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We present an analysis of the pion-nucleon o-term o,y using six ensembles with 2 + 1 + 1-flavor highly
improved staggered quark action generated by the MILC Collaboration. The most serious systematic effect
in lattice calculations of nucleon correlation functions is the contribution of excited states. We estimate
these using chiral perturbation theory (yPT) and show that the leading contribution to the isoscalar scalar
charge comes from Nz and Nzz states. Therefore, we carry out two analyses of lattice data to remove
excited-state contamination, the standard one and a new one including Nz and Nz states. We find that the
standard analysis gives o,y = 41.9(4.9) MeV, consistent with previous lattice calculations, while our
preferred yPT-motivated analysis gives o,y = 59.6(7.4) MeV, which is consistent with phenomenological
values obtained using zN scattering data. Our data on one physical pion mass ensemble were crucial for
exposing this difference, therefore, calculations on additional physical mass ensembles are needed to

confirm our result and resolve the tension between lattice QCD and phenomenology.
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Introduction.—This Letter presents results for the
pion-nucleon o-term, 6,y = M, 945 = m, (N(K, s)|au+
dd|N (K, s)), calculated in the isospin symmetric limit with
muy = (m, +my)/2 as the average of the light quark
masses. It is a fundamental parameter of QCD that
quantifies the amount of the nucleon mass generated by
the u and d quarks. The scalar charge g% is determined from
the forward matrix element of the scalar density gg
between the nucleon state

9§ = (N(k

where Zg is the renormalization constant and the nucleon
spinor has unit normalization. The connection between g
and the rate of variation of the nucleon mass My with the
mass of quark with flavor g is given by the Feynman-
Hellmann (FH) relation [1-3]

=0.5)|Z5 gq|N(k =0.5)). (1)

% = (N(k,s)|gq|N(k,s)) = gg/zs‘ (2)

q
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The charge g% determines the coupling of the nucleon to the
scalar quark current—an important input quantity in the
search for physics beyond the standard model (SM),
including in direct-detection searches for dark matter [4—8],
lepton flavor violation in 4 — e conversion in nuclei [9,10],
and electric dipole moments [11-14]. In particular, o,y is
a rare example of a matrix element that, despite the lack
of scalar probes in the SM, can still be extracted from
phenomenology—yvia the Cheng-Dashen low-energy theo-
rem [15,16]—and thus defines an important benchmark
quantity for lattice QCD.

The low-energy theorem establishes a connection
between o,y and a pion-nucleon (zN) scattering amplitude,
albeit evaluated at unphysical kinematics. Since the one-
loop corrections are free of chiral logarithms [17,18], the
remaining corrections to the low-energy theorem scale as
6.yM%2/M% ~ 1 MeV, leaving the challenge of controlling
the analytic continuation of the isoscalar zN amplitude
2.n- Stabilizing this extrapolation by means of dispersion
relations (and clarifying the relation between o,y and Zy),
Refs. [19-21] found o,y = 45 MeV based on the partial-
wave analyses from Refs. [22,23]. More recent partial-
wave analyses [24,25] favor higher values, e.g., o,y =
64(8) MeV [26]. Similarly, chiral perturbation theory
(¢PT) analyses depend crucially on the zN input, with
o,y prediction varying accordingly [27,28]. Other works
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that exploit this relation to zN scattering include
Refs. [29-36].

The analytic continuation can be further improved in the
framework of Roy-Steiner equations [37-45], whose con-
straints on ¢,y become most powerful when combined with
pionic-atom data on threshold zN scattering [46-50].
Slightly updating the result from Refs. [39,41] to account
for the latest data on the pionic hydrogen width [48], one
finds o,y = 59.0(3.5) MeV. In particular, this determina-
tion includes isospin-breaking corrections [51-54] to
ensure that o,y coincides with its definition in lattice
QCD calculations [42]. The difference from Refs. [19-21]
traces back to the scattering lengths implied by
Refs. [22,23], which are incompatible with the modern
pionic-atom data. Independent constraints from experiment
are provided by low-energy zN cross sections, including
more recent data on both the elastic reactions [55-57]
and the charge exchange [58-61], and a global analysis of
low-energy data in the Roy-Steiner framework leads to
o,y = 58(5) MeV [45], in perfect agreement with the
pionic-atom result. In contrast, so far, lattice QCD calcu-
lations [62-70] have favored low values o,y ~ 40 MeV
(with the exception of Ref. [71]), and it is this persistent
tension with phenomenology that we aim to address in
this Letter.

There are two ways to calculate o,y using lattice QCD,
which are called the FH and the direct methods [72]. In the
FH method, the nucleon mass is obtained as a function of
the bare quark mass m,, (equivalently, M2) from the
nucleon two-point correlation function, and its numerical
derivative multiplied by m,; gives o,y. In the direct
method, the matrix element of #iu + dd is calculated within
the ground-state nucleon. Both methods have their chal-
lenges. In the FH method, one needs to calculate the
derivative about the physical m,, 4, which is computationally
very demanding. Most calculations extrapolate from
heavier masses or fit the data for M, versus M2 to an
ansatz motivated by yPT and evaluate its derivative at m,,,.
On the other hand, the signal in the matrix element is
noisier since it is obtained from a three-point function with
the insertion of the scalar density. In both methods, one has
to ensure that all excited-states contamination (ESC) has
been removed. Both methods give o,y =~ 40 MeV—see
Fig. 4, review by the Flavour Lattice Averaging Group
(FLAG) in 2019 [72], and the two subsequent works
[69,70].

Here, we present a new direct-method calculation. Our
main message is that Nz and Nzz excited states, which
have not been included in previous lattice calculations, can
make a significant contribution. We provide motivation for
this effect from heavy baryon yPT [73,74] and show that
including the excited states in fits to the spectral decom-
position of the three-point function increases the result
by about 50%. Such a change brings the lattice result in
agreement with the phenomenological value.

FIG. 1. The upper connected (left) and disconnected (right)
diagrams contribute to the three-point function that determines
the matrix element of flavor-diagonal scalar operators (shown by
symbol ® at time slice ¢) within the nucleon state. The black and
gray blobs denote nucleon source and sink, separated by
Euclidean time 7. The bottom diagram illustrates that the
disconnected diagrams include an Nz intermediate-state con-
figuration that can give an enhanced contribution.

Lattice methodology and excited states.—The construc-
tion of all nucleon two- and three-point correlations
functions is carried out using Wilson-clover fermions on
six 2 + 1 + 1-flavor ensembles generated using the highly
improved staggered quark (HISQ) action [75] by the MILC
Collaboration [76]. In each of these ensembles, the u- and
d-quark masses are degenerate, and the s- and c-quark
masses have been tuned to their physical values. Details of
the six ensembles at lattice spacings a ~ 0.12, 0.09, and
0.06 fm and M, =~ 315, 230, and 138 MeV are given in
Table I (also see Table II and Sec. I in the Supplemental
Material [77]). To obtain flavor-diagonal charges ¢,
two kinds of diagrams, called connected and disconnected
and illustrated in Fig. 1, are calculated. The details of the
methodology for the calculation of the connected contri-
butions (isovector charges) using this clover-on-HISQ
formulation are given in Refs. [118,119] and for the
disconnected ones in Ref. [118].

The main focus of the analysis is on controlling the ESC.
To this end, we estimate o,y using two possible sets of
excited-state masses, M; and M,, given in Table 1. These
M, are obtained from simultaneous fits to the zero
momentum nucleon two-point C?P' and three-point C3P!
functions using their spectral decomposition truncated to
four and three states, respectively,

3
CP(z:k) =) | A;(k)Per,

i=0

2
CP(r) = Y AAIS|j)e M. (3)

i.j=0

Here A; are the amplitudes for the creation and annihilation
of states by the nucleon interpolating operator used on the
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TABLEI The ground- and excited-state masses M, M, and M, y* of the fit, and the resulting value of the bare isoscalar charge and
o,y Wwith the two strategies {4,3*} and {4"",3*}. The second column gives the bare quark mass m°ae.

{4,3*} {4N= 3+}
Ensemble ~ mb¥e M, M, M, Can M, M, M, Can
D (MeV) (GeV) (GeV) (GeV) (y?/d.o.f.) git™™ (MeV) (GeV) (GeV) (GeV) (y?/d.o.f.) git ™ (MeV)
al2m310  18.7(5) 1.09(1) 1.80(12) 2.7(1) 27/28 8.6(0.6) 160(12) 1.09(1) 1.71(02) 2.6(1) 27/28 8.5(0.5) 160(10)
al2m220 9.9(5) 1.02(1) 1.76(08) 3.0(3) 18/22 10.5(0.5) 104(07) 1.01(1) 1.50(03) 2.6(2) 20/22 11.8(1.0) 117(11)
a09m220 9.4(1) 1.02(1) 1.66(14) 2.4(1) 35/35 10.4(0.8) 98(07) 1.02(1) 1.47(06) 2.3(1) 35/35 11.6(0.9) 109(09)
a09m130 3.5(1) 0.95(1) 1.59(09) 2.8(2) 47/42 11.5(0.8) 40(03) 0.94(1) 1.22(01) 1.8(1) 51/42 15.9(2.3) 55(08)
a06m310  17.2(2) 1.11(1) 1.80(11) 2.92) 56/60 10.4(0.7) 179(12) 1.11(1) 1.76(06) 2.8(2) 56/60 10.6(0.6) 182(10)
a06m220 9.1(1) 1.02(1) 1.62(14) 2.5(2) 69/81 10.9(1.0) 98(09) 1.02(1) 1.51(07) 2.3(1) 68/81 11.7(0.8) 106(07)

lattice, N = €22¢[u?T Cy5(1 + y4)d®]u¢, with color indices
{a,b,c} and charge conjugation matrix C. The nucleon
source-sink separation is labeled by 7 and the operator
insertion time by .

The issue of ESC arises because N couples not only to
the ground-state nucleon but to all its excitations, including
multihadron states with the same quantum numbers. In the
current data, the signal in Cfgp‘ extends to 7~ 1.5 fm, at
which source-sink separation the contribution of excited
states is significant, as evident from the dependence on
{z,1} in the ratio Rs(z, 1) = C'(1,7)/C*(z) shown in
Fig. 2. In the limits # - oo and (7 — ) — oo, the ratio
Rs(z,t) = gs. Fits to C?P' using Eq. (3) with the key
parameters M; left as free parameters have large fluctua-
tions. We, therefore, remove ESC and extract the ground-
state matrix element (0|S|0) using simultaneous fits to C**
and C*" with common M. Statistical precision of the data
allowed, without overparametrization, four states in CP'

12

14

a06m220 {4,3*}

a09m130 {4,3*}
12 10

10

g 2% By
?ﬁém@M o®¢ 6|

6 m@ xx*xxmmm $

sl —16014 512100 85 ,{0-24622a20a]18s
-10 -5 0 5 10 -10 -5 0 5 10
20 14 =

18 (-209m130 {ANHIQ*} . a06m220 {4Nm 3%}
16

14 10 |

12
10

8 Rt =3 gg 6 dime @‘émi%
6 4m o xxx 0 m2g oAm om®0
Al —16814 5 127%xf0 o 8 400—2®4022»A<20818»e<

‘10 5 0 5 10 0 5 0 5 10

FIG. 2. Results of the {4,3*} (top row) and {4"* 3*} (bottom
row) fits to the sum of the connected and disconnected data
plotted versus (f—7/2)/a for ensembles a09m130 and
a06m?220. Result of the fit is shown by lines of the same color
as the data for various 7/a listed in the label, and the 7 = oo value
is given by the gray band.

(labeled {4} or {4""}) and three states in C3P' (labeled
{3*}). We also dropped the unresolved (2|S|2)-term in
Eq. (3). Keeping it increases the errors slightly but does not
change the values. Using empirical Bayesian priors for M,
and A; given in Table V of the Supplemental Material [77],
we calculate o, for two plausible but significantly differ-
ent values of M and M, in Table I that give fits with similar
x%. A similar strategy has been used in the analysis of axial-
vector form factors, where also the Nz state gives a large
contribution as discussed in Refs. [120,121].

Data for C3?, by Eq. (3), should be (i) symmetric about
7/2 and (ii) converge monotonically in 7 for sufficiently
large 7, especially when a single excited state dominates.
These two conditions are, within errors, satisfied by the
data shown in Fig. 2. In the simultaneous fits, M, and M,
are mainly controlled by the four-state fits to C?'; however,
as discussed in Refs. [119,121], there is a large region in
M -, in which the augmented y? of fits with different priors
for M; is essentially the same, i.e., many M; are plausible.
This region covers the towers of positive parity
Nn,Nzn, ..., multihadron states, labeled by increasing
relative momentum Kk, that can contribute and whose
energies start below those of radial excitations. To obtain
guidance on which excited states give large contributions to
C*', we carried out a yPT analysis.

We study two well-motivated values of M; and M, for
the analysis of C°P. The “standard” strategy (called the
{4, 3*} fit) imposes wide priors on M., mostly to stabilize
the fits, while the {47, 3*} fits use narrow-width priors for
M, centered about the noninteracting energy of the almost
degenerate lowest positive parity multihadron states,
N(1)z(-1) or N(0)z(0)z(0). Thus, the label Nz implies
that the contribution of both states is included. Details of
extracting the M; from these two four-state fits, {4} and
{4V} to just C?", can be found in Ref. [121]. For the
a09m130 ensemble with M, = 138 MeV, the {M|, M,}
are {1.59,2.8} and {1.22,1.8} GeV for the two cases, as
shown in Table I. The fits (see Fig. 2) and the y> with
respect to C3P data are equally good, however, the results
for the isoscalar charge gﬁ*d differ significantly.
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FIG. 3. Data for the o-term, o,y = m, 494", from the two ESC strategies {4,3*} (gray) and {4"*,3*} (color) are shown as a function

of a and M2. The two left panels show the chiral-continuum (CC) fit {2,2a, 3,4} and the two right the CC fit {2,2a,3*,4,4L}
described in the text. The result at M, = 135 MeV and [y?/d.o.f.] of the two fits are given in the legend.

The {4,3*} fit leads to a result consistent with
0.y ~ 40 MeV, whereas the {4V7 3%} fit gives & 60 MeV.
The major difference comes from the disconnected
quark loop diagram shown in Fig. 1 and is strongly M,
dependent—the effect of the N states is hard to resolve in
the M, ~ 315 MeV data, debatable in the 230 MeV data,
and clear in the M, = 138 MeV data.

It is important to point out that the values of M; and M,
used in both fit strategies are an effective bundling of the
many excited states that contribute into two. In fact, as
mentioned above, many combinations of M; and M,
between {4,3*} and {4"V*,3*} (see Table I) give fits with
equally good y? values. Reference [121] showed that, for
7 2 1.0 fm and for both fit strategies, the dominant ESC in
C?' comes from the first excited state. Thus, operationally,
our two results for o, should be regarded as what happens
if the first “effective” excited state has M, ~ 1220 MeV
(motivated by yPT and corresponding to the lowest
theoretically possible states Nz or Nzx) versus 1600 MeV
obtained from the standard fit to the two-point function. To
further resolve all the excited states that contribute signifi-
cantly and their energies in a finite box requires much
higher precision data on additional M, =~ 135 MeV ensem-
bles. In short, while our {4"7,3*} analysis reconciles the
lattice and the phenomenological values, it also calls for
validation in future calculations.

Excited states in yPT.—The contributions of low-
momentum Nz and Nzz states to C*' and CP' can be
studied in yPT [122-129], a low-energy effective field
theory of QCD that provides a systematic expansion of
Rs(z,t) in powers of Q/A,,, where Q denotes a low-energy
scale of order of the pion mass, Q € {M,,t!, (t —1)7'},
while A, = 1 GeV is the typical scale of QCD. In contrast
to the isovector scalar charge considered in Ref. [124],
we find large contributions from the N(k)z(—k) and
N(0)z(k)z(—K) states, which can give up to 30% correc-
tions to Rg and thus affect the extraction of gfé*d and o,y in
a significant way.

The diagrams contributing to Ry are shown in Fig. 5
of the Supplemental Material [77], where we assume N (x) to
be a local nucleon source with well-defined transformation
properties under chiral symmetry. The chiral representation of
this class of sources has been derived in Refs. [122,123,130].

Details of the calculation at next-to-next-to-leading order
(N?LO) in yPT and the expansion of N\ in terms of heavy
nucleon and pion fields are summarized in the Supplemental
Material [77], Sec. II. The crucial observation is that the
isoscalar scalar source couples strongly to two pions, so that
loop diagrams with the scalar source emitting two pions,
which are consequently absorbed by the nucleon, are sup-
pressed by only one chiral order Q/A,. These diagrams have
both Nz and Nzx cuts, which give rise to ESC to Euclidean
Green’s functions. A second important effect is that the next-
to-leading-order (NLO) couplings of the nucleon to two
pions, parameterized in yPT by the low-energy constants
(LECs) ¢y ,3, are sizable, reflecting the enhancement by
degrees of freedom related to the A(1232). When the pions
couple to the isoscalar source, these couplings give rise to
large N?LO corrections that are dominated by Nzz excited
states and have the same sign as the NLO correction. Since, in
the isospin-symmetric limit, the isovector scalar source does
not couple to two pions, the NLO diagrams and the N’LO
diagrams proportional to c¢;,3 do not contribute to the
isovector three-point function, whose leading ESC arises at
O(Q?/A2). A detailed analysis showing that the functional
form of the ESC predicted by yPT matches the lattice data and
fits for sufficiently large time separations 7 is given in the
Supplemental Material [77], Sec. 1I. In particular, the NLO
and N?’LO ESC can each reduce ¢, at alevel of 10 MeV, thus
explaining the {4V* 3%} fits, i.e., a larger value when ESC is
taken into account.

Analysis of lattice data.—Examples of fits with strategies
{4,3*} and {4"7,3*} to remove ESC and obtain g
are shown in Fig. 2 and the results are summarized in
Table I. The final results are obtained from fits to the sum of
the connected and disconnected contributions. These values
overlap in all cases with the sum of estimates from separate
fits to g& "™ and g%'. From the separate fits, we infer that
most of the difference between the two ESC strategies
comes from the disconnected diagrams, which we interpret
as due to the Nz/Nzx contributions through quark-level
diagrams such as shown in Fig. 1.

Figure 3 shows data for o,y = mbaegit@be a5 4
function of @ and M2. The chiral-continuum extrapolation
is carried out using the N?LO yPT expression [41]
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2

M
oy = (dy + dsa)M% + dsM3 + dyMy + dy M3 log M; )
N

4)

The d; in ¥PT (henceforth labeled &) are given in the
Supplemental Material [77] [Eq. (14)] and evaluated with
My =0.939 GeV, g4 =1.276, and F, =923 MeV.
Neglected finite-volume corrections can also be estimated
in yPT, see Sec. II in the Supplemental Material [77] and
Refs. [119,131], indicating a correction of less than 1 MeV
for the a09m130 ensemble.

Figure 3 shows two chiral fits based on the N°LO yPT
expression for o,y. The {2,2a,3,4} fit keeps terms
proportional to {d,, d5,ds,d,} with all coefficients free.
In the {2,2a,3%,4,4L} fit we use the yPT value for
dy = d&, which does not involve any LECs, and include
the d,;-term. Each panel also shows the six data points
obtained with the {4,3*} and {4"",3*} strategies and the
fits to them. In each fit d§ comes out consistent with zero.

The results for o,y at the physical point M, = 135 MeV
from the various fits are essentially given by the a09m130
point. We have neglected a correction due to flavor mixing
inherent in Wilson-clover fermions since it is small, as
shown in the Supplemental Material [77], Sec. IV. Our final
result, o,y = 59.6(7.4), is the average of results from the
{2,2a,3,4} and {2, 2a,3%,4,4L} fits to the {4V*,3*} data
given in Fig. 3, which overlap. In the Supplemental
Material [77] (Sec. II), we consider more constrained fit
variants, which show that the fit coefficients of the M2 and
M4 log M2 terms are also broadly consistent with their yPT
prediction.

Conclusions.—Results for o, were reviewed by FLAG
in 2019 [72], and there have been two new calculations
since as summarized in Sec. V of the Supplemental Material
[77] and shown in Fig. 4. The ETM Collaboration [69],
using the direct method on one physical mass 2 4 1 + 1-
flavor twisted mass clover-improved ensemble, obtained
o,y = 41.6(3.8) MeV; the BMW Collaboration using the
FH method and 33 ensembles of 1+ 1+ 1+ 1-flavor
Wilson-clover fermions [70], but all with M, > 199 MeV,
find o,y = 37.4(5.1) MeV. The yPT analysis of the impact
of low-lying excited Nz states in the FH and direct methods
is the same, and as shown in Fig. 3, it mainly affects
the behavior for M, <135 MeV. Our work indicates
that previous lattice calculations give the lower value
o,n ~40 MeV because in the FH analysis [70] the fit
ansatz (Taylor or Padé) parameters are determined using
M, > 199 MeV data, and in the direct method, the
Nz/Nzr states have not been included when extracting
the ground-state matrix element [69].

To conclude, a yPT analysis shows that the low-lying Nz
and Nzrm states can make a significant contribution to
g4™. Including these states in our analysis (the {4"7,3*}
strategy) gives o,y = 59.6(7.4) MeV, whereas the standard

OxN
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FIG. 4. Results for o,y = mudg§+‘1 from2 +1-and2 + 1 + 1-
flavor lattice calculations. The BMW 20 result from
1+ 1+ 1+ 1-flavor lattices is listed along with the other
2 + 1 + 1-flavor calculations for brevity. Following the FLAG
conventions, determinations via the direct approach are indicated
by squares and the FH method by triangles. Also, the symbols
used for lattice estimates that satisfy the FLAG criteria for
inclusion in averages are filled green, and those not included
are open red. The references from which lattice results have been
taken are as follows: JLQCD 18 [68], yQCD 15A [65], BMW 15
[64], ETM 14A [71], ETM 19 [69], and BMW 20 [70].
Phenomenological estimates using zN scattering data (blue filled
circles) are from Gasser et al. 91 [20], Pavan et al. 02 [26],
Alarcon et al. 11 [28], Hoferichter et al. 15 [39], and Ruiz de
Elvira et al. 17 [45].

analysis ({4,3*} strategy) gives o,y = 41.9(4.9) MeV
consistent with previous analyses [72]. These chiral fits
are shown in Fig. 3. Since the {4, 3*} and {4V, 3"} strategies
to remove ESC are not distinguished by the y? of the fits, we
provide a detailed N>LO yPT analysis of ESC, which reveals
sizable corrections consistent with the {4V7,3*} analysis,
restoring agreement with phenomenology. Since the effect
of the Nz and Nzzm states becomes significant near
M, = 135 MeV, further work on physical mass ensembles
isneeded to validate our result and to increase the precision in
the extraction of the nucleon isoscalar scalar charge.
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