we
proceed as follows. First, we express the two-loop master
integrals and crossings thereof in terms of pentagon
functions. Second, we exploit the fact that the full set
of master integrals is linearly mapped onto itself by any
crossing of the external legs. By combining and reducing
these systems of equations, we obtain reduction identities
for the pentagon functions with permutations 1 ↔ 3

and 2 ↔ 3. These solutions provide us with sufficient
information to successfully cross the helicity amplitudes
and express them in terms of the original pentagon
functions.
We perform various checks on our results. First, we

verify that our tree-level and one-loop helicity amplitudes
agree with the OPENLOOPS2 program [81]. Next, we check
that the poles of our two-loop amplitudes follow the
pattern predicted by Catani, and we compare the leading-
color part of our two-loop helicity amplitudes with the
results of [56] and find agreement. Finally, we perform a
separate calculation of the interference of the two-loop
and tree-level amplitudes summed over polarizations,
both for the qq̄ and for the qg channels. In this second
calculation no projectors are used, and the qg channel is
obtained by crossing the relevant amplitudes prior to
reduction to master integrals instead of crossing the
pentagon functions. After subtracting the UV and IR
poles, we find perfect agreement for the four-dimensional
finite remainder of all color factors between the two
calculations, which provides a very strong check of our
helicity amplitudes.

In the following, we consider the finite remainders

RðlÞðλÞ ¼ RE;ðlÞðλÞ þ ϵ̄5RO;ðlÞðλÞ ðl ¼ 1; 2Þ; ð32Þ

Rð2Þ
LCðλÞ ¼ c̃1½RE;ð2Þ

1 ðλÞ þ ϵ̄5R
O;ð2Þ
1 ðλÞ�; ð33Þ

Rð2Þ
PL ðλÞ ¼

X
i¼1;4;5;6;11

c̃i½RE;ð2Þ
i ðλÞ þ ϵ̄5R

O;ð2Þ
i ðλÞ�; ð34Þ

which include all color structures at one and two loop, just
the leading-color two-loop contribution, or a combination
of planar two-loop contributions, respectively. In Table I we

present benchmark results for Rð1Þ, Rð2Þ, and Rð2Þ
LC in the

three independent helicity configurations, where we choose
q ¼ u (up quark), nf ¼ 5, the point

s12 ¼ 157; s23 ¼ −43; s34 ¼ 83;

s45 ¼ 61; s15 ¼ −37; μ2 ¼ 100; ð35Þ

and use PENTAGONMI [39] for the numerical evaluation of
the pentagon functions. Interestingly, for this phase-space
point, the leading-color finite remainder does not approxi-
mate well the full result. To investigate this further, in Fig. 1
we focus on the uū channel and plot the helicity-summed
interference of the tree amplitude Að0Þ with the two-loop

finite remaindersRð2Þ
X ¼ Rð2Þ,Rð2Þ

LC, andR
ð2Þ
PL as a function

of the gluon transverse momentum. We fix the scattering
energy as

ffiffiffiffiffiffi
s12

p ¼ 1 TeV, the invariant mass of the
diphoton system as

ffiffiffiffiffiffi
s45

p ¼ 100 GeV, the transverse
momentum and rapidity of the softer photon as 50 GeV
and −0.2, respectively, and μ ¼ ffiffiffiffiffiffi

s45
p

. Although further
investigation is required, this analysis points to the impor-
tance of including virtual contributions beyond lead-
ing color.

TABLE I. One- and two-loop finite remainders for diphoton
plus parton production processes. Samples are shown for all
independent helicity configurations λ (18) in the kinematic point
(35), including either full color, RðlÞðλÞ, l ¼ 1, 2, (32), or only

two-loop leading-color contributions, Rð2Þ
LCðλÞ (33).

uū → gγγ ug → uγγ

Rð1ÞðλAÞ 0.08637873þ 0.6505825i −0.05575262þ 1.282163i

Rð1ÞðλBÞ 4.812087þ 0.8811173i −5.332701 − 6.518506i

Rð1ÞðλCÞ 0.05297897 − 4.432186i −2.497722 − 22.42864i

Rð2ÞðλAÞ −2.385158þ 18.22971i −28.12588þ 26.67761i

Rð2Þ
LCðλAÞ 0.4123777þ 22.64313i −1.450073þ 7.396238i

Rð2ÞðλBÞ 115.9528þ 18.71704i 17.16557 − 102.3377i

Rð2Þ
LCðλBÞ 144.2892 − 3.600533i 33.14649 − 134.9655i

Rð2ÞðλCÞ −36.87656 − 153.3540i −26.92189 − 508.2138i

Rð2Þ
LCðλCÞ −55.57522 − 190.2039i 76.13565 − 214.1456i
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To conclude, we have presented the first calculation of
the complete, full-color two-loop QCD corrections to the
helicity amplitudes of a 2 → 3 scattering process. Our
calculation relied on recently developed techniques to
handle multiloop multileg amplitudes and to perform the
required reductions to master integrals. Our results provide
the last missing amplitudes to describe prompt diphoton
production at N3LO QCD, and, more exclusively, pairs of
photons recoiling against hard QCD radiation at NNLO
accuracy, and will enable highly accurate phenomenologi-
cal studies of diphoton processes at hadron colliders.

In Ref. [82], we provide our complete analytical results
for the one- and two-loop finite remainders for all helicity
configurations and color factors, separated into parity even
and odd contributions.
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