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Magnetically Induced Polarization in Centrosymmetric Bonds
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We reveal the microscopic origin of electric polarization P induced by noncollinear magnetic order We

show that in Mott insulators, such P is given by all possible combinations of position operators r, ;=

(73,rij) and transfer integrals 7,; = (t?l,t,»j) in the bonds, where 7’ i and to are spin-independent

contributions in the basis of Kramers doublet states, while 7;; and ¢;; stem solely from the spin-orbit

ij

interaction. Among them, the combination t,- Tij> which couples to the spin current, remains finite in the

ij>
centrosymmetric bonds, thus yielding finite P in the case of noncollinear arrangement of spins. The form of
the magnetoelectric coupling, which is controlled by 7;;, appears to be rich and is not limited to the
phenomenological law P~ €;; ¥ e; x e;] with €;; being the bond vector connecting the spins e; and e;.

Using density-functional theory, we illustrate how the proposed mechanism works in the spiral magnets
CuCl,, CuBr,, CuO, and a-Li,IrO;, providing a consistent explanation for the available experimental data.

DOI: 10.1103/PhysRevLett.127.187601

Introduction.—In order to make a material ferroelectric,
it is essential to break the inversion symmetry. Canonically,
this implies some crystallographic instability toward
polar atomic displacements [1]. Nevertheless, there is a
very special class of materials, called multiferroics, where
inversion symmetry can be broken by magnetic means in an
otherwise perfect crystallographically centrosymmetric
lattice [2]. The microscopic origin of multiferroicity is
the fundamental physical problem and its practical reali-
zation is an important step toward mutual control of electric
polarization and magnetism in novel electronic devices.

There can be various scenarios of the magnetic inversion
symmetry breaking. In certain multiferroic materials, the
inversion symmetry is microscopically broken by local
distortions, so that individual bonds can be formally
associated with some polarization vectors. When arranged
in an antiferroelectric manner, these bonds result in zero net
polarization. Nevertheless, if some of them become inequi-
valent owing to complex magnetic order, the perfect
cancellation of polarization vectors does not occur and
the system becomes ferroelectric.

However, what if the bond itself is centrosymmetric?
Can it become electrically polarized by magnetic means?
An affirmative answer to these questions was given by
Katsura, Nagaosa, and Balatsky (KNB) [3], who consid-
ered a very special microscopic model and argued that the
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noncollinear alignment of spins can induce the polarization
P~ €;; X |e; x e;], which lies in the plane of spins e; and e;
and is perpendicular to the bond vector €;;. This finding was
supported by phenomenological considerations [4], and the
proposed mechanism was called the “spin-current mecha-
nism,” which is widely used for the analysis of magneto-
electric coupling in spiral magnets [5], typically in
combination with two other mechanisms: “exchange stric-
tion” [6,7] and “spin-dependent p-d hybridization” [8].

Nevertheless, the analysis remains largely phenomeno-
logical. First, the properties of all spiral multiferroics are
usually discussed from the viewpoint of the spin-current
model [9-14]. However, there are only few materials, such
as CuCl, [9] and CuBr, [10], consisting solely of the
centrosymmetric bonds. In other materials, the situation
is not so straightforward [11-14]: as the symmetry is low,
the bonds are not necessarily centrosymmetric, thus
allowing for alternative explanations [15-17]. Then, if
the KNB model fails to explain the properties of spiral
magnets, it typically causes some confusion with identify-
ing the problem and choosing a suitable alternative [18].
Although density-functional theory (DFT) provides a
powerful tool for calculating the polarization [19,20],
the formal mapping of DFT results on a specifically
selected model [21] does not shed light on microscopic
mechanisms underlying this model.

© 2021 American Physical Society


https://orcid.org/0000-0002-2010-9877
https://orcid.org/0000-0002-1529-3761
https://orcid.org/0000-0001-7481-1007
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevLett.127.187601&domain=pdf&date_stamp=2021-10-29
https://doi.org/10.1103/PhysRevLett.127.187601
https://doi.org/10.1103/PhysRevLett.127.187601
https://doi.org/10.1103/PhysRevLett.127.187601
https://doi.org/10.1103/PhysRevLett.127.187601

PHYSICAL REVIEW LETTERS 127, 187601 (2021)

In this Letter, we formulate a transparent microscopic
theory of electric polarization induced by noncollinear
magnetic order. We explicitly show how and why the
noncollinear arrangement of spins gives rise to electric
polarization even in centrosymmetric bonds. We relate the
magnetoelectric coupling to fundamental symmetry proper-
ties of the position operator and transfer integrals in the
basis of Kramers states and argue that the paradigm of the
spin current-induced polarization appears to be much
richer and goes beyond the phenomenological low P~
€;; ¥ e; x e;] [17,18,21]. We evaluate all relevant param-
eters on the basis of DFT and show how they are manifested
in the properties of real spiral magnets.

Basic theory.—The simplest toy model, which captures
the physics, is the 1-orbital Hubbard model with spin-orbit
interaction (SOI):

Zzt(m Aj{i,\/(r + UZ”IT”LL? (1)

l] oo’

where E,TU (¢,,) creates (annihilates) a hole with pseudospin
6=+ or — at site i, i, = &, ¢;, and 1= [tj’;’/} are the
transfer integrals, and U is the on-site Coulomb repulsion.
, |i6) = &} ]0), can be chosen as the
Kramers pairs, transforming under the time reversal as
T|i ¥) = £|i4). All model parameters are derived from
DFT [22] in the subspace of Wannier states, which are
primarily responsible for the magnetism [20,23]. The
Coulomb U is evaluated within constrained random-phase
approximation [24].

Since the polarization in metals is screened by free
electrons, the multiferroicity is the property of insulating
state. Then, the problem can be solved in the spirit of
superexchange theory by treating 7;; as a perturbation [25].
Let |a?) = cos(0;/2)]i+) — sin(6 /2) ~i%i|i—) be the
occupied orbital in the limit ?,-j =0, where 6; and ¢;
specify the direction e; = (cos ¢; sin 0;, sin ¢, sin 8;, cos 6;)
of spin, and |a¥) = sin(6;/2)e™ |i+) + cos(0;/2)]i-) is
the unoccupied orbital. To the first order in (7;;/U), |a?)
will transform to the Wannier function |w;) = |a?)+
> laf;), acquiring the tails

1 A

la?..j) = =l af[tjilaf) 2)

i—j ] g
on surrounding sites j. Considering expectation values of
the kinetic energy (w;|7;;|w;), one can readily formulate the

spin model

<>

le;x el +e-Te;), (3)

=

£ = Z(—J,-jei 'ej +DU .

describing the energy change in terms of isotropic
(Jij), Dzyaloshinskii-Moriya (DM, D;;), and symmetric

g

anisotropic (I';;) interactions. A similar model can be
formulated for polarization [26]:
P = Z('Sijei e+ 731‘,‘ leixe] e ﬁijej)v (4)
(i)

of the vector |3,- j=[P};], rank-2 tensor
'P,j = [P;;], and rank-3 tensor ﬁ,j = [I1}; 1 [27]. The
model parameters can be obtained from matrix elements of
the position operator in the framework of general theory for
polarization in periodic systems [19,20]:

:__Z t|r|W (5)

(where V is the volume and —e is the electron charge).
Then, the only matrix elements that contribute to the

in terms

magnetic dependence of P are of the type (a?|F|ax
Other contributions, such as (a?

l—>]>

¢ ;[Flag_;) or single-ion
anisotropy of P, vanish in the 1-orbital model [17,18].
The 2 x 2 matrices 7; ; and 7;; can be decomposed in

terms of the unity 1 and the vector & = (5, 6y.6,) of Pauli
=001 + it;j6 and 7;; = 701 + iF;6 with the
) and (7, ],? ). Furthermore the
hermiticity yields 19 = 10, t;; = —t;;, 7 = 7)),
—F; ;i [28]. The correspondlng spin model parameters are
summarized in Table I [29].

A very special case is when two sites i and j are
connected by spacial inversion. Since 7;; is a scalar but

matrices as 7;;
real coeff1c1ents (tlj, i
and F;

Fijisa (true) Vector inversion symmetry requires that 7;;

;- In combination with hermiticity, we have
t; =0 and 7 r = O Then, the DM interaction D;; vanishes,
which is the general property of centrosymmetrlc (o)
bonds, and so does T';;, being not independent in the
1-orbital model [31]. Thus, the only interaction in the
c bonds will be J;;. The behavior of electric polari-
zation is different: |3,»j =0 and ﬁij =0, while ﬁ,-j =
—(Ze/V)(t?j?,»j/U) = éij can persist even in the ¢ bond

TABLE L.
and anisotropic symmetric (I';; = r’

Isotropic (J;; and P ), antisymmetric (D;; and ’P, i)
]TrF’ and H, ;

f[ﬁ, - %Trfl;i) parameters of exchange interactions and polari-
zation. @ denotes the direct product.

Exchange Polarization
J-A*—[(")2 Ul P, = —(2e/V)(F1%/U)
= (263t;;/U) fﬁij = —(26/V)[(*3tu + toq )/ U]

FZ, =[(2;®4)/U] Tj; = —(e/V)[(F; @ t;; +1,; ®F;;) /U]
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(in agreement with symmetry arguments [21]), and the

corresponding polarization C;; - [e; x e;] is induced solely
by the noncollinear arrangement of spins.

In the noncentrosymmetric (nc) bonds, ¢; and 73- are
finite, resulting in nonzero D;;, I';;, Pl ;» and II;;. Moreover,
73,3,- acquires an additional asymmetric contribution
A;j = —(2¢/V)(7t;;/U). P;; and A;; can be viewed as
a regular polarization of the nc bond, —(e79;/V), which is
additionally modulated by the spin texture. If this texture
results from the competition of D and J,J, a similar
competition takes place between A,;; and P, j» as it depends
on the same ratio (£;/1);). Therefore, there will be a

cancellation of contributions associated with A;; and
P;; [18].

The 1-orbital model is subjected to hidden symmetries
that allow the full elimination of #;; by rotating the spins
at sites i and j [31]. In such local coordinate frame,
the bond is solely described by the transfer integral

(1) +t; - t;, the exchange interactions are

descnbed by Jjj,
P C fh 70 0

by the competition of P;; and C;; (with ; ; instead of 7).

Using |af)(a}| = 1 — |af){(a?| in Eq. (2), each term in the

spin model can be further expressed via the expectation

value of some quantity in the ground state. Since [e; X e;]

and the electric polarization is described

is related to the spin current j¢; ;= (lto /2) (& am,rcﬂ,/ -

cjgo'm,/cw) [32], one can find that P~ C ij) [29] in
analogy with the DM interactions [33].

The 3 x 3 tensor C;; = [C;3°] can be generally decom-

posed into symmetric and antisymmetric parts, C;; =

C, i+ C, j- The latter is expressed as &,.,7;, in terms of

the vector z;; = [z{;] and Levi-Civita symbol &,.,. The
corresponding P =7;; X [e; x e;] is reminiscent of the
KNB expression [3,4]. Nevertheless, 7;; is not necessarily

parallel to €;;, and C can include é,sj Thus, the proposed
spin-current theory is not limited to the conventional law
P ~€;; X e; x e;] and includes other interesting options.
Below, we consider examples of how it works for different
symmetries.

Relativistic j :% manifold of t,, states.—In the cubic
environment, the sixfold degenerate f,, states are split by
SOl into fourfold degenerate I'g states and the Kramers pair
of Iy states [+) = (1/v3)(Jxy}) = [yz 1) + ilzx 1)) and
=) = (1/v/3)(|xy 1) + |yz)) + i|zx])). The latter can be
viewed as the effective j = % pseudospin states, which play
a key role in the physics of spin-orbit Mott insulators
realized in 5d Ir oxides [34]. Since the KNB expression was
derived assuming this symmetry of states [3], we start our
analysis with this example and consider a perfect bond

obeying the C%, symmetry along z. It is straightforward to

show that the only nonzero elements of 7;; = [r;;] will be
VX _ Xy

i == =3 ((wilylzx;) = (zxlylxy;)) [29]. The anti-
symmetric tensor can be presented as ¢,.7;;, where ab =

xy or yx, and the vector z;; = (0, 0, ;) is indeed parallel to

the bond. Thus, we do recover the KNB expresswn P~

€;; ¥ [e; x e;] [3]. Nevertheless, this form of P is the

consequence of the particular symmetry of undistorted
t, states. Other symmetries may yield different P.

z* states with SOL—The simplest example illustrating
this idea is the z* states, which are stabilized by the crystal
field and mixed with the yz and zx states by SOI. The
Kramers states are [35] |[+) « |z2]) 4+ &(iyz 1) — |zx 1))
and |-) o |22 1) + &(i]yzl) + |zx])) (£ being the ratio of
SOI to the crystal field splitting), and the nonvanishing
elements r;; are 1" = ri;" o (27 |x[zx;) = (zx;]x|z7) [29].
Thus, the tensor [r fjc] is symmetric, meaning that for two
noncollinear spins e; , = (sincos ¢, sinfsin ¢, & cos ),
the polarization P~ (cos @, —sin ¢, 0) is still perpendicular
to the bond but does not necessarily lie in the spin plane.

a-LiyIrO;.—As the first realistic example, it is instructive
to consider the spin-orbit Mott insulator a-Li,IrO5, which
attracted a great deal of attention as a possible material for
realizing the Kitaev spin liquid state [36]. In this mono-
clinic compound (space group C2/m), there are two types
of nearest ¢ bonds: the strongest one [01 in Fig. 1(a)] along
the monoclinic b axis, which is transformed to itself by the
twofold rotation about b, and two rotationally noninvariant
weak bonds (02 and 03) that are connected by the twofold
rotation.

74 =78 0 300
(a) O 7143 226 0) 200

75 32 > 53 2 ﬁ, -100
2 -1 -1 2 -1 1
4 -3 1) °\0(4 3 1)
9
(b)

—q@@o
RSN

FIG. 1. (a) Tensor é,- ; in the nearest ¢ bonds of a-Li,IrO3 (in
uC/m?) in the local coordinate frames denoted by x, y, and z.
(b) Double-g magnetic structure realized in a-Li,IrO5. Inversion
center is denoted by *. (¢) Magnetically induced polarization in
the chains with +¢ and —q depending on the rotation of the spin-
spiral plane about the monoclinic b axis, as explained in (d) in the
planes ab and bc. 0 is the angle formed by the spin-spiral plane
and the monoclinic a axis.

[ [—chain+g| \/ _
|— chain —g|
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The minimal model was constructed for the magnetic
j= % bands [29]. In the local coordinate frame, where the

z axis is along the bond, the tensor &01 has only x and y
components [see Fig. 1(a)]. Hence, the polarization is
perpendicular to the bond and, considering only the

antisymmetric part of 801, we would indeed obtain P ~
€01 X [eg x €] [3,4]. However, besides the antisymmetric

contribution, 501 clearly shows a strong symmetric one,
which is expected for this type of symmetry [37]. In the

-

low-symmetry bonds 02 and 03, C;; is even more complex:
all elements are finite and inequivalent, so that the
polarization can be perpendicular as well as parallel to
the bond.

Since a-Li,IrO; is a noncollinear magnet with g ~
(% ,0,0) [38], it is interesting to ask whether it can become
multiferroic. The magnetic texture can be viewed as the
double-q spiral, propagating in alternating zigzag chains
with +¢ and —¢q [Fig. 1(b)]. The spiral order induces an
appreciable polarization in each of the chains [Fig. 1(c)].
However, the chains are connected by the inversion
operation, the contributions with +¢ and —q cancel each
other, and a-Li,IrO; remains antiferroelectric.

Copper dihalides.—CuCl, and CuBr, form the chainlike
monoclinic structure (space group C2/m), where all Cu-Cu
bonds are centrosymmetric. Below the Néel temperature
(Ty =24 and 74 K for CuCl, and CuBr,, respectively),
they develop a cycloidal magnetic order with ¢ ~ (1,1.3)
[Fig. 2(a)], which coincides with the onset of ferroelec-
tricity [9,10].

The minimal model was constructed for the magnetic
“Cu x* —y*” bands [29]. The obtained parameters J;;
nicely reproduce the experimental cycloidal order [39].

Polarization induced by the cycloidal order is related to E’:,- i
Since twofold rotations about b transform the chains to

themselves, the symmetry properties of C;; in these chains

are similar to Cy in a-Li,IrO; [Fig. 1(a)], and the
polarization is expected to be perpendicular to b. In the

nearest bonds £b, the antisymmetric part of éi » 1s given by
7., = (0,£0.5,0) and (0,48,0) uC/m? for CuCl, and
CuBr,, respectively, which is too small to account for the
total P, and a substantially larger contribution stems from

the symmetric part. The behavior of P (after summation
over all bonds) is summarized in Figs. 2(d) and (e). For
CuCl,, we note a good agreement with the experiment [9],

including deviation of P from the spin-spiral plane by
the angle 6 + @p. Similar behavior is expected for CuBr,

with somewhat larger Ty and P due to stronger SOI and
hybridization mediated by Br 4p states.

Cupric oxide—CuO with the centrosymmetric mono-
clinic structure (space group C2/c) has attracted much
attention as a simple binary material that becomes
multiferroic at exceptionally high temperature [13].

— W

S o wd
T T

A
NN

&g =

6p (deg) P*, P* (uC/m?)
&
Op (deg) P*, P* (uC/m?)
Lk

Bre)

. 90 . .
0 90 180 270 360 0 90 180 270 360
6 (deg) 0 (deg)

"ol {508
el sel e,

INY
;W
o

b
spin spiral plane —>

FIG. 2. (a) Crystal and magnetic structure of CrCl, in the ab
plane. (b) Rotations of the spin-spiral plane about the axis b.
(c) Angles 6 and 8, = tan™! (P?/P*) specifying the spiral plane
and electric polarization, respectively. (d),(e) Angle dependence
of electric polarization in CuCl, and CuBr,.

Ferroelectricity is driven by a spiral magnetic order with
g~ (5,0,—1) [see Fig. 3(a)] emerging between 213 and
230 K [40] (and is expected even at room temperature
under hydrostatic pressure [41]).

Construction of the minimal model is similar to Cu
dihalides [29]. Although the crystal structure of CuO

® |

L \P‘\ —nc bond
o JUTLLETN . - ‘p Il
aoal FRRLTIOT
90 180 270 360
& (degrees)

¢ bonds, ¢ bonds, nc bonds

b around Cul b around Cu2 C b
C';] a
“’L‘l (b) (© . (d)
(PP 0) } 8 (—p{,pn-% (% P
/' ) (p’z‘,Pi,pé QA
Q 5" ’w 029292)
* (P} PV, ) (.p;‘,p;',.pj) * (P2 P2P2)

FIG. 3. (a) Spiral magnetic order in CuO. (b),(c) Nearest c and
(d) nc bonds in the monoclinic planes ab and bc¢ with the vectors
of induced polarization. (e) Electric polarization (total and

centrosymmetric part described by é,« ;) as the function of angle
0 formed by the spins in the ac plane with the axis a. Here, x and
y are chosen along a and b, respectively, and z is perpendicular to
a and b. (f) Electric polarization perpendicular (P+) and parallel
(Pl to the bond, calculated for the nearest ¢ and nc bonds as a
function of 6.
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includes both ¢ and nc bonds (Fig. 3), the parameters
associated with the latter can be largely eliminated [42],
while C;; is responsible for 90% of P [Fig. 3(e)].

Since the symmetry is low, the form of C;; is complex
[29], and the polarization vectors in individual bonds are
specified by all three projections, as shown in Fig. 3.
Notably, there can be appreciable components along the
bonds [Fig. 3(f)]. Nevertheless, due to the twofold rotations

about y (b), only the y component of P will survive after
summation over all equivalent bonds. This is an important
point where the symmetry comes into play: the experi-
mental polarization is induced along the y axis, but not
because of the phenomenological rule g x [e; x e;] [3,4].
Quite the contrary, it is a consequence of the particular
C2/c symmetry of CuO. Total P” ~ 55 uC/m? is compa-
rable to the experimental P” ~ 150 uC/m? [13,43].

Conclusion.—We have presented a toy theory revealing
the fundamental origin of the magnetic inversion symmetry
breaking in centrosymmetric systems. Because of the
intrinsic symmetries of the transfer integrals and position
operator in the basis of Kramers states, the combination
t?j?ij remains finite, yielding finite polarization for non-
collinear spins. This polarization depends on the symmetry
of Kramers states, providing new alternatives beyond the
phenomenological spin-current model. The abilities of the
proposed theory are illustrated on spiral magnets CuCl,,
CuBr,, CuO, and a-Li,IrO;.
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