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Recently, the possibility of inducing superconductivity for electrons in two-dimensional materials has
been proposed via cavity-mediated pairing. The cavity-mediated electron-electron interactions are long
range, which has two main effects: firstly, within the standard BCS-type pairing mediated by adiabatic
photons, the superconducting critical temperature depends polynomially on the coupling strength, instead
of the exponential dependence characterizing the phonon-mediated pairing; secondly, as we show here, the
effect of photon fluctuations is significantly enhanced. These mediate novel non-BCS-type pairing
processes, via nonadiabatic photons, which are not sensitive to the electron occupation but rather to the
electron dispersion and lifetime at the Fermi surface. Therefore, while the leading temperature dependence
of BCS pairing comes from the smoothening of the Fermi-Dirac distribution, the temperature dependence
of the fluctuation-induced pairing comes from the electron lifetime. For realistic parameters, also including
cavity loss, this results in a critical temperature which can be more than 1 order of magnitude larger than
the BCS prediction. Moreover, a finite average number of photons (as can be achieved by incoherently
pumping the cavity) adds to the fluctuations and leads to a further enhancement of the critical

temperature.
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Introduction.—The development of experimental solid-
state platforms coupling electrons with the quantum light of
optical cavities [1,2] offers exciting prospects for the
exploration of novel types of collective phenomena, which
can arise due to the peculiar nature of the cavity-mediated
interactions and their interplay with electronic correlations.
Several scenarios have been theoretically investigated, with
relevance for solid-state materials [3—11] and ultracold
fermionic atoms [12-22].

One particular direction which is receiving considerable
attention is the possibility to induce electronic supercon-
ductivity via photon-mediated pairing [7,9]. The critical
temperature has been predicted to follow a nonexponential
dependence on the light-matter coupling strength, which
can be explained within the usual BCS paradigm as being
due to the long-range character of the cavity-mediated
interactions, i.e., the fact that the photons transfer a well-
defined momentum.

In this Letter, we show that the long-range nature of the
cavity-mediated interactions can have an even more
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dramatic influence on superconductivity, which is to
introduce a novel, non-BCS-type of pairing mediated by
on shell, nonadiabatic photon fluctuations. This is different
from BCS pairing, which involves instead the emission-
absorption of adiabatic, off shell photons, and depends on
the thermal occupation of electrons. On the other hand, the
fluctuation-mediated pairing is only directly affected by the
electron dispersion and lifetime near the Fermi surface.
Therefore, temperature hinders this non-BCS-type of pair-
ing by decreasing the electron lifetime, while it affects
the BCS pairing mainly by smoothening the Fermi-Dirac
distribution.

This new fluctuation-mediated pairing can enhance
superconductivity significantly. Considering a Fermi-
liquid-type electron lifetime set by the screened Coulomb
interaction, the critical temperature can be more than 1
order of magnitude larger than the BCS prediction, using
realistic parameters for the terahertz cavities considered in
Ref. [9] and including photon loss.

At the typical transition temperatures, optical cavities are
unoccupied on average, such that only vacuum fluctuations
or loss-induced noise contribute to the non-BCS-type
pairing. A finite average number of photons can be
achieved by pumping the cavity, which then further
amplifies this type of pairing. In this way, the critical
temperature can be enhanced at least until the Fermi-liquid
picture holds, approaching thus the Fermi temperature
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(slightly above 10 K for the materials considered in

Ref. [9]), even at moderate electron-photon coupling.

Model.—We consider a 2D electron system coupled to a
terahertz cavity. The phenomenology discussed here relies
on two properties of the cavity field. The first and most
important feature is that the cavity-mediated interaction is
long ranged. We model this by restricting the momentum
transferred by the photon to a fixed vector g,. This simplest
model corresponds to the case of a split-ring cavity [9],
sustaining a standing-wave mode of frequency w,., and
momentum +¢q%, with gy = w../€,/c. Here, ¢, is the
relative permittivity of the 2D material and c is the speed of
light in vacuum. We shall show that our results remain
essentially unchanged in the limit gy, — 0 as well as by
allowing for a broadening of the photon momentum,
provided the corresponding frequency width is smaller
than the electron lifetime at the Fermi surface (FS). This
extends the applicability of our results to the case of the
planar microcavity geometry considered in Ref. [7],
where the set of propagating transverse modes is distributed
around g = 0 with a narrow width set by w,../c, where now
w, is the frequency of the purely longitudinal mode. The
second feature we consider here is that the cavity field
couples to the electron density. As shown in Ref. [9], this
can be achieved by driving the system with a transverse
laser beam of frequency w; which is detuned from the
cavity frequency by 6. = w, — w;. For sufficiently strong
laser driving, the dominant light-matter interaction is
induced via two-photon diamagnetic processes [9] and
reads

Hlight—matter = Z Z goc£+q,ﬂcj}'yg(b + b-r)v (1)

ko 4=%q0%

where b" and c;(. are the creation operator of cavity
Nea

photons of momentum g, and electrons of momentum k
and spin o respectively. The coupling strength g, is
tuneable by the intensity of the external laser beam.
Causal structure of the pairing.—We compute the
superconducting critical temperature 7, via the pairing
instability of the vertex function I" in the Cooper pairing
channel, involving electrons moving with opposite
momenta p and —p. The Dyson equation for the vertex
function is known as the Bethe-Salpeter (BS) equation [23],
which we formulate using real-time Green’s functions
(GFs) defined on the Keldysh closed time contour.
Besides being suited to include cavity loss (and incoherent
pumping), this approach also allows one to clearly separate
the non-BCS-type, fluctuation-induced pairing we propose
here from the standard BCS pairing. The BS equation in its
simplest form has the following structure [see Fig. 1(a) and
Appendix B in the Supplemental Material [24] |:

['=Ty+ I'gcs + T (2)
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FIG. 1. (a) The real-time Keldysh formulation of the Bethe-
Salpeter equation for the vertex function I' in the pairing channel.
It contains the bare vertex Iy (first diagram), the standard BCS
terms I'gcg (second and third diagrams), and the “fluctuation
term," [, (fourth diagram). The latter leads to a non-BCS-type
of pairing. (b) The electronic energy structure can be divided
between on shell electrons in the vicinity of the FS: @) ~ €, 14,
and off shell electrons excited to photonic frequencies: @; ~ &,
[see Eq. (3)]. (c) Standard BCS pairing: the scattering via off shell
adiabatic photons leaves the electrons on shell. (d) Fluctuation-
induced pairing: on shell nonadiabatic photons at frequencies
40, induce pairing between on shell electrons through an
intermediate transition to off shell electronic states.

where Ty = V0D, is the bare vertex. Here I'(j, w) is a
function of the relative momentum and frequency of the
incoming electrons. Within the ladder approximation
[23,28] for the vertex function, we have

A% (p) =i / VOD, (k= p)Greiry ()G (—K)T(K)

Fea(p) =1 / VO (k - p)Gr(K)Gr(=T(K).  (3)

with the coupling function VO (k - p) = 935051?_13_ e
Here, p = (p,w).k = (k) and [, = [ dkdw,/(2x)>.
We denote here the electron and photon GFs by G and
D, respectively. Within the real-frequency Keldysh formu-
lation, each GF can be of two types: a retarded (advanced)
GF [denoted by the subscript R(A)] or a Keldysh GF
(denoted by the subscript K).

Formulated in momentum-frequency space, the retarded
GF contains only information about the dispersion
and lifetime of the (quasi)particles, while the Keldysh
component explicitly depends also on the occupation of
the quasiparticle modes. In thermal equilibrium, these
two Green’s functions are connected by a fluctuation-
dissipation relation [29]. We first consider a situation
where the whole system is at temperature 7, and the GFs
entering the BS equation read [29] (see Appendix A in the
Supplemental Material [24]),
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= 25, [6(w—6.)—86(w+6..)]coth (ﬁ) (4)
Here, €, is the dispersion of the electrons measured from
the Fermi energy Ep. Let us now discuss the physical
interpretation of the terms contributing to the BS equation
[Eq. (2)]. The standard BCS term I'gcs = Ipcg + Ihcs
[second and third diagram in Fig. 1(a)] contains only the
retarded (advanced) photon GF Dp,), while the fluctuation
term [y, [fourth diagram in Fig. 1(a)] contains only Dy.
Hence, the BCS term I'gg is directly affected only by the
dispersion and lifetime of the photons, but not by the their
distribution. On the other hand, the fluctuation term
It knows about how photon modes are occupied.
Correspondingly, while the BCS vertex contains the elec-
tron GX proportional to the Fermi-Dirac distribution, the
fluctuation term only contains retarded electron GFs, i.e., it
depends only on the electron dispersion and lifetime but not
directly on their distribution.

Since the number of photons is not conserved and in the
low-Kelvin regime there is essentially no thermal occupa-
tion of an optical cavity on average, the photons can be
present only due to vacuum fluctuations (or if we include
cavity loss by the corresponding noise, as we shall see
later), which explains the nomenclature I'g,.

Energy structure of the pairing.—Besides their comple-
mentarity in terms of the causal structure illustrated above,
the fluctuation-induced pairing and the BCS pairing differ
sharply in their energy structure. This can be understood by
using the separation of energy scales between the on shell
and off shell electrons, shown in Fig. 1(b). The on shell
electrons have frequencies w; ~ €.+, [see Eq. (3)], where
€kptq, 18 @ small characteristic scale, i.e., €44, < Ep as
well as €1, < J.. These low energy electrons, high-
lighted by the blue shell in Fig. 1(b), are the ones that
eventually form the Cooper pairs, as signaled by a divergent
pairing amplitude I, . @s a solution to the BS equation
[Eq. (2)] for T < T,. On the other hand, off shell electrons
[highlighted by the green shell in Fig. 1(b)] have frequen-
cies close to the photon resonance frequency, i.e., far away
from the FS: w; ~ §.. The off shell electrons are not the
ones actually building the pair, but can play a crucial role in
intermediate scattering processes, as we shall see in the
case when the fluctuation term is included.

BCS pairing.—As illustrated in Fig. 1(c), here an
adiabatic off shell photon with frequency w; — @ ~
€kptq, <K O, scatters an on shell electron (corresponding
to the peak in GX around w, ~ €kptq,) O @ state which is

Dk ()

still in the vicinity of the FS. This state is on shell since the
transferred momentum ¢, < kg. In Eq. (3), V(O)DR(A) in
I'geg can thus be substituted by a negative constant
~ — g3/25, quantifying the net attractive interaction, as
in the standard BCS scenario involving phonons. This gives
the following equation for 725 (see Appendix C in the
Supplemental Material for a detailed derivation [24]):

tanh (Sk”"” )

ZT?CS

476, (5)

€kr+qo

Here, § = g3/(4n5,)? is the dimensionless coupling. We
observe that, differently from the standard phonon case,
there are no integrals over loop momentum left due to the
long-range nature of the photon-mediated interaction:
v (g) & 05 1 q,3- For T > € .., the linear vanishing
tanh(x) ~ x of the electron occupation is crucial in cutting
off the 1/e divergence at the FS (e, 4, x g is finite for
finite g, but is the smallest scale), yielding 725 ~ 255,..

Fluctuation-enhanced pairing.—On the other hand,
photon fluctuations are concentrated around the cavity
resonance frequency, which in the frame of the driving
laser corresponds to §.. Hence, in the fluctuation term,
pairing is mediated by on shell nonadiabatic photons, with
w; —m» ~ 9, which scatter electrons off shell. The fre-
quency dependence of the photon GF DX (w) ~ §(w — 68,)
can never be neglected in Eq. (3). Because of the presence
of ', the BS equation [Eq. (2)] is not diagonal in
frequency, as it couples the electronic on shell and off shell
sectors. As shown in Fig. 1(d), a further scattering process
where a second nonadiabatic photon brings the electron
back on shell closes the BS equation. The latter leads to
the following equation for the critical temperature (see
Appendix D in the Supplemental Material for a detailed

derivation [24]):
436 €. 32 762 1) 2

90 tanh( k’;uqc"t) +—= g - <coth guct> =1. (6)
€krtg0 2T, 3 €igy 2T,

Note that the BCS contribution [first term on the lhs of
Eq. (6)] depends on the electron occupation, while the non-
BCS-type contribution [second term on the lhs of Eq. (6)]
depends on the photon occupation. Fig. 2(a) shows that the
fluctuation-induced pairing significantly enhances super-
conductivity, leading to a critical temperature 771"t (dotted
green line) increased by an order of magnitude with respect
to the BCS prediction 78S (solid line with circles). This
enhancement can be understood in the following way: for
not too small laser detunings, the average thermal occu-
pation of cavity photons is negligible: coth(6./27T) ~ 1, so
that only vacuum fluctuations remain (later we will discuss
the impact of cavity loss and incoherent pump). This allows
us to obtain the simple expression for the critical temper-
ature T ~ 236, /[1 - 32(36.)*/ (3¢, ,,,)]- For realistic
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FIG. 2. Critical temperature 7. vs dimensionless coupling
strength § in log plot. (a) For thermal photons, the blue solid
line with circles corresponds to prediction (5), based on solely the
BCS pairing [see Fig. 1(c)]. The solid magenta line corresponds
to the prediction which also includes the fluctuation-induced
pairing [see Fig. 1(d)], as well as a finite Fermi-liquid-type
electron lifetime [see Eq. (7)]. The green dotted line shows the
prediction for long-lived electrons from Eq. (6), while the red
dashed line corresponds to the prediction of Eq. (8) for short-lived
electrons. (b) For driven dissipative photons, solid line with
circles show the BCS prediction which is almost unaffected by
photon loss and incoherent pump. Solid lines with triangles show
the fluctuation-assisted enhancement in the purely lossy case
y = k which is further amplified by incoherent pumping y > k
shown by solid line with squares. The inset (linear plot) shows 7.
increases almost linearly with y. We choose 6. = 0.19 THz,
€kptqy/0c = 0.007, k/6. = 0.01, and for the inset § = 0.004.

parameters of 2D materials (lanthanum aluminate-stron-
tium titanate) coupled to a split-ring cavity [9,30,31], the
ratio &./€y, 14, ~ 135, and hence the fluctuation-induced
term significantly reduces the denominator from 1 already
at moderate coupling strengths g~ 0.002, leading to a
significant increase in 7'.. We also note that the quantities
appearing in the second term of Eq. (6) are squared due to
the additional intermediate scattering to off shell states
described above. The perturbative expansion in terms of
such scattering processes is controlled as long as
9s €xptq,/0c < 1 (see Appendix D in the Supplemental
Material [24]). Moreover, for the high-energy and low-
momentum photons involved in the non-BCS pairing, in
Ref. [32] we show at the nonperturbative level that
(i) particle-hole excitations only weakly affect the cav-
ity-photon dynamics as well as the electron pairing and
(i) higher-order corrections to the electron-photon vertex
are small. All these effects are thus safely neglected in our
BS equation.

At the current level of description, the finite temperature
cannot remove the 1/¢* divergence at the FS arising from
the non-BCS-type pairing. In order to remove this diver-
gence, we need to take into account the finite lifetime of
electrons. We consider here a Fermi-liquid scaling of the
quasiparticle lifetime in two dimensions [33-35],

1 ~ rmax(T, €)*
Te,cou(T; ek) 8 EF

o8 [ma)f?, )] )

induced by the screened Coulomb interaction between on
shell electrons. This Fermi-liquid lifetime introduces also
the leading temperature dependence of the fluctuation-
induced pairing. This yields the critical temperature indi-
cated by the solid (magenta) line in Fig. 2(a). For a finite
cavity wave vector g, and at sufficiently low 7, the
quasiparticle energy €, ,, dominates over the broadening
75 ou(Ts €4), so that T, closely follows the prediction 7t
for infinitely long-lived electrons. T is raised further by
increasing the coupling g, until the temperature becomes
large enough for quasiparticle broadening to become
appreciable, leading to the flattening of the critical-temper-
ature curve as a function of §. A large enhancement induced
by photon fluctuations still remains compared with the
BCS prediction. In this regime, 7, ¢, (T €;) > €, 4, and
the critical temperature is approximately determined by the
following equation (see Appendix E in the Supplemental
Material for a detailed derivation [24]):

26, 32§ 5. \?
lc1igh T_Z (Thigh) thle;igh =1 (8)

e,cou c

In the high T limit, TUe (dashed red line) shows good
agreement with the full numerical answer. At this point, it is
worthwhile to mention that Tlf-igh is also valid in the limit of
vanishing cavity wave vector g, — 0. Referring to the
discussion made in the model section, we see that the
fluctuation-assisted enhancement of superconductivity thus
applies to both the split-ring-cavity geometry considered in
Ref. [9] and to the planar microcavity geometry considered
in Ref. [7].

Let us show more explicitly that the non-BCS-type
pairing induced by fluctuations is appreciable only if the
interactions are long ranged, i.e., when the bosonic media-
tor can transfer momenta which are concentrated in a
narrow window. In order to obtain a simple estimate, we
substitute the delta function in V()(§) with a box of fixed
width. In this case, the factor 1/7;2, in the fluctuation term
of Eq. (8) is replaced by

1 d 1
i/, (e_Lf(e_L) “wraz, ¥

Te,cou

Te,cou

where W is the box width in units of energy. If the width W
exceeds the inverse electron lifetime 7%, at the Fermi
surface, the fluctuation-induced enhancement of paring
(ex 52/W?) will be cut off. This explains why the effect
discussed in this work is not relevant for the standard
phonon-mediated pairing. There the energy window W is
set by the Debye frequency, which is large compared with
electronic scales. In this regime, the BCS term takes the

known logarithmic form 75 o W exp[-W/(g5.)].
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Impact of photon loss and incoherent pump.—Photon
loss out of the cavity mirrors is unavoidable and typically
happens at an appreciable rate yj,.. The resulting damping
of photons is introduced in the retarded-advanced GFs
Dg/4 in Eq. (4) by substituting 0" — «, while the corre-
sponding noise is included through the Keldysh GF
[36-38] as

2, 2. 82

- .Y ®” + K™+ 0
Dg(q,w) = —i— . (10
x(q, @) léc(a)2—/<2—5%)2+41<2a)2 (10)

Here the parameter y quantifies the noise level. If, apart
from the coherent laser drive, the cavity is not further
illuminated, then y = k =y, /2, i.e., the loss rate sets
both the damping and the noise. We will also study the
effect of an incoherent pump (as resulting from a broadband
illumination) at rate ypump < 7ioss- In this case the net loss
rate becomes k = (io5s — ¥pump)/2 While the total noise
level ¥ = (Yioss + ¥pump)/2 > k. For any finite cavity-loss
rate, inelastic electron-photon scattering further reduces the
electron lifetime: 77! =77}, + 7ok, Wwith 771, =~
257/(1 +x2/82) (see Appendix F in the Supplemental
Material [24]). Assuming 8. >k and ;' > ¢, , the
equation for the critical temperature takes the simple form
(see Appendix F in the Supplemental Material [24] for a
detailed derivation):

25,

noise
T:

2 52 1
gzy_z ) Cnoise |:1 - T noi>e:| =1 (11)
2 Uy B R IR
This time we used 77°¢ as opposed to 7T, since the
presence of an on shell photon is not due to vacuum
fluctuations but to loss-induced noise or, at finite pump
rates, to a finite average occupation of the cavity mode. We
see indeed that the thermal coth is replaced here by
y/k =1+ 2ny,, with ny, being the average incoherent
occupation of the cavity. When y,,, approaches yj, our
model needs to be extended to include pump saturation that
prevents the divergence in the photon number. 77°"¢ is
shown in Fig. 2(b). While the BCS prediction TS ~
236,/ (1 +«>/82) [Fig. 2(b) with circles] remains essen-
tially unaffected by loss (for 6. > «) and does not depend
on incoherent pumping, the non-BCS-type pairing still
provides a strong enhancement of superconductivity
[Fig. 2(b) with triangles], which is further amplified by
a finite incoherent-pump rate [Fig. 2(b) with squares]. By
comparing Eq. (11) with the closed-system expression, we
see that for k # 0 the critical temperature is reduced by the
second term in the square bracket. Still, for k7, < 1 the
reduction is negligible. Moreover, by increasing the inco-
herent-pump rate y we can further increase 7', almost
linearly, as shown in the inset of Fig. 2(b). Hence, with
increasing y, 7,.,, increases faster (x 7%log7) than the

linearly increasing 7;},,. The Coulomb lifetime thus still
serves as the dominant quasi-particle-damping process. For
this reason, the photon-induced redistribution of quasipar-
ticles, predicted to be appreciable in certain cavity setups
[4] and observed by proper irradiation [39,40], can instead
be neglected in our case. We can predict an increase in 7', as
long as the Fermi-liquid behavior (7) still holds, which sets
T. in the range of the Fermi temperature 7y (~13 K for the
materials considered in Ref. [9]).

Conclusions.—We have shown that cavity-mediated
interactions between electrons induce a non-BSC-type of
pairing mechanism triggered by nonadiabatic photon fluc-
tuations, which can largely enhance the superconducting
critical temperature 7. under realistic conditions. The
characteristic non-BCS dependence of 7. on the tuneable
light-matter coupling could be experimentally observed.
Moreover, the presence of non-BCS pairing would be
signalled by an increase of 7. with the number incoherent
photons in the cavity. These features could be also
theoretically reproduced using quantum Monte Carlo for
fermion-boson systems [41], proper extensions to long-
range interactions of matrix product states [42] or density
functional theory [43], as well as finite-frequency exten-
sions of functional renormalization group technique [44].
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