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We study the dispersion and scattering properties of electromagnetic modes coupled to a helically
ordered spin lattice hosted by a dielectric oxide with a ferroelectric polarization driven by vector spin
chirality. Quasianalytical approaches and full-fledged numerics evidence the formation of a chiral
magnonic photonic band gap and the presence of gate-voltage dependent circular dichroism in the
scattering of electromagnetic waves from the lattice. Gating couples to the emergent ferroelectric
polarization and hence, to the underlying vector-spin chirality. The theory relies on solving simultaneously
Maxwell’s equations coupled to the driven localized spins taking into account their spatial topology and
spatial anisotropic interactions. The developed approach is applicable to various settings involving
noncollinear spins and multiferroic systems with potential applications in noncollinear magnetophotonics.
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Introduction.—Photonic material engineering enables
precise control of electromagnetic (EM)-field character-
istics, including dispersion, propagation, and polarization
properties [1]. Structuring dielectrics into waveguides,
gratings, photonic crystals, photonic textures with metallic
(plasmonic) inclusions invarious nontrivial topologies [2,3],
or usingmagneticmetamaterials (albeit to a lesser extent due
to smaller coupling of EM fields with spins [4,5]) has led to
important findings with technological implications [7]. In
this context, oxides, particularly those with ferroelectric
ordering are gaining increased attention for photonic appli-
cations [8] by offering multifunctionality via external
parameters (gating via electric and/or by applying magnetic
near fields) that modify the optical response.
In this Letter, we focus on magnetophotonics in dielectric

multiferroic oxide with magnetically induced ferroelectric-
ity. Particularly , interesting are oxides with a helical
ordering of spins Sj (j is a lattice position vector) which
has been traced to spin-orbit coupling, electronic correla-
tions, and crystal field effects [9]. The vector spin chirality
Sj × Sjþ1 is an even function under time reversal but odd
under spatial inversion signaling a possible emergence of
ferroelectric polarization [10,11] and hence a magnetoelec-
tric coupling; examples of such multiferroic materials are
RMn2O5 (R ¼ Y,Ho,Bi) [12], DyMnO3 [13], or TbMnO3

for which magnetic responses have been observed via THz

radiation [14]. The interrelation between polarization and
vector-spin chirality allows controlling the latter via a static
electric field, e.g., via a gate voltage. Thus, photonic effects
related to the helical order can also be voltage controlled.We
develop a scheme for treating the scattering of EMwaves in
the helical spin lattice using Maxwell equations coupled to
the dynamics of spin excitations in the linear regime.
We calculate the spectral characteristics of the band gap

regions from a simplified analytical model as well as from a
full-wave scheme based on the rigorous coupled-wave
method (RCWM). Our approach is applicable to dielectrics
with magnetically induced ferroelectricity and is extend-
able to other multiferroics where ferroelectricity (or its
major part) is independent of the magnetic order (e.g.,
BiFeO3 [15] or GaV4S8 [16]). In this case, the intrinsic
ferroelectric dynamics should be taken into account.
Fully discretized model of the problem.—Studying the

EM-field-driven dynamic of a dielectric with ferroelectric-
ity induced by vector-spin chirality requires solving the
equation of motion of the locally ordered spins and EM
wave equation in a self-consistent manner. Let Sl;m;n be the
magnetic moment at the site ðl; m; nÞ in a 3D lattice, where
m and n number the spin numbers in the y-z plane, while l
refer to the spins along the x direction (see Fig. 1 for
the schematics of the 3D spin system). Neighboring spins
are coupled via symmetric and antisymmetric exchange
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resulting in the following effective model: The antisym-
metric exchange described by the Dzyaloshinskii-Moriya
vector D [17,18] acts along the x direction. The neighbor-
ing spins located in adjacent y-z planes are antiferromag-
netically coupled (with an exchange constant JA), and the
spins in the y-z plane are ferromagnetically coupled (with
an exchange strength J). The helical ordering entails a spin-
current (or vector-spin chirality)-driven effective ferroelec-
tric polarization Pl;m;n [10,11] that couples to a static
electric field E0. The energy density can be expressed as

H ¼
X
l;m;n

f−JSl;m;nSl;mþ1;n − JSl;m;nSl;m;nþ1

þ D · ½Sl;m;n × Sl;mþ1;n� þ JASl;m;nSlþ1;m;n

þ K2ðSxl;m;nÞ2 −E0Pl;m;ng ð1Þ

where K2 is the strength of the magnetic anisotropy in the
(y-z) plane [for specific oxides such as TbMnO3, the
additional terms related to magnetic anisotropies and
variations of the exchange constants should be included
in Eq. (1) [19] ]. In the setup shown in Fig. 1, D is directed
along the x axis. Moreover, the static electric field is along
the z axis. Pl;m;n follows from the ordering of the magnetic
moments Sl;m;n as [10,11]

Pl;m;n ¼ gemfe × ½Sl;m;n × Sl;m0;n0 �g ð2Þ

where gem is the magnetoelectric coupling constant and e is
the unit vector connecting the nearest l, m, n and l, m0, n0
spins. The spins along the x (z) axis are antiferromagneti-
cally (ferromagnetically) aligned. The ordering along the y
direction follows from the energy functional [as a conse-
quence of Eq. (2)]:

X
m

− JSmSmþ1 þ K2ðSzmÞ2 þD0ðSxmSymþ1 − SymSxmþ1Þ;

where the indexes n and l are suppressed, and D0 ≡ jDj −
gemjE0j is an effective Dzyaloshinskii-Moriya vector con-
stant. For TbMnO3 the remnant helicity index is
Q0 ≃ 0.28=a, where a is an intralayer lattice constant.
With an applied static electric field E0 (along z) one can
decrease the helicity index, thus smoothing the noncol-
linear ordering. Indeed, a minimization of the energy
functional yields a helical structure with the helicity index
Q defined as tanðaQÞ ¼ D0=aJ, and an associated helical
ground state with a helical period w ¼ 2π=Q (cf. Fig. 1) is
given in the following form:

S0x
l;m;n ¼ 0; S0y

l;m;n þ iS0z
l;m;n ¼ S0eiQamð−1Þl: ð3Þ

The dynamics of an incoming electromagnetic wave
coupled to the local magnetic response is governed by
the following expressions:

dSl;m;n

dt
¼ jγjμ0½Sl;m;n ×Hl;m;n�;

1

c2
∂2

∂t2 ½Hþ S�l;m;n ¼ ½ΔH −∇ð∇ ·HÞ�l;m;n; ð4Þ

whereH is the magnetic-field vector component of the EM
wave and γ is the gyromagnetic ratio. In Eq. (4) the
interaction of the EM wave with the polarization vector
[Eq. (2)] has been neglected because of the small value of
the magnetoelectric coupling constant gem. Only the cou-
pling of the electric polarization with the external static
electric field E0 is taken into account, which allows control
over the helicity index of the resulting ground state Eq. (3).
In the case of multiferroics [15,16] with an intrinsic electric
polarization the coupling to the E-field component of the
traversing EM wave should be taken into account and,
moreover, the evolution equation for the polarization vector
should be considered [20,21]:

μ0
∂
∂t ½HþS�¼−∇×E;

∂
∂t ½ϵ0EþP�¼∇×H

dS
dt

¼jγjμ0½S×H�; d2P
dt2

¼−ω2
P½P−χð0ÞE�;

ð5Þ

x

y

z E0

i

O

z

p

a

    w
=2 Q

FIG. 1. Schematic of the considered sample with a spin-current-
driven helical spin order in the y-z plane and an antiferromagnetic
ordering along the x axis. A spin-driven ferroelectric polarization
along the z axis couples to an applied static electric field Ez

0

(caused by a gate voltage). The lattice spacing in the y-z planes is
a, and p is an interlayer spacing. The helical period w ¼ 2π=Q is
set by the helicity index Q (or y component of the spin chirality
vector). Plane waves are impinging from free space with an angle
of incidence ϕi.
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where μ0 and ϵ0 are the permeability and permittivity of
free space, respectively, ωP is the ferroelectric resonance
frequency, and χð0Þ is an electric susceptibility at the zero
mode frequency [indexes in Eq. (5) are suppressed]. The
analysis procedure of Eq. (5) is similar to that described

below, but here, we only consider evaluating Eq. (4) both
analytically and numerically. Linearizing Eq. (4) with
respect to the ground state Eq. (3), we obtain the following
system of equations:

�
ω2

c2
− Fb

�
hyk − Nabhxk þ ωMω

2c2
ðhxkþQ − hxk−QÞ ¼ 0;

�
ω2

c2
− Fb − Fa

�
hzk þ i

ωMω

2c2
ðhxkþQ þ hxk−QÞ ¼ 0;

�
ω2

c2
− Fa

�
hxk − Nabh

y
k −

ωMω

2c2
ðhykþQ − hyk−Q þ ihzkþQ þ ihzk−QÞ ¼ 0; ð6Þ

where h≡H=S0, hνk is the νth component of the magnetic
field for the mode with the wave vector k (k≡ ðkx; ky;
kz ¼ 0Þ), Fa¼2ð1−coskyaÞ=a2, Fb¼2ð1−coskxpÞ=p2,
Nab ¼ ðeikxp − 1Þðeikya − 1Þ=ðapÞ, Q≡ ðπ=p;Q; 0Þ is
the periodicity vector of the helical lattice, ωM ¼ jγjμ0S0
(which is in the THz range [14]), and p is the interlayer
spacing.
For approximate analytical expressions of the mode

dispersion within the frequency range of the first band
gap, we allow in Eq. (6) three modes with wave vectors: k,
k −Q, and k − 2Q. In the limit kxp ≪ 1 (interlayer
spacing p is much smaller than the excitation wavelength
along the x axis), the modes with k and k − 2Q couple

around their crossing point at ky ¼ Q. Unlike 1D periodic
structures [22,23], where the band gap regions appear at
Refkyg=Q1d ¼ 0.5; 1.0; 1.5;… (Q1d is the 1D structure
periodicity), the effective helical index of our lattice is 2Q.
The first band gap emerges at Refkyg=Q ¼ 1.0 (cf. Fig. 2).
The mode associated with k −Q is well separated from the
region ky ¼ Q and from the branches of dispersion of the
other two modes. The magnetic-field components for the
k −Q mode around the crossing point are hyk−Q¼
hzk−Q¼0, hxk−Q¼ωM=2ωðhyk−hyk−2Qþ ihzkþ ihzk−2QÞ.
Equation (6) can be rewritten in the compact form
Ã · g ¼ 0, where Ã is expressed in the following form:

Ã ¼

2
66666666666664

ω2

c2 − k2x 0 kxky
ω2
M

4c2 −i ω
2
M

4c2 0

0 ω2

c2 − k2x − k2y 0 −i ω
2
M

4c2 − ω2
M

4c2 0

kxky 0 ω2

c2 − k2y 0 0 0

ω2
M

4c2 i ω
2
M

4c2 0 ω2

c2 − k2x 0 kxðky − 2QÞ
i ω

2
M

4c2 − ω2
M

4c2 0 0 ω2

c2 − k2x − ðky − 2QÞ2 0

0 0 0 kxðky − 2QÞ 0 ω2

c2 − ðky − 2QÞ2

3
77777777777775

and g ¼ ðhyk; hzk; hxk; hyk−2Q; hzk−2Q; hzk−2QÞT (T means
transpose). Equating the determinant of matrix Ã to zero,
an analytical expression characterizing the dispersion of
two Bloch modes is obtained. Based on the derived
expression, we estimate the angular frequency ωP at which
the band gap region is located at:

ωP ≃ cQ= sinðϕiÞ: ð7Þ

We deduce also approximate expressions for the real and
imaginary parts of the transverse wave number ky as a
function of the angular frequency ω and the angle of
incidence ϕi. The imaginary part of ky for the first mode

exhibits a sharp peak around ωP (cf. solid line in Fig. 2).
The peak value G≡ ½ImðkyÞ�max is set by

GðϕiÞ ¼
ω2
M

4c2Q
2 − sin2ðϕiÞ

2
: ð8Þ

and the peak width is given as Λ ¼ cGðϕiÞ=½2 sinðϕiÞ�.
The transverse wave number ky for the second mode

(dashed line in Fig. 2) is always real, and our sample is
transparent to this mode with the magnetic-field compo-
nents: hxk ¼ A, hyk ¼ −A cotðϕiÞ, and hzk ¼ −iA cotðϕiÞ,
where A is the amplitude of the magnetic field. With these
findings we conclude that the mode is expressible as a
superposition of TE and TM waves. Assuming that the
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reflection of the lattice is given asR ¼ ImðkyÞdy, where dy
is the thickness of the sample along the y axis, the
approximate peak values of both TE and TM waves can
be written as follows:

Rmax
TM ∼ dyQ; Rmax

TE ¼ −i cosðϕiÞRmax
TM : ð9Þ

Using the same arguments we can deduce the ratio between
the right and left circularly polarized EMwave’s reflectivity
peaks Rmax

R =Rmax
L ¼ sinðϕiÞ and conclude the existence of a

circular dichroism for a specific helical order characterized
byQ. Inverting the chirality of the helix changes the sign of
the circular dichroism. The chirality inversion can be
realized by changing the magnitude of the applied field
E0. In the collinear case (Q ¼ 0) linear dichroism persists
for much larger frequencies than considered here, due to the
antiferromagnetic interlayer ordering and the ferromagnetic
intralayer ordering.
Rigorous coupled-wave method.—To go beyond

approximate models that yielded explicit expressions for
the bound and stop band regions, we apply a RCWM [24]
to our system (Fig. 1). The RCWM can efficiently analyze
arbitrary gratings of anisotropic materials. A relation
between the spin magnetization density Sðx; yÞ and the
magnetic field Hðx; yÞ in the grating layer is expressed
through the permeability tensor ¯̄μðxÞ in the following form:

Sðx; yÞ ¼ μ0

0
B@

0 iμ1ðxÞ −iμ2ðxÞ
−iμ1ðxÞ 0 0

iμ2ðxÞ 0 0

1
CAHðx; yÞ: ð10Þ

The local and frequency dependent elements of the per-
meability tensor read μ1ðxÞ ¼ ðωM=ωÞ cosðπx=pÞ and
μ2ðxÞ ¼ ðωM=ωÞ sinðπx=pÞ. As in the previous section,
the initial expressions for RCWM are Eq. (4), which
guarantees that both approaches are consistent. The x, y,

and z components of the electromagnetic fields are pseu-
doperiodic functions of x with a period 2p and can be
approximately expanded into a truncated Fourier series in
the following form:

�
Eðx; yÞ
Hðx; yÞ

�
¼

XN
n¼−N

�
enðyÞ
hnðyÞ

�
eiðkxþπn=pÞx; ð11Þ

where kx ¼ ðω=cÞ cosðϕiÞ and N is a truncation number
associated with the Fourier series. The truncation numberN
is taken as 5 to satisfy the principle of conservation of
energy. Expressing the y component of the electric and
magnetic fields through the x and z components, Maxwell’s
equations can be transformed into the following coupled
differential equations:

∂
∂y

2
6664
ex
ez
hx
hz

3
7775 ¼ ik0

¯̄U

2
6664
ex
ez
hx
hz

3
7775

¼ ik0

2
6664

0 0 U13 U14

0 U22 U23 U24

0 U32 U33 0

U41 0 0 0

3
7775

2
6664
ex
ez
hx
hz

3
7775

where

U13 ¼ −i⟦μ2⟧; U14 ¼ −IþK2 ð12Þ

U22¼−i⟦μ1⟧K; U23¼I−⟦μ1⟧
2; U24¼−i⟦μ2⟧ ð13Þ

U32 ¼ I −K2; U33 ¼ iK⟦μ1⟧; U41 ¼ −I ð14Þ

with

ð⟦ϒ⟧Þn;m ¼ 1

2p

Z
2p

0

ϒðxÞe−iðn−mÞπx=pdx; ϒ ¼ ½μ1; μ2�

ð15Þ

ðKÞn;m ¼ δn;m

�
kx
k0

þ πn
pk0

�
: ð16Þ

Here k0 is the free-space wave number, ⟦ϒ⟧ is a square
Toeplitz matrix generated by the Fourier coefficients of ϒ
with the ðn;mÞ entries equal to ϒn−m,

¯̄U is a ð8N þ 4Þ ×
ð8N þ 4Þ square matrix, I is the unit matrix, and δn;m is the
Kronecker’s delta function. Multiple scattering between
anisotropic layers is described by solving for the scattering
S matrix which yields the relation between the incoming
and outgoing wave amplitudes [25–27]. The reflection and
transmission matrices for each anisotropic layer are
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FIG. 2. Real (blue) and imaginary (red) parts of ky=Q for two
Bloch modes (solid and dashed lines) versus the normalized
frequency ω=ðcQÞ at ϕi ¼ 30°. The inset shows an enlarged view
of the band gap region.
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expressed through the eigenvectors and eigenvalues of ¯̄U,
whose components are given in Eqs. (11)–(13). Since the
reflection and transmission matrices for each layer are
defined, the generalized reflection matrix viewed from the
outermost region (region of incident wave) is calculated
using a recursive algorithm starting from the lowermost
region [25–27].
Dependence of the amplitudes of the reflected fields RTE

(TE polarization) and RTM (TM polarization) versus
ω=ðcQÞ at two angles of the incident wave, namely at ϕi ¼
25° (blue line) and ϕi ¼ 89° (red line), are illustrated in
Fig. 3, respectively. The thickness of the sample is taken as
dy ¼ 50w, a ¼ 2p, a helical step angle along the y axis that
is equal to 36° (i.e., ten rotations within one period of w)
and ωM=ð2cQÞ ¼ 0.04. An enlarged figure of the reflection
peak at ϕi ¼ 89° for TE polarization is also shown as an
inset. Firstly, from both figures it follows that narrow
bandgap regions are formed exactly at the same frequencies
as given analytically in Eq. (6). Next, we note that the
amplitude of the reflected field for TE polarization is
approaching zero in proportion to the angle of incidence,
whereas this is not the case for TM wave incidence. This is
in agreement with Eq. (8), where the reflection peak for TE
polarization is proportional to cosðϕiÞ. The dependence of
the peak values of the reflection coefficients for both
polarizations—Rmax

TE and Rmax
TM—versus the angle of inci-

dence ϕi obtained using RCWM is demonstrated in
Fig. 4. The ratio Rmax

TE =Rmax
TM is shown as an inset by the

red line and compared with that obtained using Eq. (8)
demonstrated by the black dotted line [note that the latter is
equal to cosðϕiÞ]. Very good agreement is observed
between the results obtained based on both approaches.
The approximate analytical approach—a fully discretized
model—captures very well the positions of the peaks as

well as the widths and ratios of the reflection coefficients’
peaks (cf. inset in Fig. 4). However, it fails to predict the
absolute values of the reflected fields for each polarization
separately.
Conclusions.—The coupling of EM waves with helically

ordered spin lattice with emergent ferroelectric polarization
was studied. The formation of helical spin-photonic band
gaps is analyzed theoretically and numerically. Expressions
for band locations and widths are analytically derived and
confirmed with full-fledged numerics. The method is
extendable to encompass synthetic antiferromagnets [28]
including Dzyaloshinskii-Moriya interactions, or ordered
multiferroic tunnel junctions [29] pointing to the potential
of chiral magnetophotonics.

This work is supported in part by the Grant No. FR-19-
4049 from Shota Rustaveli National Science Foundation of
Georgia and the DFG through SFB-TRR227.
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