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The vibrational density of states D(w) of solids controls their thermal and transport properties. In
crystals, the low-frequency modes are extended phonons distributed in frequency according to Debye’s law,

D(w) « @*. Tn amorphous solids, phonons are damped, and at low frequency D(w) comprises extended

modes in excess over Debye’s prediction, leading to the so-called boson peak in D(w)/w?* at @y, and

quasilocalized ones. Here we show that boson peak and phonon attenuation in the Rayleigh scattering
regime are related, as suggested by correlated fluctuating elasticity theory, and that amorphous materials
can be described as homogeneous isotropic elastic media punctuated by quasilocalized modes acting as
elastic heterogeneities. Our numerical results resolve the conflict between theoretical approaches
attributing amorphous solids’ vibrational anomalies to elastic disorder and localized defects.

DOI: 10.1103/PhysRevLett.127.215504

The distribution in the frequency, w, of the vibrational
modes of solids, or density of states (DOS), is a fundamental
material property controlling, e.g., their specific heat and
thermal conductivity [1,2]. At small frequencies, crystals’
DOS is populated by phonons (plane waves) and follows
Debye’s law, D(w) = Apw?®. The vibrational properties of
amorphous materials deviate from that of crystals in several
aspects. First, the reduced density of states D(w)/@? exhibits
a peak at the Boson peak frequency, wy,,, in the terahertz
regime for molecular solids. The boson peak reveals an excess
of modes over Debye’s prediction. Competing theories have
attributed this anomaly to elastic disorder [3-8], localized
harmonic [9,10] or anharmonic vibrations [11,12], anhar-
monic effects [13,14], broadening of the lowest van Hove
singularity of the transverse phonon branch [15,16]. Second,
the low-frequency DOS of amorphous solids is the super-
position [17-20] of extended modes complying to Debye’s
prediction, D(w) = Apw?, and of quasilocalized modes
(QLMs) distributed in frequency as Djo.(w) = Aso*.
Finally, in amorphous solids, the extended low-frequency
modes are not phonons. Rather, phonons attenuate while
propagating with a frequency-dependent rate, I'(@). In the
absence of temperature induced anharmonic effects [21],
phonons’ attenuation rate I" crossovers from a Rayleigh
scattering regime [22], I" « o, toa disordered-broadening
regime, " xw? [23-27], as the phonon frequency increases,
as observed in recent studies [28-30].

Since the vibrational anomalies of amorphous solids
occur in different frequency regimes, it is not clear that
there should be a relation between them [29,31]. However,
there are indications suggesting such a relation. For
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instance, numerical results indicate a correlation between
A and wy, [31,32]. Furthermore, fluctuating elasticity
theory [3-5,33] (FET), in its extended version incorpo-
rating an elastic disorder correlation length &, [34,35]
(corr-FET) suggests a correlation between wy, and the
attenuation rate of sound waves in the Rayleigh scattering
regime, I'/wy, « y(w/wy,)*. Here, y is a disorder para-
meter controlling the scaling of the fluctuations o3 (N) of
the shear modulus on the coarse-grained size [3-5,33],
6?(N)/u* = y/N, u being the average modulus, and @y, =
c,/E, with ¢, the sound velocity of transverse waves. A
connection between y and A, has also been observed
[36,37]. While sound attenuation appears to correlate with
the fluctuations of the elastic moduli [17,30], the validity of
corr-FET is debated. It has been suggested, for instance,
that corr-FET is only qualitatively accurate [29,38] or
that corr-FET prediction holds with @y, replaced by
wy = c,/ay, with ay = p~"/¢ and p the number density
[30]. Henceforth, it is still unclear if boson peak, quasi-
localized modes, and sound attenuation are related.

Here, we introduce and verify via extensive numerical
simulations a simple picture relating amorphous solids’
vibrational anomalies. First, we validate corr-FET and its
proposed connection between boson peak, elastic hetero-
geneities and sound attenuation. Then, we show that low-
frequency corr-FET predictions emerge from the mechani-
cal model introduced by Rayleigh in his seminal work [22],
a homogeneous elastic continuum of shear modulus
punctuated by defects with shear modulus py + oy,
provided that the defects have linear size &; « &,, cons-
tant number density n, and that ou,; « uq. Finally, we
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demonstrate that QLMs satisfy these constraints. Our
results clarify that the low-frequency vibrational properties
of amorphous solids are those of an elastic continuum
punctuated by quasilocalized vibrational modes. Hence, our
work establishes a relation between the different vibrational
anomalies of amorphous solids and resolves the contrast
between theoretical models attributing the boson peak
anomaly to elastic disorder and localized defects.

We resort to numerical simulations to investigate vibra-
tional properties and attenuation rate of model amorphous
materials, focusing on systems of particles interacting via
an Lennard-Jones-like potential V(r,x.). Here, x. is a
parameter setting the extension of the attractive well [39],
which vanishes at x.s. This parameter influences the
relaxation dynamics [40] and the mechanical response
[36,37,39,41]. We follow the model of Ref. [40]. We
simulate systems with a varying number of particles N,
up to N = 8192000, in a cubic box with periodic boundary
conditions, at fixed number density p = 1.07. We generate
amorphous solid configurations by minimizing, via con-
jugate gradient, the energy of systems in thermal equilib-
rium at 7 = 4.0e, above the glass transition temperature for
the considered x,. values [40].

We determine the two parameters entering corr-FET
predictions [3-5,33-35], £, and y, investigating the de-
pendence of the elastic properties on the system size as well
as the dependence of coarse-grained elastic properties on
the coarse-graining length. We have found these two
approaches [36,42—44] to give consistent results, as we
recap in the Supplementary Material [45]. Importantly,
we find that a single length scale [36,44] characterizes
the dependence the shear modulus fluctuations on the
system size, so that y is a nondimensional measure of
the correlation volume, y « (£,/ao)’. In Fig. 1(a), we
observe the elastic length scale &,, or equivalently y, to
decrease with the attraction range x., consistently with
previous results [36].

The estimation of &,, y, and ¢, = /u/(mp) allows us to
validate if the boson peak frequency scales as oy, « ¢,/&,,
as predicted by corr-FET for stable glasses [46]. To check
this prediction, we evaluate D(w) via the Fourier transform
of the velocity autocorrelation function of N = 256 000
particle systems, and @y, via the scaling collapse of
Fig. 1(b). The inset shows that the boson peak frequency
is proportional to c,/¢,, validating corr-FET.

Considering that y « &, FET [3-5,19] and corr-FET
[4,5,34,35] predictions for the attenuation rate (see [45])
can be summarized as follows:

(7 FET
r— : 1
w* 7> (%)6 corr-FET (m)
bp

We remark that these predictions concerns the harmonic
T — 0 limit of our interest. At low temperature, I" Tw? for
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FIG. 1. (a) Dependence of elastic disorder correlation length
&, o y'/3 and disorder parameter y on x,., a parameter controlling
the extension of the attractive well. Error bars are smaller than the
symbol size. (b) Reduced D(w), normalized by its maximum
value, as a function of /wy,. We found wy, ~4.5¢,/&, (inset).

o — 0, due to anharmonic effects [24,47,48]. corr-FET can
be extended to account for these anharmonic effects [49].

To validate these predictions, we evaluate I" by exciting
[50,51] a transverse acoustic wave with wave vector k in
which two among «,, k,, and k. are zero. We then evolve
the system in the linear response regime to evaluate the
velocity autocorrelation function, which we average over
30 phonons from independent samples for N < 512 000, and
over 15 phonons for N > 512000. A subsequent fit of this
averaged velocity autocorrelation function to cos(wt)e™"/?
allows extracting attenuation rate I and frequency w as a
function of «.

The normalized attenuation rate I'w}/w* attains a con-
stant value at low frequency, demonstrating the existence of
a well-defined Rayleigh scattering regime, as illustrated in
Fig. 2(a). This finding [28-30] demonstrates that, in this
regime, anisotropic long-range spatial correlations in the
elastic moduli [52,53] do not influence sound damping
[50,54]. We test FET and corr-FET predictions, Eq. (1),
by plotting ay and fy?, with a and /3 constants and y as in
Fig. 1(a). Corr-FET correctly predicts the relation between
sound attenuation and boson peak frequency. Furthermore,
Fig. 2(a) indicates that Rayleigh’s scattering regime sets in
at a frequency smaller but close to @y,,, confirming another
cort-FET prediction.

Previous works did not support corr-FET.
References [29,55] tested it by measuring the fluctuations
of coarse-grained elastic constants defined via the so-called
fully local approach [56]. We speculate this approach leads

215504-2



PHYSICAL REVIEW LETTERS 127, 215504 (2021)

Tow 3/(o4
>

Corr-FET

(b)

0.10

o tni,
—I—I—".f.

i

FET

Corr-FET

0.1 1
/@y,

FIG. 2. (a) The frequency dependence of the scaled attenuation
rate is consistent with corr-FET as concern the limiting low-
frequency value, yz. We combine data for N =32 k, 64 k,
256 k, 512 k, 2048 k, and 8192 k. Symbols are as in
Fig. 1. (b) Analogous results are obtained investigating the scaled
sound attenuation rate of amorphous solid configurations prepared
minimizing the energy of ultrastable liquids in equilibrium at
temperature 7', below the mode coupling one. Data are from
Refs. [29,55], to which we refer for further details. Symbols identify
the system size: 192 k (squares), 96 k (circles), 48 k (triangles).

to unreliable results as it fails to recover self-averaging [42].
Reference [30] supported the validity of FET, rather than
of corr-FET, studying sound attenuation and elastic proper-
ties as a function of a parameter artificially affecting the
prestress contribution to the dynamical matrix of a given
system. We suspect this approach breaks the relation
y « &, leading to changes in y at constant &,, but the
matter deserves further investigation.

To further support our findings, we consider that corr-
FET prediction of Eq. (1) can be tested without the direct
measurement of the disorder parameter, but rather inferring
it from measurements of the boson peak frequency, as
y « (wo/wy,)*. We exploit this result to validate corr-FET
against numerical data for the boson peak frequency [29]
and sound attenuation [55] of ultrastable glasses. The result
of this investigation further support the validity of corr-
FET, as we illustrate in Fig. 2(b). The validation of corr-
FET is our first main result.

We now turn our attention to the connection between
corr-FET and QLMs. Fluctuating elasticity theory has been
introduced considering that, in an amorphous material, “it
is difficult to distinguish between ‘host’ and ‘defect™ [10].
However, the analysis of the vibrational properties of

amorphous materials revealed the existence of QLMs,
extended soft mechanical regions that act as structural
defects controlling the mechanical response under shear
[57] and, possibly, the relaxation dynamics of supercooled
liquids [58]. Hence, there could be a relation between FET
and QLMs.

We establish this relation within Rayleigh’s elastic
model [22], an elastic continuum with shear modulus g,
punctuated by n defects per unit volume, each defect being
a region of linear size £; with shear modulus g + dpy.
Within this model, FET disorder parameter [45] results in

7o na) (22)" 24 @)

2 b
do/ Ko

and the boson peak frequency is wy, o ¢;/&y, so that
Rayleigh’s seminal result for the attenuation rate [22]
of low-frequency phonons, I' « (8uy/po)*Ew®*, can be
expressed as ['(w)(&,/c,) o« y(wéy/c,)*.

Corr-FET and the defect model are consistent in their
predictions for the boson peak frequency if

éd & ée- (3)

If this relation holds, then the models are consistent in their
predictions for the attenuation rate if Eq. (2) is satisfied,
or equivalently, given Eq. (3), if ndu?/u} = const. This
occurs, e.g., if

n = const (4)

Spta < Ho- (5)

We now show that QLMs satisfy Egs. (3)-(5).

Equation (4) is suggested by previous studies [36]. Here,
we validate it investigating QLMs’ density of states to
estimate their number density, n. We determine Dy, (w) via
the direct diagonalization of the Hessian of a small systems,
N = 4000, to lift the minimum phonon frequency [59],
x ¢;/N'3, and make the low-frequency spectrum pre-
dominantly populated by localized modes. We average
our results over at least 10* independent realizations.
Figure 3(a) shows that data for different potentials collapse
when Dy, is nondimensionalized resorting to the boson
peak frequency. Assuming that wy, is the maximum QLMs’
frequency, this result indicates that

5n (o \*
D = A0t ="—|—], < , (6
loc<a)) 4@ Wy (wbp> W < Wy ( )

where n = [ D(w)dw ~0.005 is the constant density
of vibrational modes. This result validates Eq. (4).
Interestingly, Ref. [31] reported AZI/ > Jawy = (5n)71/% ~
2.1 (see their Fig. 6), in quantitative agreement with our
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FIG. 3. (a) Scaling of the low-frequency density of states.

(b) QLMs volume estimated by the low-frequency limit of Ne
with e the participation ratio and N the system size. Represen-
tative error bars are shown. The full lines correspond to & o 7.
For both panels N = 4000 and data are averaged over at least 10*
realizations. Symbols indicate different x,. values as in Fig. 1.

result, investigating a different system. This suggests n
might be a universal constant. We leave to the future the
investigation of this intriguing question.

We verify Eq. (3), which is supported by previous
investigations [20,37], evaluating QLM size via the mode
participation ratio e = (1/N)[Y.~, (&, - 4;)?]~", where i;
is the displacement vector of particle i in the considered
mode. The participation ratio is O(1) for extended modes,
and O(1/N) for localized ones. Hence, Ne estimates the
number of particles involved in the mode, and we expect
& o« y o lim,_oNe(w) if Eq. (3) holds. While our Ne
data are noisy, despite our significant statistics, they are
indeed compatible with this expected scenario as we
demonstrate in Fig. 3(b), where full lines correspond to
ay(x.), with a constant.

Since QLMs correspond to soft mechanical regions, we
assume that their typical shear modulus is encoded in the
left tail of the distribution of the shear modulus coarse
grained at the QLMS’ size &,, P(u,,), which is known to be
anomalous [30,42]. Hence, if Eq. (5) holds, the left tails of
distributions corresponding to different x, should collapse,
when the distributions are plotted versus ;, /pg — 1, with
U the average shear modulus. To check this prediction, we
associate to each particle a shear modulus, taking into
account the nonaffine contribution, and coarse grained it at
different length scales [45]. Figure 4(a) shows that the left
tails of the distribution of the shear modulus coarse grained
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FIG. 4. Probability distribution of the local shear modulus
u,/ 1o — 1 coarse grained over a length scale w, p, being the
average modulus. In (a) the coarse graining length scale equals
the defect size, w = £; = &,, whose x, dependence is in Fig. 1(a).
In panel (b), w=4ay. For each x., results are obtaining
averaging over 50 independent N = 256 000 particles configu-
rations. Symbols are as in Fig. 1.

at w = £, collapse—indeed, the whole distribution does it.
We remark that this collapse is not trivial as it occurs at a
coarse-graining length scale at which the distributions
are far from being Gaussian. Indeed, the collapse does
not occur at smaller coarse-graining length scale, as we
illustrate in Fig. 4(b) where we fix, as an example, w = 4aq,.

Overall, these results show that QLMs satisfy
Egs. (3)—(5) and demonstrate that corr-FET predictions
are recovered within a defect picture, if defects are identified
with the QLMs. Hence, elastic disorder and defect based
interpretations of the anomalous vibrational properties of
amorphous materials are intimately related rather than
contrasting. This result is our second major finding.

To rationalize this result, we consider that within
Rayleigh model sound attenuation is strongly dependent
on the defect size, I' « &5, and the deviation of the elastic
properties of the defects from the average, I' « 5/45.
We thus understand that QL.Ms dominate sound attenuation
as they stand out as the largest and softest elastic
heterogeneities [58].

In the defect picture, the density of states of amorphous
materials is approximated by

o* @?
D(w) = n—SH(a)bp -w)+Ap—50(wp — w) (7)
oy, w3,

with 6(x) the Heaviside step function, n weakly system
dependent if not constant, and Ap fixed by the normali-
zation constraint. The characteristic QLMs size determines
the boson peak, which is therefore not related to the first
van Hove singularity of transverse waves [60].

The defect picture does not rely on the introduction of
defects of a specific size but rather on the existence of a
characteristic size, £;. It is then of interest to consider the
distribution of the defect sizes, P(&). This distribution can
be obtained from the distribution in frequency of the
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modes, given the QLMs “dispersion relation” & = &(w),
one might infer from Fig. 3, as D.(w)dw = P(&)d¢.

The relation between boson peak, sound attenuation,
and QLMs we have established calls for reconsidering
previous works relating the elastic properties of amorphous
materials to those of disorder mass-spring networks, e.g.,
see for a review [61]. While elastic disorder induces a
boson peak, our results suggest that only elastic networks
with a disorder engineered to reproduce the observed
connection between boson peak, localized modes and
sound attenuation are relevant models for amorphous
materials.

We thank E. Flenner and the authors of Refs. [29,55]
for kindly sharing their data, which we used to produce
Fig. 2(b). We further thank W. Schirmacher for sugges-
tions, and E. Lerner and K. Gonzédlez-L6pez for critical
comments on a earlier version of the manuscript. We
acknowledge support from the Singapore Ministry of
Education through the Singapore Academic Research
Fund (Grant No. MOE2019-T1-001-03), and the
National Supercomputing Centre Singapore (NSCC) for
the computational resources.

*massimo@ntu.edu.sg

[1] C. Kittel, P. McEuen, and P. McEuen, Introduction to Solid
State Physics (Wiley, New York, 1996), Vol. 8.

[2] R.C. Zeller and R.O. Pohl, Thermal conductivity and
specific heat of noncrystalline solids, Phys. Rev. B 4,
2029 (1971).

[3] W. Schirmacher, G. Ruocco, and T. Scopigno, Acoustic
Attenuation in Glasses and its Relation with the Boson Peak,
Phys. Rev. Lett. 98, 025501 (2007).

[4] W. Schirmacher, Thermal conductivity of glassy materials
and the “boson peak”, Europhys. Lett. 73, 892 (2006).

[5] A. Marruzzo, W. Schirmacher, A. Fratalocchi, and G.
Ruocco, Heterogeneous shear elasticity of glasses: The
origin of the boson peak, Sci. Rep. 3, 1407 (2013).

[6] S.R. Elliott, A unified model for the low-energy vibrational
behaviour of amorphous solids, Europhys. Lett. 19, 201
(1992).

[7] J.E. Graebner, B. Golding, and L.C. Allen, Phonon
localization in glasses, Phys. Rev. B 34, 5696 (1986).

[8] J. Kawahara, Scattering attenuation of elastic waves due to
low-contrast inclusions, Wave Motion 48, 290 (2011).

[91 W.A. Phillips and A. Anderson, Amorphous Solids:
Low-Temperature Properties (Springer, New York, 1981),
Vol. 24.

[10] E. Maurer and W. Schirmacher, Local oscillators vs elastic
disorder: A comparison of two models for the boson peak,
J. Low Temp. Phys. 137, 453 (2004).

[11] B. Rufflé, D. A. Parshin, E. Courtens, and R. Vacher, Boson
Peak and its Relation to Acoustic Attenuation in Glasses,
Phys. Rev. Lett. 100, 015501 (2008).

[12] U. Buchenau, Y. M. Galperin, V. L. Gurevich, D. A. Parshin,
M. A. Ramost, and H. R. Schober, Interaction of soft modes
and sound waves in glasses, Phys. Rev. B 46, 2798 (1992).

[13] M. Baggioli and A. Zaccone, Universal Origin of Boson
Peak Vibrational Anomalies in Ordered Crystals and in
Amorphous Materials, Phys. Rev. Lett. 122, 145501 (2019).

[14] Z.-Y. Yang, Y.-J. Wang, and A. Zaccone, Giant anharmo-
nicity controls terahertz vibrations and the boson peak
anomaly in disordered materials, arXiv:2104.13740.

[15] S.N. Taraskin, Y.L. Loh, G. Natarajan, and S.R. Elliott,
Origin of the Boson Peak in Systems with Lattice Disorder,
Phys. Rev. Lett. 86, 1255 (2001).

[16] A.I. Chumakov et al., Equivalence of the Boson Peak in
Glasses to the Transverse Acoustic van Hove Singularity in
Crystals, Phys. Rev. Lett. 106, 225501 (2011).

[17] H. Mizuno, S. Mossa, and J.-L. Barrat, Acoustic excitations
and elastic heterogeneities in disordered solids, Proc. Natl.
Acad. Sci. U.S.A. 111, 11949 (2014).

[18] G. Kapteijns, E. Bouchbinder, and E. Lerner, Universal
Nonphononic Density of States in 2d, 3d, and 4d Glasses,
Phys. Rev. Lett. 121, 055501 (2018).

[19] D. Richard, K. Gonzdlez-Lépez, G. Kapteijns, R. Pater, T.
Vaknin, E. Bouchbinder, and E. Lerner, Universality of the
Nonphononic Vibrational Spectrum Across Different Classes
of Computer Glasses, Phys. Rev. Lett. 125, 085502 (2020).

[20] C. Rainone, E. Bouchbinder, and E. Lerner, Pinching a glass
reveals key properties of its soft spots, Proc. Natl. Acad. Sci.
U.S.A. 117, 5228 (2020).

[21] H. Mizuno, G. Ruocco, and S. Mossa, Sound damping in
glasses: Interplay between anharmonicities and elastic
heterogeneities, Phys. Rev. B 101, 174206 (2020).

[22] J. W. Strutt (Lord Rayleigh), On the Transmission of Light
through an Atmosphere containing Small Particles in
Suspension, and on the Origin of the Blue of the Sky,
Philos. Mag. 47, 375 (1903).

[23] C. Masciovecchio, G. Baldi, S. Caponi, L. Comez, S.
Di Fonzo, D. Fioretto, A. Fontana, A. Gessini, S.C.
Santucci, F. Sette, G. Viliani, P. Vilmercati, and G. Ruocco,
Evidence for a Crossover in the Frequency Dependence of
the Acoustic Attenuation in Vitreous Silica, Phys. Rev. Lett.
97, 035501 (2006).

[24] G. Baldi, V. M. Giordano, G. Monaco, and B. Ruta, Sound
Attenuation at Terahertz Frequencies and the Boson Peak of
Vitreous Silica, Phys. Rev. Lett. 104, 195501 (2010).

[25] G. Monaco and V. M. Giordano, Breakdown of the debye
approximation for the acoustic modes with nanometric
wavelengths in glasses, Proc. Natl. Acad. Sci. U.S.A.
106, 3659 (2009).

[26] B. Ruta, G. Baldi, F. Scarponi, D. Fioretto, V. M. Giordano,
and G. Monaco, Acoustic excitations in glassy sorbitol and
their relation with the fragility and the boson peak, J. Chem.
Phys. 137, 214502 (2012).

[27] G. Baldi, M. Zanatta, E. Gilioli, V. Milman, K. Refson, B.
Wehinger, B. Winkler, A. Fontana, and G. Monaco, Emer-
gence of Crystal-like Atomic Dynamics in Glasses at the
Nanometer Scale, Phys. Rev. Lett. 110, 185503 (2013).

[28] A. Moriel, G. Kapteijns, C. Rainone, J. Zylberg, E. Lerner,
and E. Bouchbinder, Wave attenuation in glasses: Rayleigh
and generalized-Rayleigh scattering scaling, J. Chem. Phys.
151, 104503 (2019).

[29] L. Wang, L. Berthier, E. Flenner, P. Guan, and G. Szamel,
Sound attenuation in stable glasses, Soft Matter 15, 7018
(2019).

215504-5


https://doi.org/10.1103/PhysRevB.4.2029
https://doi.org/10.1103/PhysRevB.4.2029
https://doi.org/10.1103/PhysRevLett.98.025501
https://doi.org/10.1209/epl/i2005-10471-9
https://doi.org/10.1038/srep01407
https://doi.org/10.1209/0295-5075/19/3/009
https://doi.org/10.1209/0295-5075/19/3/009
https://doi.org/10.1103/PhysRevB.34.5696
https://doi.org/10.1016/j.wavemoti.2010.11.004
https://doi.org/10.1023/B:JOLT.0000049065.04709.3e
https://doi.org/10.1103/PhysRevLett.100.015501
https://doi.org/10.1103/PhysRevB.46.2798
https://doi.org/10.1103/PhysRevLett.122.145501
https://arXiv.org/abs/2104.13740
https://doi.org/10.1103/PhysRevLett.86.1255
https://doi.org/10.1103/PhysRevLett.106.225501
https://doi.org/10.1073/pnas.1409490111
https://doi.org/10.1073/pnas.1409490111
https://doi.org/10.1103/PhysRevLett.121.055501
https://doi.org/10.1103/PhysRevLett.125.085502
https://doi.org/10.1073/pnas.1919958117
https://doi.org/10.1073/pnas.1919958117
https://doi.org/10.1103/PhysRevB.101.174206
https://doi.org/10.1103/PhysRevLett.97.035501
https://doi.org/10.1103/PhysRevLett.97.035501
https://doi.org/10.1103/PhysRevLett.104.195501
https://doi.org/10.1073/pnas.0808965106
https://doi.org/10.1073/pnas.0808965106
https://doi.org/10.1063/1.4768955
https://doi.org/10.1063/1.4768955
https://doi.org/10.1103/PhysRevLett.110.185503
https://doi.org/10.1063/1.5111192
https://doi.org/10.1063/1.5111192
https://doi.org/10.1039/C9SM01092K
https://doi.org/10.1039/C9SM01092K

PHYSICAL REVIEW LETTERS 127, 215504 (2021)

[30] G. Kapteijns, D. Richard, E. Bouchbinder, and E. Lerner,
Elastic moduli fluctuations predict wave attenuation rates in
glasses, J. Chem. Phys. 154, 081101 (2021).

[31] L. Wang, A. Ninarello, P. Guan, L. Berthier, G. Szamel, and
E. Flenner, Low-frequency vibrational modes of stable
glasses, Nat. Commun. 10, 26 (2019).

[32] H. Mizuno, H. Shiba, and A. Ikeda, Continuum limit of the
vibrational properties of amorphous solids, Proc. Natl.
Acad. Sci. U.S.A. 114, E9767 (2017).

[33] W. Schirmacher, G. Diezemann, and C. Ganter, Harmonic
Vibrational Excitations in Disordered Solids and the “Boson
Peak”, Phys. Rev. Lett. 81, 136 (1998).

[34] W. Schirmacher, C. Tomaras, B. Schmid, G. Baldi, G.
Viliani, G. Ruocco, and T. Scopigno, Sound attenuation and
anharmonic damping in solids with correlated disorder,
Condens. Matter Phys. 13, 23606 (2010).

[35] W. Schirmacher, Some comments on fluctuating-elasticity
and local oscillator models for anomalous vibrational
excitations in glasses, J. Non-Cryst. Solids 357, 518 (2011).

[36] K. Gonzdlez-Lépez, M. Shivam, Y. Zheng, M. P. Ciamarra,
and E. Lerner, Mechanical disorder of sticky-sphere glasses.
1. Effect of attractive interactions, Phys. Rev. E 103, 022605
(2021).

[37] K. Gonzilez-Lépez, M. Shivam, Y. Zheng, M. P. Ciamarra,
and E. Lerner, Mechanical disorder of sticky-sphere glasses.
II. Thermomechanical inannealability, Phys. Rev. E 103,
022606 (2021).

[38] C. Caroli and A. Lemaitre, Fluctuating Elasticity Fails to
Capture Anomalous Sound Scattering in Amorphous Solids,
Phys. Rev. Lett. 123, 055501 (2019).

[39] O. Dauchot, S. Karmakar, I. Procaccia, and J. Zylberg,
Athermal brittle-to-ductile transition in amorphous solids,
Phys. Rev. E 84, 046105 (2011).

[40] J. Chattoraj and M. P. Ciamarra, Role of Attractive Forces in
the Relaxation Dynamics of Supercooled Liquids, Phys.
Rev. Lett. 124, 028001 (2020).

[41] Y. Zheng, S. Mahajan, J. Chattoraj, and M. Pica Ciamarra,
Designing phononic band gaps with sticky potentials, Front.
Phys. 9, 665391 (2021).

[42] M. Tsamados, A. Tanguy, C. Goldenberg, and J. L. Barrat,
Local elasticity map and plasticity in a model Lennard-Jones
glass, Phys. Rev. E 80, 026112 (2009).

[43] H. Tong, S. Sengupta, and H. Tanaka, Emergent solidity of
amorphous materials as a consequence of mechanical self-
organisation, Nat. Commun. 11, 4863 (2020).

[44] S. Mahajan, J. Chattoraj, and M. P. Ciamarra, Emergence of
linear isotropic elasticity in amorphous and polycrystalline
materials, Phys. Rev. E 103, 052606 (2021).

[45] See the Supplemental Material at http://link.aps.org/
supplemental/10.1103/PhysRevLett.127.215504 for addi-
tional information.

[46] From, e.g., Fig. 1 of [34,35], we find that corr-FET predicts
@y x /& (7. — )7 with g ~ 0.4. The dependence on y is

negligible for stable glasses, for which with y < y,., where
7. is the critical value of the disorder parameter where the
system becomes unstable.

[47] C. Masciovecchio, A. Gessini, S. Di Fonzo, L. Comez, S. C.
Santucci, and D. Fioretto, Inelastic Ultraviolet Scattering
from high Frequency Acoustic Modes in Glasses, Phys.
Rev. Lett. 92, 247401 (2004).

[48] R. Vacher, E. Courtens, and M. Foret, Anharmonic versus
relaxational sound damping in glasses. II. Vitreous silica,
Phys. Rev. B 72, 214205 (2005).

[49] W. Schirmacher, C. Tomaras, B. Schmid, G. Baldi, G.
Viliani, G. Ruocco, and T. Scopigno, Sound attenuation and
anharmonic damping in solids with correlated disorder,
Condens. Matter Phys. 13, 23606 (2010).

[50] S. Gelin, H. Tanaka, and A. Lemaitre, Anomalous phonon
scattering and elastic correlations in amorphous solids, Nat.
Mater. 15, 1177 (2016).

[51] H. Mizuno and A. Ikeda, Phonon transport and vibrational
excitations in amorphous solids, Phys. Rev. E 98, 062612
(2018).

[52] A. Lemaitre, Tensorial analysis of Eshelby stresses
in 3D supercooled liquids, J. Chem. Phys. 143, 164515
(2015).

[53] S. Mahajan and M. Pica Ciamarra, Emergence of linear
isotropic elasticity in amorphous and polycrystalline mate-
rials, (to be published).

[54] B. Cui and A. Zaccone, Analytical prediction of logarithmic
Rayleigh scattering in amorphous solids from tensorial
heterogeneous elasticity with power-law disorder, Soft
Matter 16, 7797 (2020).

[55] A. Shakerpoor, E. Flenner, and G. Szamel, Stability
dependence of local structural heterogeneities of stable
amorphous solids, Soft Matter 16, 914 (2020).

[56] H. Mizuno, S. Mossa, and J.-L. Barrat, Measuring spatial
distribution of the local elastic modulus in glasses, Phys.
Rev. E 87, 042306 (2013).

[57] M. L. Manning and A.J. Liu, Vibrational Modes Identify
Soft Spots in a Sheared Disordered Packing, Phys. Rev. Lett.
107, 108302 (2011).

[58] A. Widmer-Cooper, H. Perry, P. Harrowell, and D.R.
Reichman, Irreversible reorganization in a supercooled
liquid originates from localized soft modes, Nat. Phys. 4,
711 (2008).

[59] E. Lerner, G. D’uring, and E. Bouchbinder, Statistics
and Properties of Low-Frequency Vibrational Modes in
Structural Glasses, Phys. Rev. Lett. 117, 035501 (2016).

[60] L. Zhang, Y. Wang, Y. Chen, J. Shang, A. Sun, X. Sun, S.
Yu, J. Zheng, Y. Wang, W. Schirmacher, and J. Zhang,
Disorder-induced vibrational anomalies from crystalline to
amorphous solids, Phys. Rev. Research 3, 032067 (2021).

[61] Y. Nie, H. Tong, J. Liu, M. Zu, and N. Xu, Role of disorder
in determining the vibrational properties of mass-spring
networks, Front. Phys. 12, 126301 (2017).

215504-6


https://doi.org/10.1063/5.0038710
https://doi.org/10.1038/s41467-018-07978-1
https://doi.org/10.1073/pnas.1709015114
https://doi.org/10.1073/pnas.1709015114
https://doi.org/10.1103/PhysRevLett.81.136
https://doi.org/10.5488/CMP.13.23606
https://doi.org/10.1016/j.jnoncrysol.2010.07.052
https://doi.org/10.1103/PhysRevE.103.022605
https://doi.org/10.1103/PhysRevE.103.022605
https://doi.org/10.1103/PhysRevE.103.022606
https://doi.org/10.1103/PhysRevE.103.022606
https://doi.org/10.1103/PhysRevLett.123.055501
https://doi.org/10.1103/PhysRevE.84.046105
https://doi.org/10.1103/PhysRevLett.124.028001
https://doi.org/10.1103/PhysRevLett.124.028001
https://doi.org/10.3389/fphy.2021.665391
https://doi.org/10.3389/fphy.2021.665391
https://doi.org/10.1103/PhysRevE.80.026112
https://doi.org/10.1038/s41467-020-18663-7
https://doi.org/10.1103/PhysRevE.103.052606
http://link.aps.org/supplemental/10.1103/PhysRevLett.127.215504
http://link.aps.org/supplemental/10.1103/PhysRevLett.127.215504
http://link.aps.org/supplemental/10.1103/PhysRevLett.127.215504
http://link.aps.org/supplemental/10.1103/PhysRevLett.127.215504
http://link.aps.org/supplemental/10.1103/PhysRevLett.127.215504
http://link.aps.org/supplemental/10.1103/PhysRevLett.127.215504
http://link.aps.org/supplemental/10.1103/PhysRevLett.127.215504
https://doi.org/10.1103/PhysRevLett.92.247401
https://doi.org/10.1103/PhysRevLett.92.247401
https://doi.org/10.1103/PhysRevB.72.214205
https://doi.org/10.5488/CMP.13.23606
https://doi.org/10.1038/nmat4736
https://doi.org/10.1038/nmat4736
https://doi.org/10.1103/PhysRevE.98.062612
https://doi.org/10.1103/PhysRevE.98.062612
https://doi.org/10.1063/1.4933235
https://doi.org/10.1063/1.4933235
https://doi.org/10.1039/D0SM00814A
https://doi.org/10.1039/D0SM00814A
https://doi.org/10.1039/C9SM02022E
https://doi.org/10.1103/PhysRevE.87.042306
https://doi.org/10.1103/PhysRevE.87.042306
https://doi.org/10.1103/PhysRevLett.107.108302
https://doi.org/10.1103/PhysRevLett.107.108302
https://doi.org/10.1038/nphys1025
https://doi.org/10.1038/nphys1025
https://doi.org/10.1103/PhysRevLett.117.035501
https://doi.org/10.1103/PhysRevResearch.3.L032067
https://doi.org/10.1007/s11467-017-0668-8

