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Motivated by the possible non-spin-singlet superconductivity in the magic-angle twisted trilayer
graphene experiment, we investigate the triplet-pairing superconductivity arising from a correlation-
induced spin-fermion model of Dirac fermions with spin, valley, and sublattice degrees of freedom. We find
that the f-wave pairing is favored due to the valley-sublattice structure, and the superconducting state is
time-reversal symmetric, fully gapped, and nontopological. With a small in-plane magnetic field, the
superconducting state becomes partially polarized, and the transition temperature can be slightly enhanced.
Our results apply qualitatively to Dirac fermions for the triplet-pairing superconductivity in graphene-based
moiré systems, which is fundamentally distinct from triplet superconductivity in *He and ferromagnetic

superconductors.
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Introduction.—Since the incipient discovery of corre-
lated insulators and superconductivity in magic-angle
twisted bilayer graphene (MATBG) [1,2], the moiré gra-
phene systems continue to uncover exotic phases and excite
new ideas [3-21]. In particular, magic-angle twisted trilayer
graphene (MATTG) [19-21] establishes a second example
of the robust superconductivity in the moiré graphene
systems that reveals a clear Fraunhofer-like oscillation in
a Josephson interference pattern. In addition, the out-of-
plane displacement field can modify the band structure
significantly, providing a controllable way to tune the Van
Hove singularity as well as the superconductivity [19-21].

A recent experiment in MATTG [21] demonstrated that
the superconducting state survives with a large in-plane
magnetic field (until ~10 T) that exceeds the Pauli limit
for spin-singlet superconductivity, prima facie implying a
non-spin-singlet superconducting state in MATTG.
Remarkably, the experiment also found a nonmonotonic
superconducting behavior as a function of the applied in-
plane magnetic field, which suggests a separate (reentrant)
superconducting phase for magnetic field beyond 8 T.

In this Letter, we study a spin-fermion model [22-27] for
Dirac fermions with spin, valley, and sublattice degrees of
freedom, as a proxy for investigating the possible spin-
triplet superconductivity in graphene-based moiré systems.
The idea is that the system is proximate to correlation-
induced ferromagnetism even when the long-ranged order
is not observed. The fluctuation of such a phase (i.e., spin
fluctuation) is captured by the spin-fermion model, and the
spin fluctuation generates superconductivity regardless of
the details in the band structure. We establish that the spin-
triplet superconducting state is f wave [see Fig. 1(a)] and
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fully gapped due to the valley-sublattice structure in the
Cooper pairs. We also discuss the effect of a small in-plane
magnetic field and experimental characterization.

We note that the sublattice and valley structures in the
pairing states crucially determine the dominating pairing
instability, while the moiré band structures in twisted
graphene systems inherit Dirac fermions with internal
degrees of freedom (e.g., spin, valley, sublattice) from
monolayer graphene. Therefore, we anticipate that the
f wave is generically the dominating pairing symmetry
for spin-triplet superconductivity in the graphene based
systems.

Model.—The spin-fermion model [22-27] describes that
the low-energy itinerant electrons interact with the fluctu-
ating spin fields. Although the spin fields arise from the
electrons microscopically, we treat them as independent

FIG. 1. (a) f-wave pairing symmetry and the Brillouin zone.
The signs indicate the relative phase when an f-wave pairing is
rotated by z/3. K and K’ denote the valleys. (b) Angular
momentum and valley-sublattice structure. The electrons carry
finite angular momenta depending on the valley and sublattice as
depicted in the figure. Therefore, the Cooper pair wave function
might carry nontrivial z-directional angular momentum (L,). A
and B denote the sublattices.
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degrees of freedom in the spirit of the spin-fermion model
[27]. In this work, we consider a spin-fermion model of
Dirac fermions which can be realized on a honeycomb
lattice, H = H, + H, + H,,. The low-energy electron is
described by [28]

I:Ie = ZWlthk’ (1)
Kk
where

hk = h’UFGXTZkX + h’UFO'yky — EF' (2)

In the above expression, 6* (z%) denotes the a component of
the Pauli matrices for the sublattice (valley), vy is the
Dirac velocity, Ey is the Fermi energy, and yy is an
eight-component fermionic field (valley, sublattice, and
the intrinsic spin) with momentum k. The reduced
Hamiltonian 7, obeys a (72 = 1) time-reversal operator,
ﬁh*_kfl_l = hy, where IT = z*. The fluctuating spin fields
are described by

\ 1 > -
H, = E E )C_l(q)s—q : Sq’ (3)
q

where y~'(q) is the inverse spin-spin zero-frequency
correlation function and S, = (S3.Sq.S5) encodes the

three-component fluctuating bosonic spin field at momen-
tum q. Finally, the spin-fermion coupling is given by

7 9 i A 3
Hes:— —an - Sqo 4
Vit <"”“ "2""‘> ‘ W

where g is the spin-fermion coupling constant, A is the area
of the system, and the Pauli matrices for the spin
i = (p*, @, yi*). The spin-fermion model here is motivated
by the non-spin-singlet superconductivity in the MATTG
experiment near v = —2 [21] since spin fluctuation pro-
vides a natural explanation for the spin triplet pairing
[29,30]. We further assume that the fluctuating spin fields
fail to develop a long range order at the temperatures of our
interest, but the spin-spin correlation function y(q)
is peaked at q =0, e.g., y(q) = xo/(|q]* + &%) where
¥o > 0 and ¢ is the correlation length. Such an assumption
is consistent with the absence of ground state magnetization
in MATTG experiment near v = -2 [21].

To obtain an effective interelectron interaction, we
integrate out the fluctuating spin fields in Egs. (3) and
(4). The effective interaction is given by

2 - -
g9 P M T M
H; = —ﬂkzk:q)((‘ﬂ (ka 5Wk> : (ll/k/_qil//k’>- (5)

H, describes the ferromagnetic interaction between
the intrinsic spins of the itinerant electrons which favors

spin-triplet pairing [29-31]. One possibility is paramagnon
mediated interactions.

Pairing symmetry.—Besides the spin degrees of free-
dom, the valley and sublattice structures play important
roles in the pairing symmetry of the superconductivity
[32,33]. We discuss only the intervalley Cooper pairs as the
intravalley Cooper pairs correspond to a lattice-scale
oscillating gap function in the position space. The s wave
and f-wave pairings are intrasublattice while the p wave
and d-wave pairings are intersublattice [33]. To see this, we
consider Cooper pairs in the position space and examine the
symmetry operations in the following. The wave function
under the threefold rotation (Cs,) about a hexagon center is
given by Cy.y' (r)C3} = €/@7/3%:y7(R;r) because of the
site-dependent Bloch wave phase factors illustrated in
Fig. 1(b). In addition, the twofold rotation (C,,) about a
hexagon center is implemented by the valley and sublattice
exchanging as follows: Co.y " (r)C5! = ¢y (R,r). For a
pair of electrons from different valleys, C;, operation can
distinguish the s wave and f wave (L, mod 3 = 0) from the
p wave and d wave (L, mod 3 = 1, 2); C,, operation can
distinguish the s wave and d wave (L, mod 2 = 0) from the
p wave and f wave (L, mod 2 = 1). With both C3, and C,_,
we can classify angular momentum states associated with
|L.| =0, 1, 2, 3. Therefore, the sublattice structures are
fully determined for the intervalley s-, p-, d-, and f-wave
pairings [32,33].

The spin-triplet Cooper pair bilinears are summarized in
the following. (The spin-singlet operators are listed in Sec. I
of [31].) The p-wave spin-triplet Cooper pairs are inter-
sublattice and are given by

-

B, x(K) = y! (i) (i) . (6)

@, y(k) =yl [r(io”) (ijin) . (7)

The subscripts X and Y correspond to the p, and p,
structure, respectively. The f-wave spin-triplet Cooper
pairs are described by

B (k) = yTy [(=ie”) (i) Ty (8)

In addition to the p wave and f wave, we find a staggered
intrasublattice spin-triplet Cooper pair [34] given by

-

®5(k) =yl [(=ie")o (ifip) Twrc- ©)

The ¢° indicates a staggered sublattice structure, which
might suggest a vanishingly small effect, similar to the
intravalley pairing terms.

The above bilinear exhaust all the possible spin-triplet
pairing. We note that all the spin-triplet Cooper pairs
discussed above can have a pairing potential with no
explicit dependence on momentum k. This should be
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contrasted with other spin-triplet superconductors such as
3He [29] and heavy fermion ferromagnetic superconductors
[30,35], where the spin-triplet pairing potential is an odd
function of momentum k.

Notice that it is important to use the bilinear operators
with respect to the basis in Eq. (1) because the expressions
of Cooper pairs are basis dependent. We adopt the micro-
scopic basis for Eq. (1) and the bilinear operators dis-
cussed above.

BCS theory.—To investigate the qualitative features
of the superconductivity, we employ the standard BCS
approach [29,36] and derive the pairing Hamiltonian
from Eq. (5) (with the attractive channels only) as
follows:

Hy= - [®,x(K) - B, x(K) + &)y (K) - B,y (K)

+ BL(K) - Bs(K') + Bj(K) - By (k')]. (10)

where U > 0 is the momentum-independent effective
pairing strength, the prime in the momentum summation
indicates summing half of the Brillouin zone. The inter-
action U is momentum independent, but we still find
unconventional pairings such as p wave and f wave
because of the valley and sublattice degrees of freedom.
U can be derived from y(q) in Eq. (5), which is discussed in
Sec. II of [31]. Equation (10) describes attractive inter-
actions among the spin-triplet Cooper pairs, implying spin-
triplet superconductivity as the leading instability. The
spin-singlet terms, which are left out in Eq. (10) are given
in Sec. I of [31] and are checked to be repulsive as
expected from ferromagnetic spin-fluctuation pairing [29].

To study the superconductivity, we employ the mean-
field decoupling in Eq. (10) and express the mean field
theory in terms of the Bogoliubov-de Gennes (BdG)
Hamiltonian as follows:

!
Hypr = Z‘PI(HBdG(k)‘Pk
K
A~ 2 x 2 w2 w2
+E(|AP.X| + 1A,y "+ AT+ [A57),  (11)

where ¥ = [w{,l//ik(—i,uy)], &p.X (&p.y) is the order
parameters for the p, (p,) pairing, and &f (&;‘.) is the
order parameter for the f wave (staggered intrasublattice)
pairing. Hpyg(K) is expressed by

Hpa(kK) = (Avpk,)o"r¢ 1, + (hvpky)o'x® — Epk®
+ (E-jit + (E i), (12)

[11,

= &p,x(—iry)dx +qu.yr"(i6y) +5f(—iry) +&§(—ify)61,
(13)

where the Pauli matrices (k") and identity (iK) in the
particle-hole space are introduced and x* = (k* + ix”)/2.
One can easily confirm the particle-hole symmetry

PH} 6 (—k) P = —Hpyg (k). (14)

where P = p*x”, corresponding to the P = 1 particle-hole
symmetry.

Formally, we can derive the free energy associated with
Eq. (I1) by integrating out the fermionic field in the
partition function. Then, the free energy density (F) is
expressed by

kpT R
F= —%m det [—im, 1 + Hpag (k)]
I 20 = 2 = 2 =2
+5(|A§| + A, x"+ A, x|+ A7), (15)

where kp is the Boltzmann constant. We perform a
perturbative expansion of F up to the quadratic order of
the order parameter. This can be done systematically with
the standard treatment in the matrix Green function
approach [29]. The Landau-type free energy density is
given by

F = const + [% - §(T)} (|&p,X|2 + |&p,Y‘2)
+[5-n ] e + [ - cn] e+ 0gar
(16)

where n(T) > &(T) > {(T) > 0 (see Fig. 2 and Sec. IV
in [31]), and T is the temperature. The transition tempera-

tures can be determined by UE(TP) =1, Un(TL) =1,
and U¢(TS) = 1, where T7, T/, and TS are the transition

temperatures for the p wave, f wave, and the
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FIG. 2. Coefficients in the Landau free energy density. We plot
n(T) (black curve), &(T) (blue curve), and {(T) (red curve) with
Er =30 meV and AvpA = 50 meV. The unit in the y axis is
(hvp)™2 meV~!. The results show that i7(T) > &(T) > (T) in
the parameter regime relevant to MATTG experiment, suggesting
that the f wave is the dominating pairing symmetry.
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staggered intrasublattice spin-triplet pairings, respectively.

Remarkably, we obtain that 72 > T? > T¢, suggesting that
the f wave is the dominating superconducting state. This
result is due to the valley-sublattice structure [32,33] (see
Sec. IV in [31] for a discussion) rather than the detail band
structure, and we anticipate that the f wave is generically
the dominating pairing symmetry for spin-triplet super-
conductivity in the graphene based systems including
MATTG, independent of the pairing mechanism. We note
that the possibility of realizing f-wave superconductivity
was also discussed previously in the context of graphene
and MATBG [33,37-43].

[-wave superconductivity.—In the rest of this Letter, we
focus on the f-wave pairing spin-triplet superconductivity.
With only the f-wave order parameter, the free energy
density given by Eq. (15) can be derived exactly (see Sec. V
of [31]) and is expressed by

[ 2 2 -

t":ks_FAr |A |2

F = 2kgT /ln 2cosh| Y—— || + &0
B Z:i K 2kpT U

(17)

where e+ = hoglk| £ Ep, A = /|A/2 £ [i&, x &},
and [, denotes [[d’k/(2x)?]. Without a magnetic field,
the free energy is minimized when zAf X Af =0 (.,
A f||A ). Therefore, the order parameter can be expressed
by Af = ¢ 0, where O is a real-valued vector. Note that the

phase ¢ can be gauged away. We find that the f wave BdG
Hamiltonian satisfies a (72 = 1) time-reversal symmetry:

I 46 (KT = Hpyg (k). (18)

where [T = ¢ ¢y’ [44]. The superconducting state
here belongs to the class BDI, which is topologically
trivial in two dimensions based on the tenfold way classi-
fication [45]. As such, we conclude that the spin-triplet
f wave pairing superconducting state is unitary (i.e.,
1A, X Af = 0), time-reversal symmetric, fully gapped,
and topologically trivial.

To derive the gap equation, we minimize the free energy
in Eq. (17) with respect to |Af|2 (with lAf X A/ = 0). The
gap equation is expressed by

= |
U
where Ey . = \/€f . + |&f|2. To regularize the momen-

tum space integral, we introduce a momentum cutoff (A).
For |Af| < |EF|,
expressions  for

tanh(zk =) tanh(zk =)
Ex Ey _

, (19)

hvpA, we derive the asymptotic
the zero temperature gap, 2A,=
2|&f(T —=0)|, and the transition temperature, T%, as
follows [46]:

2Aq = 2|Ep|Aexp {— (20)

o)

e}/
kyT! = |Ep| — Aexp [— (21)
T

|Er|)/(hveA + |EE|)]x
|Er|)/|EF|] is a dimensionless parameter,
y is the Euler-Mascheroni constant, and N(Ej) =
|Er|/(2nh*v%) is the density of states at the Fermi energy.

To gain an intuitive understanding, we expand the free
energy density (without an applied magnetic field) in
Eq. (17) up to the quartic order of the order parameter
as follows:

where A = 2/[(hvpA -
exp [(hvpA —

2
F=const+ » |5-— A%
const + L]ZU o )]| |
+ay(T)[|Ap* + ik} x AP+ O(|A),  (22)

where a,(T) > 0 and #,(T) = 71(T) in the absence of a

magnetic field. The absence of iA £ X A ¢ is the manifes-
tation of the positive a,(7) in the Landau theory.

In the presence of a small in-plane magnetic field, the
electronic band develops a Zeeman splitting. Then, —Bu® is
added to hy [Eq. (2)], where 2B denotes the Zeeman
splitting and the z direction is rotated to the field direction.
Similar to the expansion in Eq. (16), we treat the order
parameter perturbatively. In addition, we also treat —Bu®
perturbatively in the Green functions. (See Sec. VI of [31]
for a derivation.) The free energy density acquires a
term proportional to —iBﬁf X &} - 2, implying i&f X &; :
Z# 0 and a finite magnetization in the superconducting
state. The quadratic terms in the free energy density are also
affected by B as illustrated in Fig. 3. Specifically,
n(T.B) = n,(T,B) = y(T.0) + B*(T) and n,(T.B) =
n(T,0) — B26n(T), where on(T) >0 (Sec. VI of [31]).
Thus, A; and Aj} are the favored states, suggesting that
equal-spin pairing is the dominating pairing structure
with a Zeeman splitting [See Eq. (8)]. Recall that

1T, B)

nAT, B)

0 R? >

FIG. 3. Sketch of #,(7T,B) versus B2 In the absence of
Zeeman splitting (i.e., B =0), n,(T,0) = n,(T.0) = ,(T.,0).
For a small finite B, #,(7,B)=n,(T,B) > n,(T,B) and
7¢(T, B) —5.(T, B)  B2. See main text for a detailed discussion.
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A, = \/|&f\2 + |i&f X &;‘c| Thus, there are two gaps in
the superconducting state. For a small B, the gap formed by
“up” spins is increased while the gap formed by the “down”
spins is suppressed. This is consistent with the previous
theoretical results in [47] for MATBG. We conclude that
the superconductivity with a small in-plane field is f wave,
spin-triplet, and equal-spin pairing.

Relation to MATTG experiment.—A recent MATTG
experiment found that the superconductivity near v = —2
persists for a large magnetic field (10 T) beyond the Pauli
limit for the spin-singlet superconductivity [21]. A natural
explanation is that the superconductivity is spin-triplet,
which we emphasize in this Letter. However, there is no
clear sign of magnetism in the experiments. A possible
explanation is that the electrons are spin polarized, but the
coherence length is too small to develop a true long-range
order. In such a scenario, the phenomenological spin-
fermion model provides a natural starting point. In addition,
our predicted f-wave superconducting state can withstand
finite Zeeman splitting, and the gap (from the up spins) is
enhanced for a small in-plane magnetic field. To compare
with the MATTG experiments, we take vy = 4 x 10* m/s,
AvpA =50 meV (half of the MATTG bandwidth [19]),
|Ep| =30 meV, and U =30 meVnm?. Putting these

numbers in Eq. (21), we obtain T{ = 3 K, which is com-
parable to the extracted Tgkr in the experiments [19,20].
We also note that U cannot be larger than U, ~ 1/p, (with
po being the density of states at Fermi level) as the Stoner
ferromagnetism must be absent in the normal state.
Although the spin-fluctuation mechanism proposed in this
work is likely, we cannot not rule out the acoustic-phonon
mechanism which might realize f-wave spin-triplet super-
conductivity also [33,48,49].

The f-wave spin-triplet superconductivity can be exam-
ined experimentally. The spin-triplet Cooper pair cannot
tunnel into a spin-singlet superconductor (i.e., zero
Josephson current) but can tunnel into an “Ising” super-
conductor (such as NbSe, [50,51]) as long as the spin-
triplet Cooper pair has zero out-of-plane spin projection.
Since the small magnetic field can partially polarize the
superconducting state, the MATTG-NbSe, junction with a
small magnetic field can distinguish the spin-triplet
pairing from the spin-singlet pairing. In addition, the
f-wave symmetry can be confirmed by a hybrid corner
Josephson junction as discussed in Sec. VII of [31].

Relation to the Hubbard model.—The phenomenological
spin-fermion model used in this work might be derived
from the Hubbard model [27]. In the single-band square
lattice SU(2) Hubbard model, the antiferromagnetism
arises at half filling for a large on-site repulsion, and the
Nagaoka ferromagnetism takes place when doping slightly
away from the half filling. We expect that the pheno-
menological spin-fermion model here should capture the
gross features of the possible spin polarized states in the

MATTG bands. However, the microscopic justification
remains an important question, both whether there is
superconductivity in the Hubbard model [52] and whether
the Hubbard model is relevant to MATTG [43,53,54].
Our work, however, transcends these questions and applies
as long as spin fluctuations mediate the observed
superconductivity.

Outlook.—The present work can be straightforwardly
generalized to the MATTG bands [55-57], which is an
important direction for future work. We anticipate that the
f wave remains the main pairing symmetry because of
the valley-sublattice structure unique to graphene. In this
Letter, we concentrate only on the zero and the low in-plane
magnetic field limits. With a sufficiently large in-plane
magnetic field, the spin fields are fully polarized, and a
sizable Zeeman splitting in the electronic bands develops.
The transverse fluctuation of the polarized spin fields
(analogous to the magnon) can still mediate the effective
interaction. The presence of spin fluctuations implies that
the Pomenranchauk effect applies to the system [58,59].
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