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Measurement of Temporal Coherence of Free Electrons
by Time-Domain Electron Interferometry
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The temporal properties of an electron beam are decisive for modern ultrafast electron microscopy and
for the quantum optics of the free electron in laser fields. Here, we report a time-domain interferometer that
measures and distinguishes the pure and ensemble coherences of a free-electron beam in a transmission
electron microscope via symmetry-breaking shifts of photon-order sideband peaks. This result is a free-
electron analog to the reconstruction of attosecond busts and photoemission delays in optical attosecond
spectroscopy. We find a substantial pure electron coherence that is connected to the thermodynamics of the
emitter material and a lower ensemble coherence that is governed by space-charge effects. Pure temporal

coherences above 5 fs are measured at >10° electrons per second in a high-brightness beam.
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The wave nature of the electron has revolutionized
modern material science and biology through a wealth
of novel imaging techniques, for example, electron micros-
copy [1], holography [2], diffraction [3], tomography [4],
or spectroscopy [5] at resolutions approaching subatomic
dimensions. Recently, femtosecond and attosecond time
resolution has been achieved as well [6-14], paving the
way to seeing material transformations as a sequence of
atomic and electronic motions in space and time [8,9].
Also, free-electron wave functions under control of the
optical cycles of laser light [15—-19] provide opportunities
for time-gated imaging [15,20] and advanced investigations
of quantum mechanics [21-23]. Critical for all such
applications is the temporal coherence length of a free-
electron beam, that is, the ability of the electron matter
wave to interfere with a time-delayed part of itself. Often,
temporal coherence is inferred from the inverse energy
bandwidth via the uncertainty principle [24,25], resulting in
values below one femtosecond. However, such values are
not consistent with recent reports of coherent manipulations
of electrons with laser light [13—16,26], where the observed
electron interferences prove a coherent coverage of multi-
ple laser cycles. Hence, the ability of electrons to interfere
with themselves in the time domain cannot be deduced
from a spectral measurement alone.

Here, we therefore differentiate the pure temporal
coherence 7P"® of the electron wave function from the
ensemble coherence 7™ of the beam [25,27]. The asso-
ciated energy bandwidths are oh'" ~7/(27P"¢) and
o™ = h/(27°), respectively. A finite zP"" follows from
the quantum mechanics of photoemission [24] and a finite
7" may be caused by space-charge effects [28,29],
fluctuating acceleration voltages [24], electromagnetic
fields [30], or electron-material interactions [31].
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Consequently, an experimental dissection of pure and
ensemble effects calls for a single-electron interferometer
with ultrafast time resolution below the magnitudes of the
expected coherences. Unlike Hasselbach et al. [32], who
shifted and overlapped low-energy electron wave packets
with a series of Wien filters, we measure here directly the
subrelativistic electron beams in a transmission electron
microscope and achieve the necessary attosecond resolu-
tion with laser radiation [14].

Figure 1(a) depicts the concept of our experiment. The
electron beam (blue) interacts with the optical cycles of a
coherent laser beam (red). Such an interaction converts the
energy spectrum of the electron beam into a series of photon-
order sidebands [14—16]. These sidebands are located at
discrete energies Ey + NAaw, where E; is the initial central
electron energy, w is the angular frequency of the laser wave
and N is the sideband number [14—-16]. After an extended
propagation of the so-prepared electron wave function, we
let the laser wave interact again and interlink the sidebands
for a second time (multicolor arrows). The final energy
spectrum is measured with an energy-resolving detector.

At the exit of the interferometer, each final sideband has
two types of contributions: first, a direct wave packet that
has propagated at the same energy all the time [path 1 in
Fig. 1(a)], and second, two or more detour wave packets
that have propagated between the two interactions at
intermediate gains or losses of energy [paths 2 and 3 in
Fig. 1(a)]. Figure 1(b) illustrates the resulting interference
in the spectral domain. The energy envelopes of all final
and intermediate sidebands are replicas of the initial energy
envelope (solid lines), but direct and detour components
have different spectral (energy-dependent) phases (dotted
lines), because they have traveled the same physical
distance at a different energy and therefore at a different
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FIG. 1.

Time-domain electron wave-packet interference leading to photon-order peak shifts. (a) Shaded regions mark the two

interactions with the laser wave. After the first laser modulation, the wave packet consists of several energy components (cyan, blue,
magenta). Propagation induces group and phase delays (bell shapes and clock symbols). The second laser modulation interlinks the
energy states again and measures the phase delays. (b) Partial spectral components at —Aw, 0, A (cyan, blue, magenta) with their
amplitudes (solid curves) and phases (dotted lines) after the second laser interaction. ¢ is the optical laser delay. (c) Resulting pure
spectrum (green) with asymmetric energy-shifted sideband peaks. (d) Additional incoherent broadening preserves the peak shifts with
respect to —hwm, 0, hw (solid black lines). (e) Vector diagram for the summation of the partial components (color arrows) for the zero-loss
peak according to Eq. (2). Solid arrows show the amplitudes and the dashed arrows the respective rotation phases. Jo = Jo(|g;»|) and

Ji =J1(|lg12])- (f) Analogous vector diagram for the 41 sideband.

dispersion. If the propagation time between the two laser
interactions is very large, these dispersion differences
become dominant over the absolute phase changes ¢ that
usually simply turn a sideband on or off as a whole [26].
Consequently, there is now intraenvelope interference [see
Fig. 1(c)]: higher-energy parts and lower-energy parts
within a sideband obtain different intensities due to con-
structive spectral interference at the intersections of the
spectral phases [dotted lines in Fig. 1(b)] and destructive
interference otherwise. Therefore, measured spectral peak
positions can shift away from the ladder of photon orders
[14]. Importantly, the amount of peak shift and the widths
of the sidebands will depend on the temporal coherences:
7P"¢ determines the sideband width and thereby the range
of intrasideband energies that contribute to shifting the
peak [see Fig. 1(c)] while z°™ simply broadens all sideband
peaks at no change of the peak shift [see Fig. 1(d)]. As a
result, both 7™ and 7P"® can be determined from the
experiment.

For an analytical description, we consider an electron
wave packet W(z,t) = Wy (2, 1) exp[i(poz — Eot)/h] that
propagates along the z direction with a velocity v, and a
forward momentum p,. Wo(z',7) is the wave packet
envelope, for example initially a Gaussian of width zP"®
according to ¥y(z',0) = A exp[—z/(2vy77"™)?], where A
is the normalization constant and 7’ = z — vt is the local
coordinate. This wave packet interacts twice with laser
radiation, once at z =0 and once substantially later at
z = L. Solving the relativistic Schrodinger equation [33],
we obtain the spectral envelope of the final electron wave
function ¥ f(E , @) after our two large-distance electron-laser
interactions (see Supplemental Material [34] for derivation):

B (E.) =Y By (E)P, oo N0t 2 (1)

n,m

Here, E is the electron energy (E, subtracted), ¢ is the laser
phase delay, n and m are integer numbers from —oo to co
that represent the number of photons absorbed at the first and
second laser interaction, N = n + m is the final sideband
number, ¥ (E) is the spectral envelope of the Nth sideband,
P =J.(l011)Jn(l92]) are amplitudes or weight factors,
J,..m are Bessel functions of the first kind, and g, , are the
coupling constants of the two laser-electron interactions [16].
The phases in Eq. (1) contain, first, the laser delay between
the two interactions ¢ = argg, —argg, and, second, a
multiplier A = Lhw?/(2v3y>m,) that is proportional to
the distance L between the interactions; m, is the electron
mass and y is the Lorentz factor. We have introduced in
Eqg. (1) a dimensionless energy offset from the exact photon
orders, 6y = [E — Nhw|/hw, for conveniently characteriz-
ing intrasideband effects. The spectral envelope ¥y (E) of
the Nth sideband is a replica of the initial spectral envelope
¥, (E) according to Wy (E) = Vo(E — Nhw)eN?1, where
Py (E) = [Wy(<',0)exp[—iEZ'/hvy)dZ'. The phase ¢, =
arg g, is the injection phase, that is, the absolute phase of the
first-interaction laser field at which the electron wave
packet’s center is located at z = 0. In our experiments, this
phase is undefined and needs to be averaged out to predict a
measured spectrum.

What are the properties of Eq. (1)? As expected from
Fig. 1, the final spectrum is a double summation over the
numbers of photons absorbed at the first interaction » and at
the second interaction m. Negative numbers correspond to
photon emission or energy loss. A particular sideband N
with envelope ‘i‘N(E) is a coherent sum of all pathways
with N = n + m [16]. However, for extended propagation
times, the wave function components at sideband number n
from the first interaction acquire a nontrivial phase term
—iA(n? 4 2nd) before the second interaction. This phase
is linear in distance between the interactions via A and also
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linear in energy via 2ndy. In the example of Fig. 1(b), the
final zero-loss peak at N = 0 is composed of a zero phase
slope for the direct component (n = 0, blue) but two linear
and opposite phase slopes for the two detour components at
n = =*1 (magenta and cyan). The point of constructive
interference can therefore shift in the energy domain as a
function of the optical phase delay ¢ in the phase term
in Eq. (1).

To quantify the peak shifts to be observed in an experi-
ment, we average Eq. (1) over the injection phase ¢, via

pPue = [P ¥idg, /(2x) and obtain

ppure(E’ (ﬂ) = Z |lijN(E)|2 Z RN,m,m’
N m,m’
X eilm=mlp-Amn'=28,-28)] (9

Here, variables with a prime correspond to the summa-
tion indices in ‘i‘} and Ry = In-m(|91])Tm(]92]) %
JN—m’(|gl |)Jm'(|92|>'

Figures 1(e) and 1(f) illustrate the summation of the
partial components in Eq. (2) with vector diagrams for the
case of equal and moderate laser intensities (|g;|=
|go| < 1) such that only the zero-loss peak (ZLP) and the
first sidebands are involved (N =0,+1). From these
diagrams, the maximum of the £1 sidebands in (5g; @)
coordinates is given by

|

5(p) = A

2J3(J3 cos A — 2J% cos @) sin @

cos?[(¢ &= A)/2 4+ ASg)| Py (6phw) > - max.  (3)

Analogously for the ZLP (omitting the arguments of J,,
and J; for clarity):

[J3§ + 4J} cos(p + 2A8g) — 4J3J% cos A cos(p + 2A5g)]
x [®(8phw)|> - max. (4)

The first factor in Egs. (3) and (4) is maximized at
slanted lines ¢ = —2Adg — NA, where N =0, £1 (we
dropped out the 2z periodicity), and the second factor
typically peaks at the sideband center 6y = 0. The com-
petition between these factors determines the position
of the peak, that is, 65" () or @I (). This peak
shift depends on the particular W (6;A®) and thereby on
7P"¢  For a Gaussian wave packet, we obtain for the
+1 sidebands:

P (65) = ~2atan| (0P A6, 205, F A (5)

Neglecting terms proportional to 52 and higher allows to
simplify Eq. (5) to 65°F! (¢) = —A2(we?"®)? + A%~ x
tan[(¢ = A)/2] and to obtain for the ZLP:

We see that the shifts of the bands according to
Egs. (5) and (6) can appear only at a nonzero propagation
distance L « A and therefore not in experiments with
L ~0 [26]. For a substantial and suitable L, the peak
shifts depend on zP"¢. In case of a very small temporal
coherence (7P <« A/w), Egs. (5) and (6) reduce to
PN = —2A6p — NA, where N =0, 1, describing the
case of a linear acceleration and deceleration by the optical
field cycles in the point-particle regime [17,35]. For a high
coherence (7P""® > A/w), the peak shifts are proportional
to (wr™*)~2 and approach zero for infinite coherence.
Analogous equations are obtained for higher-order side-
bands (see Supplemental Material [34]).

Importantly, the sideband peak shifts are not sensitive to
variations of the central energy as long as Nhw < E,. An
inhomogeneous spectral broadening of the beam therefore
does not affect the peak shifts. Also, a prechirp of the
electron wave packet before the first laser interaction is
irrelevant for our results. To see this, we repeat the
calculations for an initially chirped Gaussian wave
packet Wy (z') = Aexp[—z%(1 + iC) "1 (2vzP""®) 2], where
C is the chirp parameter. We obtain the envelope

(wtPu®)2(J4 + 4J cos’p — 4J3J3 cos ¢ cos A) + 4A2J3(2J3 cos 2¢ — J5cos Acos )

(6)

YMP (F) o eiNen = (" /h(E-NhoP(14iC) " that depends on
C only via a phase term which cancels out in pP"(E, ¢);
see Eq. (2). We note that a delay-dependent energy shift of
the spectrogram as a whole can occur for chirped femto-
second electron wave packets [16,36], but such a global
shift does not change the energy spacing between the
sidebands, in contrast to our results.

Figure 2 shows the calculated spectrograms pP'*(E, ¢)
for several different electron coherences 7P"". The laser
period is 6.5 fs, the electron energy is E, =75 kV,
lg12] = 1, and the propagation distance is L = 13.9 cm,
corresponding to A = z/2. For an electron coherence of
7P = 6 fs, the peak shift is almost unobservable [13,26],
but coherences of 3 fs and below produce substantial
asymmetric shifts of the sidebands that are described by
Egs. (5) and (6). At a very low coherence (1 fs), the electron
approaches the point-particle regime and the spectrogram
begins to show features of classical field-slope acceleration
[17]. The sensitivity of the spectrograms to 7P**® on dimen-
sions of a few femtoseconds is related to the small but
finite propagation delay of 3.3 fs between the partial wave
packets at n = 0 and n = 1 for the parameters of Fig. 2.
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FIG. 2. Calculated time-energy spectrograms. Depending on
the pure temporal coherence zP'* (upper labels), sidebands
acquire asymmetric energy shifts. Solid curves, calculations by
Egs. (5) and (6). For 1 fs and below, we approach the point-
particle limit and classical acceleration and deceleration
(dashed line).

In measurements of a realistic multielectron beam with a
finite ensemble coherence, the pure spectrum of Eq. (2)
needs to be convolved with the incoherent spectral broad-
ening o™ ~ f/(27°™). Assuming a Gaussian broadening,

P ) = pre(E.g) @ e BNV (7)
Hence, 7P""¢ and 7°™ can be distinguished in a robust way
from practical photon-order spectrograms: zP"" manifests
itself in symmetry-breaking photon-order peak shifts via
Egs. (5) and (6) [see Fig. 1(c)] and 7™ produces a symmetric
broadening of all sidebands via Eq. (7) [see Fig. 1(d)].

In the experiment, we use a Philips CM-12 transmission
electron microscope with a Gatan GIF100 postcolumn
energy spectrometer and establish the interferometer with
the help of two laser-electron interactions at a distance of
L = 12 cm [14]. The electron energy is Ey = 75 keV. The
modulation elements are thin silicon membranes that are
illuminated with a single-longitudinal-mode continuous-
wave laser at A = 1.95 ym at a power of 3 W, providing
|g12] #0.3. The temporal coherence of the electrons is
varied by changing the temperature 7 of the microscope’s

LaBg thermal electron emitter via the “filament” setting of
the control electronics.

Figure 3(a) shows the measurement results (top panel) in
comparison to a series of fits with Eq. (7) (bottom panels).
For display, a laser-unaffected reference spectrum is sub-
tracted from all datasets and fits. We observe a laser-delay-
dependent variation of the intensities of the ZLP and the
sidebands. In time, the sideband maxima are located at
@ = £A = £0.437 with respect to the minimum of the
ZLP, in accordance with Egs. (3) and (4). Additionally, we
see asymmetric shifts and tilts of the ZLP and the sideband
features which increase with emitter temperature. At the
same time, the sidebands become broader. Figure 3(b)
shows a close-up into the —1 photon-order peaks. The
model of Eq. (7) describes these experimental results
qualitatively well; see the fit results in the bottom panels
of Fig. 3(a). After precalibration of |g, »| [14], the fits use
only three remaining free parameters: zP""¢, 7°" and the
zero position of the piezoelectric laser phase delay. Because
of the different symmetry effects of zP" and z°™ (see
above), we can therefore reliably extract both values and
obtain close-to-identical results for widely varying initial
fit guesses. We note the similarity of our free-electron
interferometry to the measurement of attochirp and photo-
emission delays by the RABBITT principle in optical
attosecond spectroscopy [37,38].

Figure 4(a) shows the measured zP"" and z°™ as a
function of the filament current and emitter temperature.
All values lie in the range of 1-4 fs (root-mean square) and
decrease with increasing emission temperature. The pure
coherence is always longer than the ensemble coherence
for all investigated conditions. Figure 4(b) shows the
full-width-at-half-maximum energy bandwidths AR™ =
2¢/1n26%"™ and A$® = 2v1n26%™ as well as the corre-
sponding associated pure emission temperatures via T =
h/(27P""ky) [24]. These temperatures (magenta squares)
cover the temperature range from 1000 to 2100 K, typical

ens
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FIG. 3.

Photon orders

Experimental observation of photon-order peak shifts and measurement of pure temporal coherence P"*. (a) Experimental

data (top panels) and fits (bottom panels) for various filament currents of the emitter. Solid curves, calculation with Eq. (5). Dashed
curves, calculation with Eq. (7). (b) Close-up into the experimental data. Solid curves, calculation with Eq. (5).
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FIG. 4. Pure and ensemble coherences of a free-electron beam.
(a) 7P"" (magenta squares) and z°" (black circles) as a function of
filament current. (b) Pure energy bandwidth (magenta) and
ensemble energy bandwidth (black) in relation to emission
temperatures.

for LaBg emitters [39,40], affirming the validity of our
measured zP""°. In contrast, the effective temperatures of the
entire beam as an ensemble (black dots) reach up to
5000 K, more than possible in an emitter material, and
therefore must have another origin. The associated ensem-
ble broadening A%* increases from 0.5 to 1 eV, indicating
that the spectral apparatus function or other constant factors
have only a partial contribution therein. We therefore
attribute the growing part of A$® to the space-charge
forces and the Boersch effect [27,29]. The LaBg cathode
in our experiment emits a current of 70 yA from a 15-uym
tip at the highest filament setting. The corresponding
average distance of the electrons is <4 um, realistic for
a substantial Boersch effect but large enough to not provide
wave function overlap between different electrons in the
beam. We conclude that each emitted electron carries an
intrinsic temporal coherence 7P""*° that is inherited from the
emitter temperature and maintained during beam propaga-
tion, but the central energy of each such electron in an
ensemble fluctuates by Coulomb repulsion from nearby
other electrons in the beam.

Interestingly, the pure coherence in full-width-at-half-
maximum units exceeds 5 fs even for high emission
currents. This result shows that nonpulsed electrons from
thermal emitters have enough temporal coherence for
attosecond pulse generation [13,14,26] or free-electron
quantum operations [16,21,41]. The reported time-domain
electron interferometry with multiple laser-electron inter-
actions and free-space propagations can reveal the tem-
poral properties of free-electron matter waves on the level
of the isolated particles, that is, without disturbances from
incoherent bandwidth effects. We see vivid perspectives of
such kind of electron interferometry for attosecond mate-
rials characterizations [13], quantum electron microscopy
[42], entanglement of electrons with light [22,41],
studies of the dynamical Aharonov-Bohm effect [43] or
real-space ultrafast electron microscopy of light-driven
electronic motion in complex materials at novel time-
resolution regimes [44-46].
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