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Graphene moiré superlattices are outstanding platforms to study correlated electron physics and
superconductivity with exceptional tunability. However, robust superconductivity has been measured only
in magic-angle twisted bilayer graphene (MA-TBG) and magic-angle twisted trilayer graphene (MA-TTG).
The absence of a superconducting phase in certain moiré flat bands raises a question on the super-
conducting mechanism. In this work, we investigate electronic structure and electron-phonon coupling in
graphene moiré superlattices based on atomistic calculations. We show that electron-phonon coupling
strength A is dramatically different among graphene moiré flat bands. The total strength A is very large
(4> 1) for MA-TBG and MA-TTG, both of which display robust superconductivity in experiments.
However, A is an order of magnitude smaller in twisted double bilayer graphene (TDBG) and twisted
monolayer-bilayer graphene (TMBG) where superconductivity is reportedly rather weak or absent. We find
that the Bernal-stacked layers in TDBG and TMBG induce sublattice polarization in the flat-band states,
suppressing intersublattice electron-phonon matrix elements. We also obtain the nonadiabatic super-
conducting transition temperature 7. that matches well with the experimental results. Our results clearly
show a correlation between strong electron-phonon coupling and experimental observations of robust

superconductivity.
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Moiré materials have emerged as precisely tunable
platforms to explore fascinating physical phenomena [1].
For example, twisted bilayer graphene (TBG) was pre-
dicted to have nearly flat bands at certain “magic angles”
(MAs) [2-5], and experimentally shown to host correlated
insulators and superconductivity [6,7]. Subsequently, vari-
ous interaction-driven phases have been realized not only in
magic-angle twisted bilayer graphene (MA-TBG) [8-13]
but also in other graphene moiré superlattices [14-20]. In
addition to electronic properties, extensive aspects of moiré
physics have been actively explored, such as moiré excitons
[21,22] and atomic-structure and phonon reconstructions
[23-25].

While correlated insulating states are observed in many
graphene moiré superlattices having flat bands, MA-TBG
has been the only system to show robust superconductivity
until recent experiments added magic-angle alternating-
twist trilayer graphene (TTG) to the list [7,18,19]. In other
systems, such as twisted double bilayer graphene (TDBG)
and twisted monolayer-bilayer graphene (TMBG), super-
conducting phase appears to be rather weak or absent
[15,16,26].

Naturally, the absence of robust superconductivity in
some graphene moiré flat bands raises more questions on
the superconducting mechanism. In particular, theoretical
studies on MA-TBG have suggested that MA-TBG has
strong electron-phonon coupling and phonon-mediated
superconductivity is a strong candidate [27-30]. Also,
strong electron-phonon coupling in MA-TBG is evidenced

0031-9007/21/127(16)/167001(7)

167001-1

in experiments [25,31]. However, whether all the flat-band
states in graphene moiré superlattices have such strong
electron-phonon coupling is still unanswered, which has an
important implication for the superconducting mechanism.

In this work, we investigate electronic structure and
electron-phonon coupling of graphene moiré superlattices
based on atomistic calculations. We show that electron-
phonon coupling is strong (4 > 1) for TBG and TTG at
their magic angles, but it is an order of magnitude weaker
for TDBG and TMBG. We analyze such difference in 1 in
terms of both density of states and matrix-element effects.
We find that Bernal-stacked layers in TDBG and TMBG
induce sublattice polarization in flat-band states, sup-
pressing intersublattice electron-phonon matrix elements.
Regardless of the total coupling strength, characteristic
phonon modes are the same for all systems. We also
calculate effects of vertical electric fields on electronic
structure and electron-phonon coupling. Our calculations
show that a correlation exists between strong electron-
phonon coupling and experimental observations of robust
superconductivity.

We consider four graphene moiré superlattices at their
respective magic angle, which is defined by the angle of the
minimum bandwidth: TBG with 8 = 1.08°, TTG with an
alternating twist angle 6 = 1.61°, TDBG with 0 = 1.35°,
and TMBG with 8 = 1.25°. TBG consists of two graphene
layers with a twist, TTG is a three-layer system where only
the middle layer is twisted, TDBG has two sets of Bernal-
stacked bilayer graphene with a twist between them, and
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FIG. 1. Atomic relaxation patterns of (a) TBG with 8 = 1.08°,
(b) TTG with an alternating twist angle = 1.61°, (c) TDBG with
6 = 1.35°, and (d) TMBG with 6 = 1.25°. §z is the deviation of
atomic positions in the out-of-plane direction from the average
value within each layer. Topmost two layers in (c¢) and bottom two
layers in (c) and (d) are Bernal-stacked without twist.

TMBG is built by twisting a monolayer on the top of
Bernal-stacked bilayer graphene.

We adopt atomistic approaches to calculate electrons and
phonons in graphene moiré superlattices [28]. First, we
calculate structural relaxations induced by variation of the

stacking registry within moiré supercells, which have
crucial effects on electronic structure of moiré flat bands
[23,32]. Equilibrium positions of all the carbon atoms are
obtained by minimizing the sum of in-plane elastic energy
and interlayer van der Waals binding energy [33,34]. Then,
electron states are obtained by diagonalizing atomistic
tight-binding Hamiltonians with the Slater-Koster-type
hopping integral parameterized for graphitic systems
[35,36]. We calculate all the phonon modes in moiré
supercells by diagonalizing dynamical matrices built from
atomic force constants, which are the second derivatives of
our total-energy function. With electron and phonon
eigenstates, we compute electron-phonon matrix elements
from changes in hopping amplitudes due to atomic dis-
placements of phonon modes. From the above quantities,
we can obtain electron-phonon coupling strength 4 and the
Eliashberg function o’F(w) (See the Supplemental
Material [37] for detailed descriptions of our methods).

Figure 1 shows our results of atomic relaxation patterns. 6z
is the deviation of atomic positions in the out-of-plane
direction from the average value of each layer. The average
interlayer distances are about 3.40 A between twisted layers
and 3.35 A between Bernal-stacked layers in TDBG and
TMBG. In all systems, 0z is largest at AA stacking regions
and has the opposite sign between twisted layers, except for
TTG where the middle layer has zero 6z due to the symmetry
and the other layers have large 0z in compensation. In our
calculation, in-plane relaxations also occur in such a way to
reduce the area of AA-stacked regions.

Figure 2(a) shows our calculated band structures and
density of states (DOS) per spin. All the four systems have
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FIG. 2. (a) Band structure and density of states (DOS) per spin and (b) electron-phonon coupling strength 1 as a function of the Fermi

energies E in (upper left) TBG with @ = 1.08°, (upper right) TTG with 8 = 1.61°, (lower left) TDBG with 8 = 1.35°, and (lower right)
TMBG with € = 1.25°. In (a), colored circles represent sublattice polarization (SP). TBG and TTG have exactly zero sublattice
polarization. In (b), black lines show the total coupling strength. Red (blue) lines represent contributions of the inter- (intra-) sublattice
electron-phonon coupling. In each case, the inset shows the average electron-phonon matrix element Vo, = 1/Np, where N is the DOS
per spin at Ep. (c),(d) [llustrations of how sublattice polarization suppresses intersublattice electron-phonon matrix elements. Blue
arrows indicate electron-phonon matrix elements induced by phonon displacements denoted by green arrows. When sublattice
polarization is nonzero in (d), the nearest-neighbor electron-phonon matrix elements are weakened.
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nearly flat bands and large DOS at their Fermi levels. Flat
bands in TBG are the most archetypical in that nearly flat
Dirac cones are located at the corners of the moiré Brillouin
zone and isolated from the higher-energy bands. In TTG,
the highly dispersing Dirac cone coexists with moiré flat
bands. It comes from the outer graphene layers and is
decoupled from the flat bands. In TDBG and TMBG, Dirac
points at K points are gapped because the absence of the
inversion symmetry brings sublattice asymmetry. Our
electronic structures are consistent with previous theoreti-
cal studies [28,41-44].

While TBG, TTG, TDBG, and TMBG at their respective
magic angle have flat bands and large DOS at the Fermi level,
we find a clear distinction of electron-phonon coupling
strength 1 between the first two and last two systems.
Figure 2(b) shows the total electron-phonon coupling
strength of each system as a function of the Fermi energy.
The most notable feature is that 1 is very strong in TBG and
TTG with the maximum value reaching over 1, but it is an
order of magnitude weaker in TDBG and TMBG. For TDBG
and TMBG, Zis less than 0.2 irrespective of the Fermi energy.

Such stark contrast in A originates partly from the
difference in the electronic density of states, but more
crucially from the suppression of electron-phonon matrix
elements in TDBG and TMBG. Insets in Fig. 2(b) show the
average of electron-phonon matrix elements Vo, = 1/Np,
where N is the electronic density of states at the Fermi
energy Ep. While V., in TBG and TTG is about 0.75 and
1.0 meV, respectively, it is below 0.3 meV in TDBG
and TMBG.

To explain why V., is suppressed in TDBG and TMBG,
we introduce sublattice polarization (SP) which measures
the imbalance of sublattice weights of an electron state. For
a given electron state v, , we define SP for each layer [ as

SPI(Wnk) = Z'an,i|2 - Z|an.j|2’ (1)

i€A JEB

where ¢, ; is the tight-binding coefficient of ) for an
orbital centered at an atomic site i and A, B indicate two
different sublattices. Then, the total SP, which is represented
by colored circles in Fig. 2(a), is SP(y,x) = >, [SP;(w,x ) |-
In TBG and TTG, the SP is exactly zero for all the electron
states so they have the equal weights on two sublattices. In
contrast, TDBG and TMBG, which both have Bernal-
stacked layers, have nonzero SP and electrons have different
sublattice weights within each layer, with signs of SP,
alternating for different layers.

The presence of nonzero SP in the electronic structure of
TDBG and TMBG critically weakens electron-phonon
coupling strength. To illustrate this, we analyze the total
electron-phonon coupling strength in terms of sublattice-
dependent contributions. Figure 2(b) shows the total
electron-phonon coupling strength A, and intersublattice
(A8 4 2BA) and intrasublattice (444 + ABB) contributions

as a function of the Fermi energy (see the Supplemental
Material [37] for the formulas for inter- and intrasublattice
A). We find that, in all cases, the magnitude of the
intersublattice contributions dominates the total coupling
strength. This is because the strongest contribution comes
from the electron-phonon matrix elements between the
nearest neighbors, which belong to different sublattices
[Fig. 2(c)]. In TBG and TTG, where SP is zero, electron
wave functions have the same weights on both sublattices
and the intersublattice matrix elements are strong. On the
other hand, in TDBG and TMBG, nonzero SP suppresses
the nearest-neighbor matrix elements [Fig. 2(c)], and the
electron-phonon coupling becomes very weak.

Now, we analyze characteristic phonon modes that con-
tribute to the total coupling strength. Figure 3(a) shows the
Eliashberg functions a® F (@) and frequency-integrated elec-
tron-phonon coupling strength A(w) = 2 [ &*F (o) /&' de/
of TBG and TTG (TDBG and TMBG) at the half-filling
energy of the hole- (electron-) side. Regardless of the total
coupling strength, characteristic phonon modes are the same
for all systems. The largest portion of the total coupling
strength comes from the in-plane optical modes near @ =
167 (197) meV with phonon momentums at ¢ = K, K’ ().
In addition, the interlayer breathing modes near @ =
10 meV, shown in the insets of Fig. 3(a), at q =T also
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FIG. 3. (a) Eliashberg function o®F(w), shown in red, at the
half-filling energy of the hole-side in (upper left) TBG and (upper
right) TTG, and the electron-side in (lower left) TDBG and (lower
right) TMBG. Dashed blue lines denote frequency-integrated
electron-phonon coupling strength A(w) =2 [¢ &*F(o')/ode.
Insets show low-frequency ranges of a’F(w). (b) Phonon
frequencies and momenta of the characteristic modes.
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TABLE I. Mode-resolved electron-phonon coupling strength
A;» half bandwidth D, and nonadiabatic superconducting tran-
sition temperature T, at the half-filling Fermi energy of the hole-
(electron-) side flat bands for TBG and TTG (TDBG and
TMBG). The half bandwidths are calculated as the difference
between the Fermi energy and the band edge. x is the dimension-
less Coulomb potential.

Ai

w; (meV) TBG TIG  TDBG  TMBG
10 0297 0233 0.064 0.037
167 0914  0.743 0.026 0.045
197 0.648  0.532 0.018 0.030
D (meV) 0.53 0.67 3.4 6.7
T.(u=005) (K) 345 3.76 107 1076
T.(u=0.15) (K) 333 3.55 0.0 0.0

have sizable contribution due to their low energies. Table I
summarizes mode-resolved electron-phonon coupling
strength A; for the three characteristic phonon modes shown
in Fig. 3(b).

Since Ep~1-10 meV and wp, ~ 10-200 meV, the
adiabatic condition wy,/Ep <1 is extremely violated in
graphene moiré superlattices. So the conventional
McMillan formula does not apply. Instead, superconduct-
ing transition temperature 7. in the nonadiabatic regime
has nontrivial dependence on the electronic bandwidth
[45,46]. If we ignore the dispersion of phonon modes and
the energy dependence of the electron DOS, an explicit 7',
formula for the half-filled bands can be derived as [46]

w:D \4il% 141
T, = ! — 2

i

where D is the half bandwidth, w; and 4; are the energy
and electron-phonon coupling strength of the ith phonon
mode, 2 = 23, 4;D/(w; + D) is the mass renormalization
constant, and p* = u/(1 +u > ;In(1+ D/w;)%/*) is the
Coulomb pseudopotential. We calculate 7. at the half-
filling Fermi energy of the hole- (electron-) side flat bands
for TBG and TTG (TDBG and TMBG). Our results for 7',
are summarized in Table I, and show good agreement with
experimental observations in TBG and TTG [7,18,19].

Lastly, we investigate electric-field effects on electronic
structure and electron-phonon coupling. We consider a
vertical electric field in our tight-binding Hamiltonian by
adding an electrostatic energy term AH = eE,z, where
e > 0 is the elementary charge, z is the z coordinate of an
atom, and E, represents the total electric field consisting of
external and induced electric fields.

Figures 4(a) and 4(b) show electronic structures and
electron-phonon coupling strengths under the vertical
electric field, respectively. In our calculation, TBG is
nearly insensitive to the vertical electric field, except that
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FIG. 4. (a) Electronic structure and (b) electron-phonon cou-
pling in (upper left) TBG with 6 = 1.08°, (upper right) TTG with
6 = 1.61°, (lower left) TDBG with 8 = 1.35°, and (lower right)
TMBG with @ = 1.25° under vertical electric field. The strength
of electric field E, is 15 (5) mV/A for TBG and TTG (TDBG
and TMBG). The unit of DOS in (a) is states/spin/meV. In (a),
colors of band lines represent the sublattice polarization. TBG
and TTG have exactly zero sublattice polarization. In (b), black
lines show the total coupling strength. Red (blue) lines represent
contributions of inter- (intra-) sublattice electron-phonon
couplings.

two Dirac points at K are split in energy because of
the potential energy difference between two layers.
Consequently, electron-phonon coupling strength is hardly
affected by the electric field. In TTG, the electric field
primarily affects highly dispersive monolayer Dirac bands so
that they are pushed away from the flat bands. This makes the
flat-band states more dispersive, reducing the density of
states and, accordingly, decreasing the electron-phonon
coupling strength. However, V., is not affected by electric
fields.

On the other hand, the electronic structures in TDBG and
TMBG are much more sensitive to electric fields. In both
systems, flat bands are split into the electron and hole sides,
and the electron-side flat bands become narrower.
Nevertheless, TDBG under electric fields shows very weak
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A because the sublattice polarization still suppresses V.
In more detail, we note a slight increase of 4 in the electron-
side flat bands of TMBG as the electric field polarizes the
electron-side states to the top monolayer where sublattice
polarization is weaker.

In TBG and TTG, superconductivity often appears near
spin-valley flavor-polarized correlated phases at certain
integer fillings [12,13,18,19,47]. Several studies have
suggested that such correlated phases compete with the
superconductivity [48,49]. In particular, experiments with
controlled metallic gates have shown that superconductiv-
ity survives even after correlated phases disappear as a
result of the enhanced screening from metallic gates [50].
Flavor polarization, if any, may weaken phonon-mediated
superconductivity in two ways. First, flavor polarization
may raise or lower band energies depending on their
flavors, increasing the band width and reducing the density
of states, which reduces the overall electron-phonon
coupling strength. Second, flavor polarization may lift
energy degeneracy of electron states with opposite
momenta and opposite spins, for instance, |k,1) and
| — Kk, |), which disturbs Cooper-pair formation for spin-
singlet superconductivity. Effects of flavor polarization and
electron correlation need to be studied for a full phase
diagram of twisted graphene layers. In addition, further
studies should include doping-dependent band dispersions
and more accurate description of Coulomb matrix elements
[51-55].

To summarize, we have studied electronic structure and
electron-phonon coupling in graphene moiré superlattices
based on atomistic approaches. We find that total electron-
phonon coupling is strong for MA-TBG and MA-TTG, but
is an order of magnitude weaker for TDBG and TMBG,
where the Bernal-stacked layers induce sublattice polari-
zation, suppressing the nearest-neighbor electron-phonon
matrix elements. Our results provide a deeper understand-
ing into the electron-phonon coupling in graphene moiré
superlattices, showing a correlation between strong elec-
tron-phonon coupling and experimental observations of
robust superconductivity.
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