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The process of material cutting emerges from a series of nonlinear phenomena including frictional
contact, plastic deformation, and fracture. While cutting dominated by shear deformation is of interest to
achieve a smooth material removal and a high-quality surface finish, the fracture-induced chip breaking is
of equal importance to prevent the formation of long chips. Here we show that discrepant observations and
predictions of these two distinct cutting mechanisms can be reconciled into a unified framework. A simple
analytical model is developed to predict the mechanism of chip formation in a homogeneous medium as a
function of work piece intrinsic material properties, tool geometry, and the process parameters. The model
reveals the existence of a critical depth of cut, below which the chip formation is gradually progressed by
plastic deformation in the shear plane, and above which chips break off by abrupt crack propagation. The
models’ prediction is validated by systematic in situ orthogonal cutting experiments and literature data for a
wide range of materials over multiple length scales.
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The process of chip formation during cutting starts with
the elastic deformation of surface material followed by
severe plastic shearing or fracture. In ductile materials, the
material ahead of the cutting edge is plastically deformed,
forming a shear band zone which smoothly separates the
chip into lamella of nearly uniform thickness [1], referred
to as the shear cutting (SC) [2–5] process [Fig. 1(a)]. For
brittle solids, chips break off as a result of abrupt subsurface
cracking, leaving rough marks on the surface, referred to as
the fracture cutting (FC) [2–5] process [Fig. 1(b)]. Cutting
experiments and simulations [6–9] over the past decade
confirmed that the material removal mechanism is a
function of several factors including depth of cut (DoC)
[4,5,7,10–13], cutting environment (e.g., temperature,
speed, and lubrication) [14,15], tool material, and geometry
[11,16].
Classical mechanistic theories of cutting [17–21]

describe the material flow and ploughing as the main
mechanism of material removal. Analysis by Akono et al.
[2,22] suggested that, when the cutting width is much
bigger than the work piece fracture process zone size and
the ratio between the cutting width and depth gets bigger
than 2, the process can be described via the linear elastic

fracture mechanics. For a constant cutting width, their
analysis suggests that the process of material removal is
dominated by fracture when the cutting depth is smaller
than a certain value. Two recent study [5,13], however,

FIG. 1. Representative snapshots of our cutting experiments,
illustrating (a) the gradual chip formation by plastic shearing in
PC at 4 mmDoC and (b) fracture-induced abrupt chip breakage in
POM at 2.5 mm DoC. (c),(d) The shear- versus fracture-induced
material removal mechanisms in butter at the room temperature
(17°) and freezing temperature of −10°, respectively.
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identified experimentally a critical DoC, below which
brittle solids undergo microscopic plastic shearing resulting
in a crack-free surface. These discrepant results raise a
question of how and to what extent individual material
properties and tool geometry control the mechanism of chip
formation and eventual material removal.
Here, we focus on the influence of DoC on the transition

in the chip formation mechanism in a homogeneous
medium through a combination of theoretical analysis
and controlled cutting experiments. We performed orthogo-
nal cutting tests systematically varying the DoC on three
different polymers [polymethyl methacrylate (PMMA),
polyoxymethylene (POM), and polycarbonates (PC)] with
very distinct material properties (i.e., brittle and ductile).
Representative snapshots of our experiments, illustrating
the process of shear cutting in PC and the chip breakage in
POM, are presented in Figs. 1(a) and 1(b), respectively. To
further visualize these two chip formation mechanisms and
the effect of environmental conditions, we also performed
two additional tests cutting through butter at room temper-
ature 17° [Fig. 1(c)] and the same butter frozen at −10°
[Fig. 1(d)] while keeping the DoC constant at 9 mm.
To find the depth at which the transition in chip

detachment mechanism occurs, we derive and compare
cutting forces necessary to initiate individual chipping
mechanisms at steady-state cutting, i.e., plastic shearing
versus chip fracture. To compute the force for detaching a
chip by subsurface crack propagation toward the free
surface [Fig. 2(a)], we use the linear elastic fracture
mechanics considering a double cantilever beam geometry
[23,24]. Accordingly, the energy release rate G can be
obtained as

G ¼ 1

Ew2d

�
N2 þ S2 þ 12M2

d2

�
; ð1Þ

where E is the elastic modulus, w is the out-of-plane width,
and d is the chip thickness. N, S, and M represent the
magnitude of the normal and shear forces and the bending
moment at the crack tip [see Fig. 2(a)]. Ignoring the friction
force between the chip and the tool rake face, the forces and
moment can be substituted as M ¼ Fnh, S ¼ Fn, and
N ¼ 0 in Eq. (1), where Fn represents the external force
normally applied to the chip edge by the tool and h is the
tool-chip contact length. Assuming the plane stress con-
dition (KIC ¼ ffiffiffiffiffiffiffi

GE
p

), the force at the onset of chip detach-
ment by crack propagation, Ffr, can be obtained as

Ffr ¼ Fn cos λ ¼ KICw cos λ
ffiffiffi
d

p 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
12α2 þ 1

p ; ð2Þ

where λ is the rake angle of the cutting tool and α ¼ h=d.
Previous experiments and theoretical analysis [25–27]
showed that the tool-chip contact length scales proportion-
ally with the chip thickness with a proportionality factor α
between 1 and 2 [26–28].

It should be noted that Eq. (2) predicts the fracture force
in the presence of a sharp crack tip, i.e., θ ¼ 0, where the
linear elastic fracture mechanics approach assumes a square
root stress singularity. We show in Appendix A of the
Supplemental Material [29] that this solution can also
provide a good estimation of fracture force for crack tip
angle below 90°.
The force required to progress the material removal via

plastic shearing on the primary shear zone, in which plastic
deformation spreads from the tip of the tool to the material
surface [30,31], can be obtained as [31]

Fpl ¼ Fsh cosϕ ¼ wτysd cosϕ

sinϕ
; ð3Þ

where Fsh is the force causing plastic shearing along the
primary shear plane and τys is the material shear strength. ϕ

FIG. 2. Illustration of two material removal chipping mecha-
nisms: (a) Gradual chip formation progressed by plastic shearing
and (b) fracture-induced chip breakage.
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represents the inclination angle of the shear plane from the
cutting velocity vector, measured on the orthogonal plane,
i.e., shear plane angle [see Fig. 2(a)]. Using Merchant’s
equation [32], the shear plane angle can be written as a
function of the tool rake angle (λ) and friction angle
(β), ϕ ¼ π=4þ λ=2 − β=2.
Comparing the variation of the force for the fracture-

induced chip breakage [Eq. (2)] and chip removal pro-
gression by plastic shearing [Eq. (3)] as a function of DoC,
one can find a critical DoC, below and above which the
gradual plastic shearing and abrupt chip breakage are the
dominant material removal mechanism

dc ¼
ðtanϕ cos λÞ2
12α2 þ 1|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
shape factor

�
KIC

τys

�
2

: ð4Þ

This equation highlights that the transition in chipping
mechanism is a function of both material and geometrical
factors, suggesting that the critical DoC is a system
characteristic rather than a material constant.
To validate Eq. (4), we conducted a systematic set of

orthogonal cutting experiments, varying the depth of cut for
three different polymers (PMMA, POM, and PC). The
setup simulates the process of chip formation by cutting
through plates with out-of-plane width of 4, 5, and 5 mm
for PMMA, POM, and PC, respectively.
The cutting tool was manufactured from S355 steel with

cutting angle of 45° and tip radius of R ¼ 0.05 mm. The
cutting setup is shown in Appendix C of the Supplemental
Material [29] (Fig. S2) where the cutting edge cut through
work piece plates with a constant speed of 20 mm=min,
while the cutting force is measured via a load censor with a
maximum limit of 2 kN. Selected snapshots and movies of
some experiments can be find in Supplemental Material
Fig. S3 and videos [29], respectively.
Figure 3 presents variation of the cutting force for

PMMA, POM, and PC for different DoC. In agreement
with the prediction of Eq. (4), Fig. 3(a) shows that for

PMMA, down to the cutting depth of 0.5 mm, the material
removal is dominated by fracture-induced chip breakage,
indicated by a sudden drop in the cutting force, seen in
Supplemental Material [29], Figs. S3(a) and S3(b). For
0.1 mm cutting depth, which is the smallest possible cut-
ting depth in our setup, a large degree of ductility and
plastic shearing can be observed in Fig. 3(a) [see also
Supplemental Material [29], Figs. S3(a)].
The transition in material removal mechanisms is more

clearly visible from cutting force-distance curves of POM
in Fig. 3(b) and Supplemental Material [29], Figs. S3(c)
and S3(d). As seen, the cutting force reaches a steady state
for DoC up to 2.1 mm, indicating the gradual chip removal
by plastic shearing. Alternatively, the material removal
progresses by chip breakage for larger DoCs (i.e., 2.5 and
3.5 mm), resulting in an abrupt drop of cutting force
to zero.
Limited by the maximum load capacity of our cutting

setup, we only observed one regime of cutting in PC
[Fig. 3(c) and Supplemental Material [29], Fig. S3(e)], i.e.,
steady state gradual material removal by plastic shearing,
up to 6 mm DoC. The removal by plastic shearing can be
further justified by noting that the cutting force increases
linearly with DoC [see Eq. (3) and Supplemental Material
[29] Fig. S4]. Supplemental Material Fig. S5 [29] further
inspects the mechanism of material removal by micro-
scopic analysis of surface finish, comparing the ductile
versus brittle fracture.
Figure 4 compares the prediction of Eq. (4) with our test

results (PMMA, POM, and PC) as well as available test
data from previous research for a wide range of materials
and cutting conditions over multiple length scales.
Comparing Eq. (4) with our experimental data suggests
the chip length-thickness ratio of α ¼ 1.2 and the critical
DoC of 0.14, 2.16, and 5.2 mm for PMMA, POM, and PC,
respectively. Material properties of tested polymers, used
for this calculation, are listed in Appendix B of the
Supplemental Material, Table S1 [29]. Additionally, we
consider a rake angle of 45° and an assumed friction
coefficient of μ ¼ 0.3.

(a) (b) (c)

FIG. 3. Cutting force-distance curves under different DoCs for (a) PMMAwith d ¼ 0.1–2.5 mm, (b) POM with d ¼ 1–3.5 mm, and
(c) PC with d ¼ 1–6 mm. The corresponding chip formation mechanism can be seen in Supplemental Material [29] Fig. S3 and
supplemental movies.
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To evaluate the accuracy of Eq. (4) to predict the chip
removal mechanism, we superimpose additional experi-
mental data from previous researches into Fig. 4, using the
same friction coefficient of μ ¼ 0.3 and α ¼ 1.2. We only
consider experiments with positive rake angle for which the
assumption of linear elastic fracture mechanics in Eq. (2) is
valid for the fracture-induced chip breakage. Inserting
values for the material shear strength and critical fracture
toughness (detailed in, Table S2 [29]) with the correspond-
ing rake angle into Eq. (4), it can be seen that the proposed
model predicts remarkably the operative material removal
mechanisms for most cases. As seen, Fig. 4 divides the
experimental data into two distinct cutting regimes, i.e.,
abrupt fracture-induced chip breakage and gradual chip
formation by plastic shearing where the transition occurs at
a critical DoC.
The ability of the model to predict the transition in chip

removal mechanisms, not only confirms the existence
of a critical DoC, but explains discrepant experimental
observations. The absence of a plastic shearing mechanism
in Akono et al. [2] experiments with paraffin wax can be
explained as the range of cutting depth in their experiments

(2.5–25 mm) is larger than the critical DoC (< 1 mm),
predicted by Eq. (4) for paraffin wax. Our results suggest
that for typical cutting applications, where the cutting depth
is usually smaller than the cutting width, the mechanism of
material removal and chip formation is dictated by the
cutting depth. In order to use Eq. (4) for describing the
scratching process, in which the cutting depth and width are
comparable, an additional constraint related to the width
dimension may need to be taken into account.
Furthermore, Eq. (4) suggests that for a certain material

and cutting parameters (i.e., DoC and cutting edge geom-
etry), the chipping mechanism can be tuned by modifying
the critical DoC via changing environmental conditions,
e.g., running temperature. It is known that for the majority
of materials, while the shear strength decreases, the
ductility increases with temperature, resulting in a higher
critical DoC [see Eq. (4)]. This is confirmed by our simple
cutting experiments with butter, in which the gradual
chip formation at the room temperature [Fig. 2(c)] and
the fracture-induced chip breakage at temperature −17°
[Fig. 2(d)] are observed while keeping DoC constant.

FIG. 4. A compilation of our cutting experiments on PMMA, POM, and PC as well as cutting data from previous studies
[2,3,5,9,11,16,21,33–43]. This comparison highlights two distinct mechanisms of material removal and chip formation: Gradual chip
removal by plastic shearing and fracture-induced abrupt chip breakage. It can be seen that the developed model in this study [Eq. (4)] can
fairly predict the transition in material removal mechanisms for a wide range of materials over multiple scales. The critical DoC for
different materials has been calculated using material properties listed in the Supplemental Material, Table S2, with the rake angle of 45°,
coefficient of friction μ ¼ 0.3 and α ¼ 1.2. λ# shows the value of the tool rake angle used in those experiments.
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Figure 4 presents experimental data mainly for ceramics
and a few metals where the critical DoC is at the sub-
millimeter range. Equation (4) suggests that the critical
DoC increases quadratically by increasing the KIC and
decreasing the τys. As a result, a larger DoC range (i.e.,
centimeter scale) and resultant cutting forces are required to
observe a transition in ductile metals such as copper and
aluminium. This explains the limited amount of studies
investigating the fracture-induced chip formation in ductile
metals.
This study has a potential application for designing

cutting tools and optimizing manufacturing processes by
combining a right set of material and process parameters. It
opens also new directions for computational and exper-
imental mechanics as well as material science communities
to further investigate the effect of other geometrical
parameters (e.g., cutting edge nose radius, oblique cutting
angle), internal microstructures and inhomogeneities (e.g.,
voids, cracks, particles, dislocations, grain boundaries) on
the removal mechanism. It is also of interest to study the
transition from cutting to scratching processes and relevant
models [41,44].
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