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Exotic high-rank multipolar order parameters have been found to be unexpectedly active in more and
more correlated materials in recent years. Such multipoles are usually dubbed “hidden orders” since they
are insensitive to common experimental probes. Theoretically, it is also difficult to predict multipolar orders
via ab initio calculations in real materials. Here, we present an efficient method to predict possible
multipoles in materials based on linear response theory under random phase approximation. Using this
method, we successfully predict two pure metastable magnetic octupolar states in monolayer a-RuCls,
which is confirmed by self-consistent unrestricted Hartree-Fock calculations. We then demonstrate that
these octupolar states can be stabilized in monolayer a-Ruls, one of which becomes the octupolar ground
state. Furthermore, we also predict a fingerprint of an orthogonal magnetization pattern produced by the
octupole moment that can be easily detected by experiment. The method and the example presented in this
Letter serve as a guide for searching multipolar order parameters in other correlated materials.
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Introduction.—High-rank multipolar order parameters
(OPs), induced by multiple orbital degrees of freedom
themselves or their coupling to spin sector via strong
spin-orbital coupling (SOC), have been found to be unex-
pectedly active in more and more correlated materials such
as 4f, 5f, and 5d systems in recent years [1-19], although
they are usually considered as weak terms comparing to
dipoles under multipole expansion. In some cases, they can
even act as the primary OPs. One such example is the famous
“hidden order” (HO) phase transition occurring around
17.5 K in URu,Si, [20-29], and many different kinds of
multipolar moments, including quadrupoles [30-32], octu-
poles [33,34], hexadecapoles [35-38], and dotriacontapoles
[8,39,40], have been suggested as the primary OPs in this
HO phase. Different from conventional dipoles, much richer
and exotic orders and low-energy excitations can be
expected to arise from multipolar OPs due to their higher
degrees of freedom. For instance, superconductivity medi-
ated by multipole fluctuation [21,40-51], multipolar Kondo
effects [35,52-58] with exotic non-Fermi-liquid fixed points
[58], and cross-correlated responses [11,13,59-80] have
been found. Therefore, the important roles played by
multipolar OPs are attracting extensive attention and are
considered to be significant factors to interpret some exotic
physical phenomena [4,5,9,15].

However, such high-rank OPs pose a big challenge to
experimental detection since they are not coupled or are
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weakly coupled to the common experimental probes [81],
or they are usually accompanied with a primary dipolar OP
[81-85] that dominates the experimental signals. This is the
reason why the multipolar OPs are usually dubbed as HOs
and their roles are rarely recognized even though they
might be widely present in materials. Theoretically, pre-
dicting multipolar OPs in real materials from ab initio
calculations [8,12,22,23,35,39,86-99] is a crucial task but
also not an easy one since (1) most of these materials
involve both strong SOC and electronic correlations that
should be properly treated by methods such as the self-
consistent unrestricted Hartree-Fock mean-field (HFMF)
method with all the off-diagonal terms of local density
matrix kept [100]; (2) self-consistent calculations of the
multipolar states depend extremely on the transcendental
knowledge of the possible multipoles and the related
symmetry breaking of Hamiltonian to induce the desired
OPs; (3) the energy differences between different multi-
poles are usually very tiny. As a result, such calculations
should be performed many times with very high numerical
accuracy such that they take too much time and even
become unfeasible in systems with many atoms. Thus, a
highly efficient method to search for all the possible
multipolar states is very desirable, and the predictions of
their fingerprints in physical observables that can be
easily measured experimentally are also very important
to uncover HO physics in materials.
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In this Letter, based on linear response theory
(LRT) wunder random phase approximation (RPA)
[3.8,12,40,46,49,101], we develop a numerical method
starting from the density functional theory (DFT) calcu-
lations to search for all possible multipolar OPs efficiently
for the spin-orbital entangled correlated electronic materi-
als that only requires a fast single-shot calculation. We use
monolayer a-RuX; (X = Cl, I) as an example to demon-
strate its formalism, capabilities, and effectiveness. It has
correctly reproduced the Zigzag magnetic ground state of
a-RuCl; as found in the neutron scattering experiments
[102-105], which validates our method. More importantly,
two pure metastable magnetic octupolar states, OS?, (with
ferromagnetic (FM) and antiferromagnetic (AFM) configu-
rations, respectively) without any magnetic dipoles are
predicted. These two octupolar states can be stabilized by
|

doping I elements in a-RuCl; or synthesizing a-Rulj
directly, where the AFM octupolar state becomes the
ground state. We propose that an orthogonal magnetization
o« H?cos?f can be detected as the fingerprint of the
metastable FM octupolar state [26,27,85].

Method.—In many 4d and 5d transition metal materials,
the strong cubic crystal field splits the fivefold d orbitals
into twofold e, and threefold 7,, orbitals with electrons
occupying only the low-energy 7,, subspace, so a t,, model
is sufficient for such systems [9,106-110]. For a t,, system,
the local on-site Coulomb interaction can be well described
by a multiorbital Kanamori Hamiltonian [111], H;,,. Under
HFMF approximation, we can further express H;,, in terms
of all the multipolar OPs in the #,, subspace as follows (see
the Supplemental Material [112] for details):
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where U and J are the Coulomb interaction and Hund’s
coupling, respectively. nggﬂ are the 36 spin-orbital en-
tangled multipoles with overall rank K (K =0~ 3 and
M =1,2,...,2K + 1), which are composed of orbital and
spin multipoles with rank K, and K, [100]. O3} and O}
describe the charge and isotropic SOC terms, respectively.
The electric quadrupoles O3} describe possible crystal
field splitting in 1, subspace and 0%’1” describe the
corresponding anisotropic SOC effects. Ol¥ and O
are the conventional orbital and spin magnetic dipoles,
and O3} describe magnetic octupoles. All the potentially
ordered multipoles are contained in Eq. (1), from which we
can intuitively capture their explicit physical implications.

Based on Eq. (1) and the DFT constructed noninteracting
Hamiltonian H,, we use the LRT under RPA to determine
which multipoles may actually occur. The flow diagram of
our method is shown as Fig. 1, in which self-consistent
HEMF calculations are not needed. The basic formula of
LRT can be written as

5(0)(q.w E xi(q, 0)F5¥'(q, o), (2)

where F*'(¢q, ) is an external field coupled to a multipole
Oy, and yy « ([0}, Oyl),,, is the interacting response
function between multipoles O; and O,. Under RPA, the

|

local interactions in Eq. (1) enter into y only via a
coefficient matrix A composed of U and J (see the
derivations in [112]),

x = =x"A)7"5", (3)

where 4° is the noninteracting response function obtained
from the noninteracting Hamiltonian H,, whose matrix
element y), is given by [112]

Construct all possible
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FIG. 1. Flow diagram of predicting multipolar OPs based on
DFT calculations and linear response theory with RPA.
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where [ labels the multipole O;, a, S, y, ¢ label the spin-
orbital basis, j labels the Bloch band, i; labels the sublattice
where O, resides, B (k) is the (i), @) component of the
noninteracting wave function of the jth eigenstate at
momentum k with eigenvalue ey, and f(ej) is the
Fermi distribution function. Since all the interacting effects
only enter into A, the interacting wave functions are not
required anymore and those time-consuming self-consis-
tent HFMF calculations are avoided in our scheme, which
leads to a very fast single-shot calculation.

Here, the divergence of y is ambiguous in the original
multipole representation of {O;} defined in Eq. (1), since
the matrix (I — y°A) in the denominator of Eq. (3) is not
diagonal. We can transform {O;} to a new (dubbed “eigen
order”) representation Oy° = >, ¢,,;0; by diagonalizing
(I —x"A), where c,,; is the Ith component of the mth
eigenvector of (I —y°A). This indicates that the actually
ordered parameter is usually a symmetry allowed combi-
nation of {O,}. Under RPA, the response matrix y’ and "
in the new eigen-order representation satisfy the same
relations as Eq. (3) and can be rewritten as y/ = v,y .,
where v,, is the mth eigenvalue of (I —y°A). Therefore,
one can find spontaneous symmetry breaking and the
corresponding OPs O; by checking the eigenvalues of
v,, that approach to zero and analyzing their eigenvec-
tors {c,, }.

Application in monolayer a-RuCl;.—Now we apply our
method to search possible multipolar OPs in the monolayer
a-RuCly, which crystallizes into a nearly ideal honeycomb
lattice [102,104,105,116,117] with space group P-31m
(No. 162), as shown in Fig. 2(a). Similar to Ir** in iridates,
Ru?* with @ configuration will lead to half-filling of j.; =
% states when SOC is considered [106,107,116,117]. All the
above features make RuCl; a famous candidate of Kitaev
spin liquid. Previous works on Kitaev physics in this
material consider only the j.; = % states in the low-energy
model [105,108,118-124]. However, comparing to its 5d
counterparts such as Na,IrO; and Li,IrO;, relatively
smaller SOC strength A in 4d Ru** cannot effectively
isolate the jgr = 1 from the jo = 3 states [100] to induce a
reasonable j.; = % single-orbital model (4 = 96 meV for
Ru?* and about 400 meV for Ir**). Thus the multiorbital
degrees of freedom that are essential for multipolar OPs still
play important roles here.
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FIG. 2. (a) Crystal structure of monolayer a-RuCl;. (b) The

eigenvalues v,, of (I — y°A) that approach to zero as a function of
U. (c) Total energy of magnetic states relative to the nonmagnetic
state as a function of U. The inset shows that Zigzag magnetic
order has the lowest energy. (d) The size of the 031 octupole
moment. The insets show the “Zigzag” and “Stripe” antiferro-
magnetic orders, respectively. J =0 eV and 2 =96 meV are
used in (b)—(d).

We first construct the noninteracting 1,, tight-binding
Hamiltonian H, based on the non-SOC DFT calculations
by the Vienna ab initio simulation package (vASP) [86]
combined with the maximally localized Wannier functions
method [125-128]. The crystal symmetry of H, is restored
using the code developed by Yue [129], whose band
structures match well with the DFT bands [112]. An atomic
SOC term of Al-s with 4 =96 meV from the optical
spectroscopy experiment [117] is added to H,. The non-
interacting response matrix y, is calculated according to
Eq. (4) using the eigen energy and wave functions of
Hy+ Al-s. We then diagonalize (I —y°A) to obtain its
eigenvalues v,, and the corresponding eigenvectors {c,, }.
In Fig. 2(b), we plot v,, that approach to zero as a function
of U. The first one approaching to zero is the green curve at
U = 0.4 eV, which corresponds to the most likely occurred
order in @-RuCl;. By analyzing c,,; as shown in the second
column of Table I, we find that they are magnetic dipoles,
01} (0§} and Off (O}}) with ¢ = [0,0.5], corresponding
to the Zigzag configuration [see the insert of Fig. 2(d)].
This is consistent with the neutron scattering experiment
[104] and thus validates our method. The second (dark
yellow) and third (pink) divergent terms correspond to the
Stripe (¢ = [0, 0.5]) and FM-Y [Fig. 2(a)] magnetic orders,
respectively, which are also widely studied for a-RuCly
[130,131].
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TABLE 1. The predicted ordered states, 03;g =>,¢u0;, when v,, — 0 in monolayer a-RuCl;. The values in columns are the
corresponding weights c,,; of multipoles O; = 01’%( +/— denote the moment directions at different Ru sites, as shown in Fig. 2(d).

Only the local OPs on the first Ru site are listed.

031‘% (le)

0, Zigzag (++--)  Stripe (+——+)  FM-Y (++4)  OclI(++)  Ocdl (++)  Oc-I (=)  Oc-IV (+-)
oli(1,) —0.011 0.202 0.116 0 0 0 0
01(1,) 0 0 0.065 0 0 0 0
013(1,) —0.165 —0.229 0 0.155 0 —0.147 0

041 (s) —0.058 0.121 0.594 0 0 0 0

0k (s,) 0 0 0.331 0 0 0 0
0fi(s.) —0.052 —0.140 0 —0.043 0 0.257 0

03 0 0 0 0.652 0 0.626 0

03 0 0 0 0 0.707 0 0.691

Besides these extensively studied magnetic dipolar
states, we find that monolayer a-RuCl; may also enter
four new magnetic octupolar states (Oc-1 ~ IV). As shown
in Table I, the Oc-I (Oc-III) state is dominated by the FM
(AFM) arranged magnetic octupole O3; accompanying
with minor magnetic dipole components, while the Oc-II
(Oc-IV) state has a pure magnetic octupole moment 03?
with FM (AFM) arrangement. We notice that O3; is the
counterpart of 039 by an operation of x <> —y, according to
the original definitions [100]. Their difference is that 039
respects all the point group symmetries (including Cs, and
C,,) of the noninteracting Hamiltonian H(, of monolayer
a-RuCl;, while 03} respects Cs, but not C,, symmetry.
Therefore, O3} can coexist with the magnetic dipoles that
align along the z direction (more analyses are given in
Sec. VI of [112]).

We also perform self-consistent unrestricted HFMF
calculations to check the above predictions from our
new method. To drive the system to a desired ordered
state, we symmetrize the mean-field Hamiltonian according
to its magnetic group at each step of iterations. The total
energy of the converged ordered states relative to the
nonmagnetic (NM) state as functions of U are plotted in
Fig. 2(c), which confirms our prediction that the Zigzag
antiferromagnetic ordered state is the ground state when
U > 0.4 eV, whose energy is about 2 ~ 4 meV lower than
the other two magnetic dipolar states. We notice that the
Oc-I ~ IV states can also be stabilized by U around 0.5 ~
1.1 eV (J = 0 eV), although their energy is higher than the
NM state. When U exceeds 1.15 eV, their energy becomes
lower than the NM state. The energy difference between
Oc-I (Oc-IIT) and Oc-II (Oc-1V) is very tiny at J/ =0 eV
(Oc-II is about 107* meV lower than Oc-I). When
J > 0.22 eV, the Oc-I (Oc-III) state can not be stabilized
anymore [112]. Therefore, we only study the Oc-II (Oc-1V)
state, i.e., the FM-03° (AFM-03°) state, hereafter.

The calculated size of the 03¢ octupole moments in FM-
and AFM-O3° states with respect to U are plotted in
Fig. 2(d). It shows that this octupole moment appears
around U = 0.5 eV, then increases monotonously as
increasing U, and finally saturates once entering into the
metastable state. These features show a typical first-order
phase transition [132] from NM to the 03¢ state. All the
self-consistent HEMF calculations are consistent with our
predictions, which validates our new method.

We now study the electronic structures of the O3 states.
Here, in Fig. 3(a) we plot the band structures of AFM-03¢
state since it is more favorable in energy [about 12 meV
lower than the FM-03¢ state; see Fig. 2(c)]. The color bar in
Fig. 3(a) shows the orbital projection of jer =1.3.
Different from the typical band structures of a 1,, system
with SOC, the unoccupied bands in AFM-03¢ state are
mainly the jo; = 3 type rather than the j.; = 1 type, which
is caused by an interaction-induced positive SOC A(l - 5)
[see cyan curve in Fig. 3(b)]. On the contrary, the Zigzag
and NM states have negative A(I - s).

In the following, we would like to discuss how to
stabilize such O3¢ states in materials. First, two rotation
symmetries, which can forbid the presence of dipolar OPs,
are the necessary condition to protect such a pure octupole.
Second, our results in Fig. 3(b) obviously demonstrate that
negative SOC (—1) could reduce the energy of O3° states by
A(l - s). In Fig. 3(c), we plot the energy versus A for different
magnetic states in monolayer a-RuCly at experimental U
and J, which indicates that negative A indeed makes the
energy of 03¢ states much closer to dipolar states. More
interestingly, when 1 < —73 meV, the AFM-03¢ state
becomes the ground state, whose energy is ~1 meV lower
than the Zigzag dipolar ordered state. In real materials, this
can be achieved by mixing 7,, orbitals with more p orbitals,
since —Al;, s =A(-1,,)-s=2Al,-s [133,134]. This can
be realized by doping I elements in @-RuCl; or synthesizing
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FIG. 3. (a) Band structures of the AFM-O3¢ state at the
experimental U = 2.4 eV and 4 = 96 meV. The color bar shows
the orbital projection of j.; = 1/2,3/2. (b) Effective SOC A(I - 5)
of the NM, Zigzag, FM-, and AFM—O%? states as a function of U
at A =96 meV. (c) Energy of magnetic states of monolayer
a-RuCl; as a function of 4 at U =2.4¢eV. (d) Orthogonal
magnetic moment M, produced by 0%? octupole calculated at
U =124 eV and 1 = 96 meV under a rotating magnetic field of
5 T applied in the xz plane. J = 0.4 eV is used in (a)—(d).

a-Rulj directly. As shown in Fig. S4 in the Supplemental
Material [112], the orbital projection of the hypothetical
monolayer a-Rul; with an optimized structure exhibits an
enhancement of the j.; = 3/2 character around the Fermi
level compared to a-RuCl;, which implies that a negative
A= —100 meV is realized. We then calculate the magnetic
states of a-Rul; using the same method, as shown in
Fig. S5 of [112], where the AFM-03¢ state becomes the
ground state with its energy about 3 meV lower than the
Zigzag dipolar state.

Finally, we would like to discuss how to detect the
octupolar states 03¢. Under an external magnetic field H,
the free energy contributed by 03¢ is proportional to
3HiH,— H; [112]. Its H, derivative gives rise to a
magnetic moment in the y direction in the form of
M, « H% — H?. Thus, an orthogonal magnetization oscil-
lation of M, « H*cos*@ would be expected if a rotating
magnetic field H is applied in the xz plane with € respect to
x axis. Figure 3(d) shows the calculated M, of the FM-039
state in monolayer a-RuCl; as a function of @ under a
magnetic field of 5 T. The induced M, is about
1073 emu/mol, which is completely contributed by the
octupole O3 since no dipole exists, in contrast to the case
in Eu,Ir,0; [85,100]. This can be taken as a fingerprint for

experimental detection of the 03¢ state. However, no
orthogonal magnetization could be detected in the AFM-

03} state since the induced M, on two Ru*" cancel out.

How to detect the AFM-03¢ state is an open question and
requires further study.

Conclusion.—In summary, we have presented an effi-
cient method to predict metastable and ground multipolar
states in real materials, in which both electronic correlation
and SOC play important roles. We apply this method to
study a-RuX; (X =Cl, I). It has not only correctly
reproduced the magnetic ground state observed in experi-
ments but also successfully predicted two metastable
magnetic octupolar states in @-RuClz, which are confirmed
by further self-consistent unrestricted HFMF calculations.
We show that these metastable magnetic octupolar states
can be stabilized and the AFM-03¢ even becomes the
ground state in a-Rulj via mixing 7,, orbitals with more p
components. We also predict that an orthogonal magneti-
zation M, can arise from the FM-O3¢ state, which is the
fingerprint and can be easily detected by magnetic torque
experiment [26,27,85]. Our scheme serves as a guidance
for the efficient prediction and realization of metastable and
ground multipolar states in d-orbital systems.
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