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Periodically driven (Floquet) quantum systems have recently been a focus of nonequilibrium physics by
virtue of their rich dynamics. Time-periodic systems not only exhibit symmetries that resemble those in
spatially periodic systems, but also display novel behavior that arises from symmetry breaking. Charac-
terization of such dynamical symmetries is crucial, but often challenging due to limited driving strength and
lack of an experimentally accessible characterization technique. Here, we show how to reveal dynamical
symmetries, namely, parity, rotation, and particle-hole symmetries, by observing symmetry-induced Floquet
selection rules. Notably, we exploit modulated driving to reach the strong light-matter coupling regime, and
we introduce a protocol to experimentally extract the transition matrix elements between Floquet states from
the system coherent evolution. By using nitrogen-vacancy centers in diamond as an experimental test bed, we
execute our protocol to observe symmetry-protected dark states and dark bands, and coherent destruction of
tunneling. Our work shows how one can exploit the quantum control toolkit to study dynamical symmetries
that arise in the topological phases of strongly driven Floquet systems.
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Symmetries play an important role in determining
system properties: they can lead to intriguing physical
phenomena, such as topological phases [1-7], and univer-
sality classes [8]. As an example, different phases of
topological insulators have been arranged into a periodic
table [1]. Engineering novel quantum materials with
desired symmetry properties [2-5] can be challenging.
Time-periodic systems provide an alternative solution with
increased versatility, even enabling novel dynamical phases
that are absent in static systems [9-14], as the periodic
driving can force the system towards topological phases
[15-17]. These dynamical time symmetries are described
by Floquet theory [6], in analogy to the description of
spatial symmetries by Bloch theory.

A hallmark of symmetries is the presence of induced
selection rules. Selection rules of transitions between
Floquet states have recently been analyzed theoretically
[18], but their experimental observation remains challeng-
ing. First, although strong light-matter coupling is required
to generate high-order Floquet bands, this regime is
difficult to reach in practice due to the finite strength of
the driving fields. Second, observing the selection rules
requires an experimental toolkit that enables an extraction
of transition elements between Floquet states. In this
Letter, we tackle both challenges and provide a feasible
solution by combining modulated driving with the obser-
vation of the subsequent quantum coherent dynamics, to
experimentally detect symmetry-induced selection rules—
and their breaking.
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Recent years have witnessed a rapid development of
exquisite quantum control techniques that can enable
engineered driving beyond hardware limitations [19]. For
example, concatenated continuous driving (CCD), origi-
nally introduced to counteract driving inhomogeneities in
dynamical decoupling [20-22], has recently been shown to
allow one to reach the strong-coupling regime and uncover
phenomena such as high-order Mollow triplets [23] that
would be “invisible” in simple driving protocols. Here we
exploit modulated driving not only to achieve an effective
strong-coupling regime even with limited driving strength,
but also to engineer driving transitions (such as double-
quantum transitions) that would otherwise not be directly
accessible. To extract transition elements between Floquet
states, we further develop a protocol based on monitoring
the coherent state evolution by projective measurements,
which enacts a mapping of the dynamical dipole matrix
elements describing Floquet band transitions to measurable
Rabi oscillation amplitudes. We take advantage of the
controllability and long coherence times achieved in qubit-
like systems [24-26], avoiding the need for dissipation and
for “pump-probe” methods traditional in atomic and optical
physics. Our method, also applicable to general N-level
quantum systems, is thus convenient in many modern
quantum platforms.

By exploiting these technical advances, we are able to
experimentally study parity and particle-hole symmetries
by monitoring the evolution of two levels of a nitrogen-
vacancy (NV) center in diamond, under modulated driving.
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Our experiments reveal the emergence of dark states and
dark bands and their vanishing once the corresponding
symmetries are broken—as well as coherent destruction of
tunneling [27-30]. We further show that modulated driving
can engineer a rotationally symmetric Hamiltonian over the
NV center three levels, further indicating that our methods
are broadly applicable, and exemplify an important step
toward exploring topological phases that arise in Floquet
systems [10].

Methods.—Spatially periodic Hamiltonians in solid-state
physics can be analyzed by Bloch theory, which predicts a
periodic structure in reciprocal space. Likewise, the dynam-
ics of a periodically driven Hamiltonian H(r) = H(t + T)
is solved by Floquet theory, yielding a series of equidistant
energy bands (manifolds) # 4 nw,, (n € Z) with Floquet
eigenenergies A# and frequencies w,, = 2z/T [6,31]. The
time-dependent Schrodinger equation is indeed equi-
valent to the eigenvalue problem for a time-independent
Floquet matrix [H(z) —i(0/0t)]|®* (1)) = #|D*(t)). The
Floquet eigenstates |®*(z)) have the same period as the
Hamiltonian and can be decomposed into Fourier series as
|@# (1)) = Y > e~Men!|®}) [31]. The evolved state is

n=—oo

then a superposition of Floquet eigenstates,

Zcﬂe—lﬁlf |(I)ﬂ Zcﬂ|q)ﬂ —it( nmm+ﬂ“ (1)

with the coefficients ¢# set by initial conditions at t = 0.
Consider a time-independent symmetry operator S
(rotation, parity, particle-hole, etc.) satisfying

d

S[H(ﬁst—i— ts) — i%] S =ag {H(t) - zE] (2)

where {as,fs} € {1,—1} and 15 define the detailed para-
meters of the symmetry. Then the Floquet eigenstates also
have the same symmetry |®* (1)) = zrﬂS|<I>"(ﬂ5t—|— ts)),
with |z,| = 1, as derived in Ref. [18]. These symmetries
can be probed by evaluating the susceptibility, e.g., in light
scattering experiments of a probe field V, in analogy with
“pump-probe” schemes common in atomic and optical
physics. The susceptibility depends on the dynamical
dipole matrix elements associated with the probing
operator V

1 [T .
vil = [ @ oMo werea @)

where n denotes the energy band order. When SV =
ayV, the dynamical symmetry gives rise to symmetry-
protected selection rules, including symmetry-protected

dark states (spDSs) for Vﬂ » = 0, symmetry-protected dark
bands (spDBs) for vanishing susceptibility of complete
bands, and symmetry-induced transparency (siT) due to the
destructive interference between nonzero elements [18,32].

Rather than measuring the susceptibility in a pump-
probe experiment [18], here we establish a general exper-
imental method to directly measure the dipole operator V.
Specifically, we draw a correspondence between the dipole
matrix elements, typical of light scattering experiments,
and measurable Rabi oscillation amplitudes arising in the
context of coherent state evolution. We show that in a
coherent system, the amplitudes of the Fourier components
of (V(t)) display the desired properties (spDBs, spDSs, siT,
etc.) associated with dipole matrix elements vf,"ﬁ

We consider a generic N-level quantum system and
introduce the spectral decomposition V =Y, V;|k)(k|,
such that the dipole matrix elements in Eq. (3) can be
calculated as

Vit = VS (@) (kDY) (4)

From Egs. (1), (4) the expectation value of V(¢) is then

ZC”*CDEI (M=)t mwmlv( ) (5)

uvn

(V) = (Y(@[VI¥(1)) =

By considering the Fourier decomposition of (V),

Z|A v| cos(@

uv.n

i+ i), (6)

with frequencies ") = nw,, + (#* — A*), we find that the
Fourier amplitudes

Al = 1A exp(igll) = 2w VL) (7)

can be used to extract the dipole matrix elements.

Since in general it might be difficult to directly measure
the operator V, one can rely on system preparation and
readout to separately monitor the overlap of the state with
the eigenstates of V, i.e., Py (1) = |(k|¥(z))|>. We can then

analyze the “weighted Rabi” oscillations
with V=Y "[V[. (8
k

The weighted Rabi oscillations can then be decomposed

into frequency components with amplitudes a\/) = Al /V,
which can be used to investigate symmetry properties. For
example, consider a two-level system (TLS). The probing
operator V' is then a combination of Pauli operators o;
with eigenvectors |0;), |1;) and normalized eigenvalues
+1. The weighted Rabi oscillations have the form P(¢)=
(1/2)[Po,) () =P,y (¢)] which can be simplified to the typi-
cal Rabi oscillations P(t) + 1/2 = Py (1), thus clarifying
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the connection of our protocol with typical Rabi
measurements.

In addition to using control of the readout state to
measure Py, we can also control the initial state to extract
information about selected dipole matrix elements, by
appropriately choosing the coefficients c*.

When p = v, all bands under the same order (n) are
degenerate with frequency nw,, (centerbands), and the
observed Rabi component is their coherent interference

with an amplitude al” = 25, c*[2V\)/V. Bach band

Vf[f,z can also be observed individually by setting the initial
condition |¢#| = 1 (this tuning is known as quantum mode
control) [23].

When p # v, the off-diagonal dipole matrix elements
V") can be mapped to the Rabi amplitudes a\/) corre-
sponding to the bands nw,, + (A — 2*) (sidebands). At the
degeneracy points (e.g., # = 1Y), different sidebands
interfere with each other, inducing phenomena such as
the siT, or more generally the Landau-Zener-Stiickelberg
interferometry [42,43] and coherence destruction of tun-
neling (CDT) [27-30].

Results.—To demonstrate the power of combining
modulated driving with weighted Rabi measurements we
characterize symmetries arising in two- and three-level
systems, experimentally realized using NV centers.

NV centers in diamond are atomlike solid-state defects
with a triplet ground state labelled by |m, = 0,+1) with
long-coherence time that enables their applications in
quantum information science, including quantum sensing
[44-48] and quantum control [15,22]. To truncate the 3-
level NV center to an effective TLS, we break the
|mg = +£1) degeneracy by applying an external magnetic
field with strength 239 G, and selectively use the two
ground states |m, = 0) and |m, = —1) as logical |0) and
1) [22,23,49]. We simultaneously address an ensemble of
noninteracting NV centers (~10'° qubits) to increase the
signal-to-noise ratio. An arbitrary waveform generator
(WX1284C) is used to generate the desired waveform
for Hamiltonian engineering.

To engineer strong driving on the NV centers, we rely on
the phase-modulated CCD technique [50], which has been
applied previously to approach the strong-coupling regime
even with limited driving fields [20-22]. As shown in
Fig. 1(a), we apply a phase-modulated waveform

2
H = %az + Qcos <a)0t—|— Em

cos(wp i+ ¢>)ax, 9)

m

where w, = (27)2.20 GHz is the qubit frequency, Q the
microwave driving strength, and ¢,,, ®,,, ¢ are modu-
lation parameters. In the interaction picture defined by
U = exp{~i((wot/2)0, + €, cos(w,t + P)/wy]o,)}, the
Hamiltonian H; = U'HU — U'i(d/d)U is
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FIG. 1. (a) Sketch of the CCD technique for a TLS. (b) Rabi

oscillations of |0) state under different modulation phases ¢ with
other parameters (Q,w,,,€,) = (27)(3,3,0.75) MHz. (c) The
FFT spectra of Rabi oscillations in (b).

Q
H, = ng + e Sin(wmt + ¢)01' (10)

We thus obtain a time-periodic Hamiltonian H; with
T =2r/w,,, where Q and ¢,, behave as the static and
driving fields, respectively, and their relative strength can
be easily tuned to approach the strong coupling regime,
without hardware limitations.

The periodic Hamiltonian H;(z) in Eq. (10) has two
nontrivial Floquet eigenenergies A and the transitions in
the complete Floquet energy structure form Mollow triplets

a),(-”) = nw,, + (A" —17). Here i =0, +1 correspond to
the centerbands and sidebands, respectively. These tran-
sitions can be probed either through conventional pump-
probe spectroscopy, such as spontaneous emission [51],
or via projective Rabi measurements in the context of
coherent state evolution [23,33,52], where the Rabi ampli-
tudes can be exactly mapped to the dipole matrix element
(Table I). Under a weak-coupling regime, the Floquet
eigenenergies and eigenstates can also be analytically
obtained in a second rotating frame as shown in
Fig. 1(a). Figures 1(b),1(c) show instances of the Rabi
measurement in time and frequency domains where differ-
ent Mollow bands are separately measured under different
initial conditions.

In the following, we experimentally evaluate the dynami-
cal symmetries of the qubit Hamiltonian H;, and study the
associated spDSs, spDBs, and siT through the intensities of
the Floquet state transitions, which are extracted from Rabi
oscillations.

The first dynamical symmetry is a twofold rotation or
parity symmetry defined by R =0, which satisfies

RH,(t+ T/2)R" = H,(t). The selection rules are then
given by V,(,"B |1 —|—e"”(mﬂ""v)"'”"a§,le>], where p € {+, -1},
R)

m, € {0, 1}, and the constant aw satisfies R'VR = ag, V.
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TABLE 1. (m)
and dipole matrix element V,(,'fb) for a TLS. Note that

(D’;z.o_, = (0,|®}), and listed cases do not include i =n =0

Correspondence between the Rabi amplitudes a

[23,32].

Bandsy; ) Rabi amplitudes a,(,'f,z Expressed in V,(jlu)
{0.n} 23 1P o Pt Pho, [PV, + PV
{=Ln} 23T Y, cre v,
[Hln} 2% e e, @ cre Vil

For observation operators that anticommute with the
symmetry operator (V = o, ¢,), the Mollow center bands
with even orders and sidebands with odd orders vanish. The
opposite holds for the commuting observation operator
(V =0,). As a result, a series of spDSs and spDBs are
predicted by the parity symmetry.

To experimentally observe these selection rules, we
measure the Rabi oscillations under different modulation
strengths 2¢,,/w,, and plot their Fourier spectrum. In
Figs. 2(a),2(b), the 1st, 3rd, Sth Mollow sidebands, and
2nd, 4th Mollow centerbands have vanishing intensities, as
indicated by dashed lines and labels where nonzero
transition amplitudes would otherwise have been expected.
In Figs. 2(c),2(d), the opposite behavior is observed. These

results validate the theoretical analysis. Note that some
unexpected bands [e.g., odd order centerbands in the range
of 2.5 < 2e¢,,/w,, <5 in Figs. 2(c),2(d)] are still visible,
albeit with small intensities. We attribute their occurrence
to experimental imperfections such as inhomogeneities that
introduce a detuning term in the Hamiltonian H; [22,32].

The second symmetry is a particle-hole symmetry
defined by P, = o, which satisfies P, H,(t + T/2)P,"

—H,;(¢t). The selection rules are then given by
V,(,”Z =a§,P')e"”"V£',1‘L,, where a%,P‘) satisfies P,TVP, =

a<VP‘)V* [53]. For sidebands, the selection rules are con-

sistent with the parity symmetry predictions as observed in
Figs. 2(a)-2(d). For centerbands, destructive interference is

induced when ag,P‘)e"’"’ = —1 and the initial state is

an equal superposition of two eigenstates such that

ng>+ + V) = 0. This property gives rise to vanishing

centerbands in the quantum mode control as shown in
Fig. 1(c) and Ref. [23]. For a modulation phase ¢ = 0, the
Floquet eigenstates are in the x —y plane of the Bloch
sphere such that |c*|> = 1/2 for the initial state |0), and the
destructive interference transpires in the odd (even) center-
band when V = ¢, (V = ¢,). Combining with the parity
symmetry that makes the opposite orders of centerband
vanish, all centerbands vanish under ¢» = 0 as observed in
Figs. 2(a),2(c). Instead, under the modulation phase

(a) : On-resonance (w_=12) (c) : On-resonance (w_=12) (e)7 Symmetry breaking ><410'3
6t :7 spDSs V=o’z,¢=0 6f spDSs V=0'X,¢=O 6 V=0'X,¢=0
A BE o =2F =T SRS (5) - f spDS:
5 P =S e ] Wiy 5f~ _ _ — 5 _rt_efernergenceosp S 35
- . s s : A
g4 _ 4 T e _ o Wiy 4 RN .
5 S IS T == S | e e
= ey = S — < —
3 L 2o T e o 3= - . — 3 3
Fo = B O Snase ] R
20 - 2 P | Y 2
S Rl | (1) _— g
1 SR< o -w 1= 1 25
- i | T " | O
e —— = — - - Jw
0 1 2 3 4 5 0 1 2 3 4 5
2
(b) On-resonance (w_= (d) On-resonance (w_= (f) Off-resonance (w_=10
m m m
7 7
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S gl e el e e ) N P )
8 8 i 0 2p - -===F=r--m===222s wiy
2 [ g wgf) 2 siT (CDT) aDs._ 105
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1 = e A
L ———
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2¢_Jw 2¢ Jw 2¢ Jw
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FIG. 2. Experimental observation of spDSs, spDBs, and siT. (a)—(d) Observation of spDSs, spDBs under resonant modulation
w,, = Q = (27)3 MHz. The initial state is |0), and we measure generalized Rabi oscillations Py () or P|;(¢) under different
modulation strength 2e,,/®,,, from 0 to 4 us with 401 sampling points (see Fig. 1.) The plots are the Fourier spectrum of the Rabi
measurements for specified modulation phases ¢ and probe operator V. In (a) the odd sidebands vanish (spDSs, marked by dashed lines
and labels). Similarly, we observe vanishing even (b) and odd (d) centerbands. The even sidebands vanish in (c), but they reemerge in
(e) (arrows and dotted lines), due to symmetry breaking induced by adding a perturbation, H' = 0.2¢,, sin(2w,,t)o, to the periodic
Hamiltonian. (f) Observations of siT, spDSs, spDBs and accidental dark states (aDS) under off-resonant modulation ®,,, 10Q2 =
(27)15 MHz (labels indicate the revealing features). Rabi oscillations P (¢) of an initial state |0) are measured from 0 to 2 us with 401

sampling points.
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¢ = r/2, the Floquet eigenstates are in the x — z plane and
the condition |c*|> =1/2 is not always satisfied.
The symmetry-allowed centerbands appear as shown in
Figs. 2(b),2(d) and vanish at 2¢,,/w,, ~ 4, where |c*]> =
1/2 is accidentally satisfied.

To further demonstrate the symmetry-protected selection
rules, we break both the parity and particle-hole symmetries
by introducing an additional term 0.2¢,, sin(2w,,f)o. in the
Hamiltonian H;, and measure the Rabi spectrum in
Fig. 2(e), where we see the emergence of all sidebands
[odd allowed sidebands as in Fig. 2(c) and symmetry-
breaking even sidebands.]

Another type of destructive interference, siT, is observ-
able when sidebands interfere destructively at degeneracy
points, which requires two discrete particle-hole sym-
metries in the system. In the strong coupling and far off-
resonance regime (Q < ¢,,, ®,,), an additional particle-
hole symmetry P, = I arises such that I'H,(t + T/2)I =
—H;(t), which results in a relation between two side-
bands V) = a\fV eimy ™) with o\fV given by My =

+- v -+ v v
P,V PB,*. Under the initial condition cTc™ = ¢**¢™, the

siT happens when aE/PT>ei”" = —1, and the qubit evolution

is suppressed in the direction of the driving field (the CDT
effect, which has been observed before both numerically
[29] and experimentally [30].) In Fig. 2(f), we engineer a
strong-coupling Hamiltonian and measure the Rabi spec-
trum. The siT is observed when two sidebands are
degenerate at 2e,,/w, = 2.4048 (see Supplemental
Material for a constructive interference [32]). In addition,
spDSs are also observed as in Fig. 2(c).

In order to demonstrate that our technique can be
extended beyond TLSs, we show how to use the 3 levels
associated with the spin-1 of NV centers to explore a
threefold rotation symmetry. We use modulated driving to
both reach the strong driving regime and to engineer
the double quantum (DQ) transition (jmg=—1) <
|mg = +1)) in the rotating frame. Indeed, the DQ transition
cannot be directly generated by microwave driving
(although it could be achieved by mechanical oscillations
54,55]].) Here we overcome this limitation by simulta-
neously applying two modulated driving on the single
quantum transitions (|mg = 0) <> |mg = +1)), leading to
the rotating-frame Hamiltonian [32]

H;3 (t) = J[cos(w,,t)| — 1) {(+1] + cos(w,,t + 27/3)| + 1)(0]
+cos(w,,t +4n/3)|—1)(0| +H.c.] (11)

with a threefold rotation symmetry R (t+ T/3)R" =
H, (1), where the rotation R =|—1)(0| 4 [0)(+1] + |+
1)(—1|. We find symmetry-protected selections rules by
evaluating the Floquet eigenstates and the observation
operator [32]. In Fig. 3, we simulate the Fourier spectrum
of the weighted Rabi signal for the probe operator
V =10)(+1]|+|0)(=1]+ |+ 1)(-1]|+H.c., which clearly

6 — 0.2
5 -
- - - spDS in the 2" manifold 0.15
4t ]
£
§ 3 “(32,1\ . 0.1
w® == - Bl
82 > g 2 5
2"=;::::”’_’_’:\—‘“\" ””” EY it
2 i ¥4 . 0.05
1 w A /
0 : L1
0 1 2 3 4 5 6
20w
FIG. 3. Simulation of spDSs and spDBs in a three-level system

(vanishing intensities marked by the dashed lines). The initial
state is (1/+/3)(|ey) + |es) + |e3)) where |e; ,3) are eigenstates
of V, such that evolution mode involves all bands. The weighted
Rabi P(t) = (1/4)[2P).,)(t) = Pjo,)(t) = P|o,)(2)] is simulated
from 0 to 40 us with 5001 sampling points and the modulation
frequency is 0.3 MHz.

displays the expected spDSs, protected by the threefold
rotation symmetry.

Discussions and conclusion.—By combining modulated
driving and detection via Rabi oscillations, we are able to
experimentally observe selection rules protected by
dynamical symmetries in a periodically driven solid-state
system. The modulated driving scheme is instrumental to
reach the strong light-matter coupling regime used to reveal
high-order Floquet bands; it also introduces additional
flexibility in quantum control, enabling one to engineer
transitions forbidden in the unmodulated frame and reveal
details of the dynamics (e.g., Mollow triplets) via mode
control. Direct measurement of the dipolar transition
operator V, or indirectly via weighted Rabi oscillations
is a more efficient strategy than previous pump-probe
methods in the highly coherent quantum systems that
can now be routinely engineered. In virtue of these
techniques, we characterized the time-domain parity and
particle-hole symmetries as well as the CDT effect in the
engineered system. In the context of quantum control, the
dynamical symmetries studied here have applications in
inducing selections rules for higher harmonic generation
and driving quantum synchronization [56-59].

While we showed simulations and experiments for two-
and three-level systems, the experimental techniques we
introduced can be generalized to many-body (N-level)
systems in a broad set of platforms beyond spins, such
as cold atoms and superconducting circuits.

When combined with spatial symmetries, dynamical
symmetries characterized in this work can lead to novel
Floquet topological phases such as Floquet topological
insulators and superconductors [10]. The breaking of these
dynamical symmetries might lead to intriguing dynamical
phase transitions. Furthermore, by engineering of the
dissipation such as tuning the decoherence rate of the
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system, the work here paves the way towards further
exploration of non-Hermitian Floquet Hamiltonians.
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