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Phonon Helicity Induced by Electronic Berry Curvature in Dirac Materials
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In two-dimensional insulators with time-reversal (TR) symmetry, a nonzero local Berry curvature of
low-energy massive Dirac fermions can give rise to nontrivial spin and charge responses, even though the
integral of the Berry curvature over all occupied states is zero. In this Letter, we present a new effect
induced by the electronic Berry curvature. By studying electron-phonon interactions in BaMnSb,, a
prototype two-dimensional Dirac material possessing two TR-related massive Dirac cones, we find that the
nonzero local Berry curvature of electrons can induce a phonon angular momentum. The direction of this
phonon angular momentum is locked to the phonon propagation direction, and thus we refer to it as
“phonon helicity” in a way that is reminiscent of electron helicity in spin-orbit-coupled electronic systems.
We discuss possible experimental probes of such phonon helicity.

DOI: 10.1103/PhysRevLett.127.125901

Introduction.—Berry phase and Berry curvature play a
vital role in various branches of physics [1], owing to
their deep connection to gauge field theories and differ-
ential geometry [2,3]. In condensed matter systems with
broken time-reversal (TR) symmetry, the integration of the
electronic Berry curvature over all the occupied states in the
first Brillouin zone underpins a number of Hall-related
phenomena, including the quantum Hall and quantum
anomalous Hall effect [4-7], (intrinsic) anomalous Hall
effect [8], and orbital magnetic moments [9,10]. Similarly,
the Berry phase and curvature of nonelectronic quasipar-
ticles such as phonons and magnons lead to a thermal Hall
effect in insulating crystals with broken TR [11-16]. In a
TR-invariant system, the integral of the Berry curvature
over all the occupied states vanishes. Nevertheless, non-
vanishing Berry curvature can still appear locally in the
Brillouin zone, inducing a variety of electronic phenomena,
such as the spin [17] and valley Hall effects [18-20],
nonlinear Hall effect [21-25], piezo-electromagnetic
response [26-32], and quantized circular photogalvanic
effect in Weyl semimetals [33-36].

In certain 2D insulators with TR symmetry, the low-
energy electronic excitations are 2D massive Dirac fer-
mions. In these systems, the gapped Dirac cones appear in
pairs at two TR-related momenta (called two valleys below)
with opposite local Berry curvatures due to TR symmetry.
Although the total Hall conductivity vanishes, as proposed
in Refs. [31] and [32], a nonzero Hall current can be
induced by dynamical strain. Specifically, the dynamical
strain plays the role of an artificial gauge field, dubbed
“pseudo-gauge field” in the literature [37]. One may
wonder whether there are more ways (other than dynamical
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strain) to induce nonvanishing charge and spin response
[17] for the local Berry curvature in TR-invariant gapped
systems. Furthermore, one may ask whether the electronic
local Berry curvature can induce nontrivial behaviors in
quasiparticles other than electrons.

In this Letter, we study the phonon dynamics in a pro-
totype of 2D Dirac material, BaMnSb,. By combining
symmetry analysis and deformation potential theory, we
find that the electron-phonon (e-ph) coupling in this material
has the same form as the coupling between Dirac fermions
and a U(1) gauge field, meaning that phonons can also act as
pseudo-gauge fields and thereby induce nonvanishing Hall
currents [31,32]. The electronic local Berry curvature can
induce an out-of-plane phonon angular momentum (PAM),
whose sign reverses for opposite in-plane phonon momenta.
We refer to it as “phonon helicity” because it resembles
the helical spin texture of spin-orbit-coupled bands in the
momentum space for electronic systems. Specifically, the
nonzero electronic local Berry curvature first introduces a
self-energy correction to the phonon Green’s function, which
is an odd function of the phonon momentum q, and then this
self-energy correction makes the lattice vibration elliptical,
eventually giving rise to nonzero PAM. This Berry-curvature
contribution to phonon dynamics can be probed through
measuring the total phonon angular momentum with a
temperature gradient or through optical measurements of
spatial dispersion of dielectric function.

Model Hamiltonian.—We take BaMnSb, as a prototype
model system. BaMnSb, is a layered material [38] with
alternating Ba-Sb layers and Mn-Sb layers stacked along
the (001) direction. Density-functional theory (DFT) cal-
culations in Refs. [39] and [38] suggest that the electronic

© 2021 American Physical Society
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FIG. 1. (a) Lattice structure of BaMnSb,. The green and orange
dots represent two Sb atoms in each unit. Two acoustic phonons
and two optical phonons are shown in (b) and (c), respectively.
(d) First Brillouin zone. The two red dots label the location of two
valleys K. (e) Low-energy electron bands at Dirac cones K .
The up-down arrow represents the spin polarization direction, and
our model only focuses on the bands within the box with the
dashed lines.

bands near the Fermi energy mainly come from the p
orbitals of the Sb atoms in the Ba-Sb layers, while the
Mn-Sb layers serve as insulating barriers that prevent the
tunneling of electrons along the (001) direction. Con-
sequently, the bands near the Fermi energy are almost
nondispersive along the (001) direction, and thus BaMnSb,
is a quasi-2D material. The unit cell in each Ba-Sb layer
contains two Sb atoms, labeled as Sb; and Sb, in Fig. 1(a),
both forming a square lattice. Distortion shifts Sb, atoms
away from the center of the squares formed by Sb; atoms,
resulting in a series of zigzag chains. Because of the zigzag
distortion, the point group of BaMnSb, is C,,, spanned by
a twofold rotation along the x-axis (C,,) and z-directional
[6,(xy)] mirror planes. Magnetic moments in the Mn-Sb
layers have little influence on the low-energy bands near
the Fermi energy in the Ba-Sb layer, and thus the TR
symmetry is taken into account.

We first describe the low-energy electronic properties.
DFT calculations [38] indicate that the low-energy bands
can be captured by two 2D massive Dirac cones at two
momenta K, = (/a, £k, ), noted in Fig. 1(d). The energy
band sequence around K. is schematically shown in
Fig. 1(e), in which four low-energy bands at each momen-
tum come from the two atomic orbitals (p, , orbitals) and
two spin states of Sb; atoms. The low-energy Hamiltonian

is Hy = [ d*k¥! h(k)¥, ) with
hy(k) = svg(kyts3 + k1) + smgt,, (1)

where v, is the velocity of Dirac electrons and my, is the
Dirac mass tuned by the zigzag distortion. Here s = +

labels two valleys, and at each valley, the basis is labeled by
‘PT( )= (c&pwk, s,py,k) and 7,_ 1,3 are Pauli matrices

for the orbital index. The spin-valley locking allows us
to only consider electrons with one specific spin direc-
tion around each valley at low energies [38], as shown in
Fig. 1(e). Within this low-energy subspace, o, (xy) corre-
sponds to an identity matrix and does not change the 2D
momentum. Thus, we only consider C,, and TR (7") opera-
tions henceforth. The Hamiltonian [Eq. (1)] transforms
as Cy.hy(ky, ky)C5) = h_g(ky,—k,) and Thy(k)T™' =
h_¢(—k), where the symmetry representations are C,, =
73 and 7 =1, (K stands for complex conjugation).
Within one valley, we only have the combined sym-
metry C,, 7 = 13K

For the phonons, we focus on the in-plane vibrational
modes, which are decoupled from the out-of-plane modes
due to the opposite parities under o, (xy). There are two Sb
atoms in one unit cell, and each atom can vibrate in the x or
y direction. Thus, we have in total four phonon modes, two
acoustic and two optical, which are classified according to
the C,, point group, as shown in Table I of Sec. I A in the
Supplemental Material [40]. Specifically, the lattice vibra-
tions along the x and y directions are decoupled at q = 0
due to the opposite signs under C,,; the vibration patterns
of these four modes are schematically shown in Figs. 1(b)
and 1(c). The displacement vectors for these modes are
labeled by iif‘l, ﬁ%wﬁf&l’ ﬁ%l, where a/o are for acoustic
and optical phonon modes and A;, B, are the corres-

a/o _ ﬁz/o and

ponding irreducible representations (C, i
Co, Uiy _“/ .l ). These four phonon modes can also be

obtamed from the dynamical matrix for this system, as
discussed in Sec. I B of the Supplemental Material.
The e-ph coupling takes the general form

eph Z Z gnﬂv

k.q As.a.p

Qﬂiq fakcsﬂk —-q> (2)

where Q, ;4 = (bq, + b—q/l) v2Mw), labels the phonon
displacement operator for the phonon mode |1,1) (1 for
acoustic or optical phonons and A for A,/B;); M is
the mass of Sb atoms; by, is a bosonic operator that

annihilates a phonon mode A with momentum q; «a, f

represent p orbitals, and g%’s(q) is the element of the e-ph

coupling vertex, which satisfies the Hermitian condition
g’ (q) = [g"**(—q)]". The detailed form of g"** can
be derived from the deformation theory combined with
the k -p theory, as shown in Secs. II and III of the
Supplemental Material [40]. Here we only focus on
long-wavelength optical phonons (dropping the index 7
below) and keep the spin-conserving intravalley scattering
process. Thus, we obtain

By.s

gt = goto + 59272 + 93735 8P = gy, (3)

125901-2



PHYSICAL REVIEW LETTERS 127, 125901 (2021)

to the lowest order in q, where g;’s are real and material-
dependent parameters [41,42]. The e-ph coupling vertex
matrices satisfy the relations C,, 7 g7 -!1C;! = g
and C,, 7T gB=T-1C5! = —gP15. Comparing Eq. (3) with
Eq. (1) (see Sec. I C of the Supplemental Material [40]),
one can see that gy, g1, and g3 terms lead to a pseudo-gauge
field

91 93
Adsen = (gOQA]vSU_OQBpSU_OQAI)w (4)

where ¢ = 1 is assumed and ¢ = 0, 1, 2. The g, term acts
as a correction to Dirac mass. Taking into account both
valleys, we note that (g;/v0)Qp, and (g3/v)Q4, couple to
electrons oppositely at two valleys, while the coupling
between gyQ,, and electrons is the same for the two
valleys. Similar considerations apply to acoustic phonons
as well (cf. Sec. III of the Supplemental Material [40]).

Phonon self-energy from electronic Berry curvature.—
Next, we study the optical phonon Green’s function and the
optical phonon spectrum renormalized by both electron-
electron (e-e) and e-ph interactions. The bare phonon
Green’s function is Dy(q, iw,) = Diag{Dy,, Dy, }, where
D, =2w,/|(i»,)* — w?] and w; is the bare frequency for
the A mode. Here, w,, = 2zn/p is the Matsubara frequency,
and f = 1/kpT. Following standard formalism [42], the
full phonon Green’s function D(q, iw,) can be obtained
from D7'(q,iw,) = D;'(q,iw,) — £(q, i®,), where the
phonon self-energy X = X7 + X¢ contains both the correc-
tion from the bare e-ph interactions (X7) and the additional
correction due to the screened e-e Coulomb interac-
tion (£¢). When the Fermi level u is inside the bulk
electronic gap (Ju| < 2|my|) and when |w| < 2|my|, the
2¢ term only renormalizes the bare dielectric constant ¢,
the bare phonon energy w,, and the e-ph coupling strength
g; (see Sec. IV of the Supplemental Material [40]). Here-
after, we only consider the contribution from the bare e-ph
interaction (X”) in Eq. (2), assuming that @, and g have
been renormalized by the e-e interaction. Thus, the super-
script p is hereafter omitted.

The diagonal components of the phonon self-energies
are then found to be X, = (ITgy + Is3 + 3 + I39)/
(2Mwy) and g =11,/ (2Mwpg), where

. 9i9;
Hij(qﬂ lwn) ==

> tleiG, (k. iq,)7;G, (K iw))],  (5)

s.K.ig,,

k'=k+4q, v, =iw,+iq,, q,=2m+ 1)z/p, and
G,(Kk,iq,,) =[iq, —hs(k)+u|™" is the Matsubara Green’s
function for free electrons at valley K,. The diagonal self-
energies only provide corrections to the dispersion of the A
phonon, and thus can be included by redefining w,(q).
A more interesting physical effect emerges from the off-
diagonal self-energy X, = (Ily; +1I13,)/ (2M /o 0p),
where the contribution from the g, term has been neglected

(see Sec. V of the Supplemental Material [40] for a detailed
justification). X, hybridizes A and B phonons and has a
deep connection to the Berry curvature of Dirac cones. To
see that, we first consider @ = 0 and treat q as a pertur-
bation, so that £45(q,0=0)=2,5(0) +q-(94Z4p)q—0+
O(q?). As shown in Sec. IV C of the Supplemental Material
[40], TR symmetry requires X,3(q,w)=2X},(—q.),
while the C,, symmetry leads to Z,5(q,.q,.@)=
—Z45(qy.—qy.®). Combining these two symmetry con-
straints together with the perturbation expansion, we
find X,5(q. @ =0) ~iq,(9, Im[Zy5])q_o. We notice
>,45(0) = 0 since the A; and B; modes belong to different
irreducible representations, but the g,-dependent term is
still allowed. Remarkably, a direct calculation gives

_ 9091 AN — N3)

4,=0 ZUOM./C()AC()B ’

where A is the sample area and the coefficient N§=
%e"ﬁytr [ do [[d*k/ (27r)2]G;'(’),C”GA,G;'(‘9,6/;GSG“T‘8,{7GY
is the Thouless-Kohmoto-Nightingale-den Nijs formula for
the integral of the Berry curvature around the s valley (i.e., the
valley Chern number; see Sec. IV D of the Supplemental
Material [40]). TR requires N3+ -+ N3 = 0. Thus, to linear

orderin q, Z,5(q) = igOglAN;rqy/(vOM\/wAwB)éi‘]yzo,
and the local Berry curvature around one valley enters into
the off-diagonal phonon self-energy. This is a key result
of the present work. Alternatively (see Sec. VI of the
Supplemental Material [40]), Eq. (6) can be obtained
from a Chern-Simons term that appears in the effective
action for phonons after integrating out the electrons.
Such derivation confirms that X5 results from the valley
Chern numbers.

The above analytical expression is derived in the limit
@ — 0 and q — 0, while the A-optical phonon has a finite
frequency w,. To see the finite frequency behavior of 2,5,
we numerically evaluate it according to Eq. (5), and show
the real and imaginary parts of X, in Figs. 2(a) and 2(b),
respectively. When the frequency is larger than the electron
energy gap (w > 2|my), the interband scattering of electrons
from the conduction to valence bands can give rise
to a large correction to the phonon self-energy. This is
reflected by the red color lines for both Re[X 5] and Im[Z 4]
in Figs. 2(a) and 2(b), corresponding to the dynamical Kohn
anomaly [43] occurring at ¢ = /(@ — mg)> — m§ foru =0
(see Sec. VII of the Supplemental Material [40]). Below
electron energy gap (w < 2|my)), Re[Z,5] is exactly zero,
while Im[X, ] is still nonzero. In Fig. 2(c), we plot Im[2, 3] as
a function of ¢, for @/m, = 0, 0.4, 0.8, and 1.2 separately,
from which a linear dependence on g, appears in the long-
wavelength limit. The pure Berry curvature contribution
extracted from Eq. (6) is indicated by the gray dashed line,
which shows a good coincidence with numerical results for

{aqylm[ZAB<Qy’ 0)]} (6)
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FIG. 2. The off-diagonal phonon self-energy X,5 induced by
the electronic Berry curvature. We plot the real and imaginary
parts of £, (in meV) as a function of @/m and ¢, /q, in (a) and
(b), respectively. (c) shows Im[X,] as a function of g, for the
frequency values w/my =0, 0.4, 0.8, and 1.2. The dashed line
gives the pure contribution from the Berry curvature. The inset
shows the partial derivative of X,5. The parameter values are
my=25meV, vy=100nm-meV, wy, =20 meV, wp =30meV,
and gy = 80v/20 meV -nm~!, and g, = 80/30 meV - nm™'.
Also, gy = my/ vy, and Xy = gog; AN7 /(voM /o 0p).

a small g,. The inset in Fig. 2(c) shows (J, Im[X45])/Z
at low q,, and only a small derivation from unity is found
for finite 4y and w. Therefore, our numerical simulations
demonstrate that the Berry curvature contribution to the off-
diagonal self-energy is dominant when the phonon frequency
w is well below the electron energy gap. We notice that in a
related material compound, StMnSb,, the optical phonon
frequency has been measured to be ~15 meV [53], well
below the expected electronic gap of ~50 meV.

Phonon helicity.—Next, we explore the influence of X, p
in the phonon dynamics by studying the full phonon
Green’s function D(q, w). The phonon dispersion can be
directly extracted from the poles of D(q,w), and is
depicted by the black dashed lines in Figs. 3(a) and 3(b)
for optical phonons. Since the A; and B; phonon modes
describe lattice vibration along the x and y directions,
respectively, and the off-diagonal term X,p that couples
these two modes is purely imaginary, we expect that Z,p
can make phonon modes elliptically polarized at finite g,
as schematically depicted in the inset of Fig. 3(c). To
quantify this, we define the momentum-resolved PAM as

A

P(q.w) = Tr[(P, - P_)A(q, )] (7)

where A(q, ®) = i[D(q,®) — D(q, w)]/(2x) is the pho-
non spectral function, and the projection operators P, =
|£) (%[ project the phonon modes to the left and right cir-
cular polarized basis |+) = (i, 4, £ iiio,B])/\/i. The total
PAM discussed in the literature [54-57] is the thermal
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FIG. 3. (a) and (b) The spectrum and angular momentum of

optical phonons with mq, = 25 meV. The phonon dispersions are
labeled by black dashed lines, while the color represents P in
Eq. (7). (¢) Im[Z,45] (black line) and the phonon circular
polarization (red and blue lines) as a function of m, with ¢, =
mgy/2vy and @ = 10 meV. The phonon circular polarization has
the same sign as P. Inset: the schematics for the elliptical
vibration of phonon modes. Parameters: vy = 100 meV - nm,
ws, =20 meV, wg =30 meV, gy = 80v/20 meV - nm~!, and
g1 =80v/30 meV -nm~". Also, gy = m/ vy, and £y = gog; AN7 /

(vM /@75

average of P(q,w) over all the phonon modes. We
highlight two features of P: (i) P(q,®w) =0 when
q/|x but P(q,w)#0 when q||y [see Fig. 3(a)l;
(ii) P(gy,®) = —=P(—q,, ®), as required by TR symmetry
[see Fig. 3(b)]. The latter feature suggests the helical
nature of each phonon band and gives rise to phonon
helicity. Both features can be understood from the sym-
metry property of X,p: (i) Z4p vanishes along the ¢,
direction and (ii) 245 g, so that its sign reverses under
qy = —dqy.

More interestingly, since the local Berry curvature
around one valley changes sign under a band inversion,
we anticipate that the phonon helicity will also reverse its
sign. To test this, we tune the Dirac mass m in Eq. (1), and
evaluate X, and P for the lower branch in Fig. 3(b) as a
function of m, at the momentum g, = m/2v, in Fig. 3(c).
One can clearly see that both X, and P reverse signs
across the phase transition point at my = 0. Thus, we
conclude that an electronic topological phase transition will
leave its fingerprint on PAM P.

We also notice that along the g, direction, the B; mode is
longitudinal while the A; mode is transverse. Therefore,
a nonzero X,p mixes the longitudinal and transverse
modes of the in-plane phonons to form elliptical vibra-
tional modes. The longitudinal-transverse mixing has been
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discussed previously in the context of the phonon Hall
viscosity [58-60]. However, there is an essential difference:
our system does not break TR while the phonon Hall
viscosity breaks TR. Consequently, in Ref. [58], the PAM is
an even function of q, as reflected by the g*-dependent
coupling term between the longitudinal and transverse
modes, while in our system, the PAM is an odd function
of q, thereby generating phonon helicity.

Discussion and conclusion.—We have demonstrated that
electronic Berry curvature in a 2D TR-invariant Dirac
material can induce an off-diagonal self-energy correction
to the optical phonon Green’s function, giving rise to
elliptical polarization of phonon modes. Our theory can
also be directly applied to acoustic phonons. However, the
e-ph coupling linearly depends on q for acoustic phonons,
and thus the off-diagonal phonon self-energy has a qi
dependence, as discussed in Sec. VI of the Supplemental
Material [40].

Our study is qualitatively different from recent works
investigating the influence of the chiral anomaly on
sound velocity and attenuation in Weyl-Dirac semimetals
[61-65]. For one thing, we focus on electrical insulators.
Despite several early works studying the Berry phase effect
on phonon dynamics [14-16], the influence of electronic
band topology on the PAM and helicity have not been men-
tioned before. Furthermore, although we take BaMnSb, as
an example, the proposed mechanism for generating
phonon helicity might be adapted to other Dirac materials.
While a careful treatment is required to verify this for
each material, possible candidates include HgTe-CdTe and
InAs-GaSb quantum wells [66-69], (LaO),(SbSe,), [70],
boron nitride [71,72], 1T" — WTe, [73-75], and others
[76-79].

The Berry curvature contribution to phonon helicity
can be detected in the following ways. Because of TR
symmetry, the equilibrium phonon occupation number is
symmetric under g, — —¢,; the total PAM is accordingly
zero. However, away from equilibrium, a temperature
gradient applied along the y axis breaks the ¢, — —g,
symmetry and, combined with phonon helicity, leads to a
nonzero total PAM. This mechanism is analogous to the
Edelstein effect in electronic systems and has been dis-
cussed in Ref. [56]. For the optical phonon that can directly
couple to light, the elliptical polarization will be reflected in
the dielectric function and thus might be probed through
optical measurements, as discussed in Sec. VIII of the
Supplemental Material [40].
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