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We investigate thin film drainage between a viscous oil drop and a mica surface, clearly illustrating the
competing effects of Laplace pressure and viscous normal stress (τv) in the drop. τv dominates the initial
stage of drainage, leading to dimple formation (hd) at a smaller critical thickness with an increase in the
drop viscosity (the dimple is the inversion of curvature of the drop in the film region). Surface forces
and interfacial tension control the last stage of film drainage. A scaling analysis shows that hd is a function
of the drop size R and the capillary numbers of the film (Caf) and drop (Cad), which we estimate by

hd ¼ 0.5R
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Caf=ð1þ 2CadÞ

p
. This equation clearly indicates that the drop viscosity needs to be

considered when Cad > 0.1. These results have implications for industrial systems where very viscous
liquids are involved, for example, in 3D printing and heavy oil extraction process.
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The film drainage process between an oil drop or air
bubble and solid surfaces is of great importance in many
industrial applications, including heavy oil extraction and
3D printing. This is particularly true for heavy oils or fluids
of ultrahigh viscosity, which is a crucial property of
bitumen and some polymers applied in 3D printing. As
a drop approaches a solid surface in an aqueous phase, an
inversion of the curvature of the aqueous film appears at
some stage, which is called “dimple formation” [1]. Such a
dimple may lead to the capture of small water drops and air
bubbles, which is detrimental for 3D printing technology
[2,3]. The Stokes–Reynolds–Young–Laplace model [4] is
well established to predict film drainage between an oil
drop of relative low viscosity (< 0.1 Pa s) and a solid
surface. Awide range of capillary numbers of the water film
(Caf ¼ μwV=γ, where μw is the viscosity of water, V is the
approach velocity, and γ is the oil-water interfacial tension)
ranging from Caf ¼ 10−8 to 10−2 has been investigated and
a universal relation for the height of initial dimple for-
mation has been established, which can be expressed as
hd ∼ R

ffiffiffiffiffiffiffiffi
Caf

p
, where R is the radius of the drop [5–8].

Increasing the approach velocity and decreasing the oil-
water or air-water interfacial tension [6,8] was found to

affect the height of the dimple occurrence. However, the
effect of the capillary number of the oil drop
(Cad ¼ μoV=γ, with μo being the viscosity of oil) on the
film drainage process received little attention. Langley
et al. [9,10] studied the impact of an ultraviscous drop
on solid and water surfaces in air. The initial dimple was
scaled by an empirical impact parameter that resulted in a
relationship of hd ∼ μ−1=9o . Some axisymmetric models for
the coalescence between two ultraviscous drops or a drop
against a solid surface have also been developed. The
tangential immobile boundary condition was shown to be
applicable at the oil-water interface for the systems with
high oil-water viscosity ratio (μo=μw) [11]. In addition,
some numerical models were developed to calculate the
drop profile and lubrication force under the assumption of
constant approach velocity or constant interaction force
[12,13]. However, the viscosity ratio considered in those
models was still not high enough for the viscous stress to
play a role in the drop deformation. Such subject therefore
remains to be addressed.
In this Letter, we report the drainage of the thin liquid

water film between an oil drop of ultrahigh viscosity and a
mica surface using high-speed interferometric images that
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can provide quantitative information throughout the whole
film drainage process. The capillary number of the oil drop
Cad in this study ranged from 10−8 to 30 using drops of
viscosity ranging from ∼0.001 to ∼100 Pa s. The capillary
number of the aqueous film Caf ranged from 10−7 to 10−4.
The height of dimple occurrence was precisely obtained by
analyzing the interference fringes. Using scaling argu-
ments, we derived an analytical formula that can accurately
predict the dimple height over a wide range of drop
capillary numbers, which requires one to take the viscous
normal stress inside the oil drop into consideration. We
observed a substantially different film drainage process,
which was likely caused by the competition between the
Laplace pressure and the viscous normal stress across
the surface.
The drainage of the aqueous film between highly viscous

drops and a surface was studied using the dynamic force
apparatus (DFA). A schematic of the DFA is shown in
Fig. 1(a) [8]. An oil drop with radius R ¼ 1.05� 0.01 mm
was generated at the end of a capillary tube. The mica
surface was freshly cleaved before its use to obtain a
hydrophilic surface with the water contact angle of ∼0°.
The initial distance between the oil drop and the mica
surface was set at 350 μm, which was monitored and
controlled by a side view camera. By using the motorized
actuator, the oil drop was driven toward to mica surface for
500 μm, which we termed “displacement,” so that inter-
action happens, and the oil drop will form a dimple, as seen
in the schematic of Fig. 1(b). The drop approach velocities
were selected from 0.1 to 10 mm=s.
The interference fringes were observed by an inverted

Axiovert 100 Carl Zeiss microscope and were recorded
by a high-speed video camera (Photron SA4,

60–500 000 frames=s). Figure 1(c) shows an example of
the interference fringes between a drop of 25.8 Pa s
viscosity interacting with the mica surface. The film
thickness as a function of radial coordinate was obtained
by analyzing the fringes using the method adopted by
Scheludko and Platikanowa [14,15].
The evolution of the film thickness between the oil drop

of 0.001 Pa s viscosity and the surface is shown in Fig. 2(a).
It is noted that the viscosity of oils used in this study was
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FIG. 1. (a) Schematic of the dynamic force apparatus. An oil
drop with radius R ¼ 1.05� 0.01 mm was generated at the end
of a capillary. The drop was driven toward the hydrophilic mica
surface by a motor. (b) Thin film region corresponding to the red
square in (a). (c) A snapshot of the interference fringes (green
channel) obtained between an oil drop and a mica surface
(μo ¼ 25.8 Pa s, V ¼ 1.06 mm=s) in 0.1 mM SDS solution.
(d) Axisymmetric film thickness profile obtained from (c).
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FIG. 2. (a) Comparison between the experimental results
(points) and the theoretical model (lines) for the film evolution
of an oil drop of 0.001 Pa s viscosity interacting with a mica
surface in 0.1 mM SDS aqueous solution at the approach velocity
of 1.06 mm=s (Cad ¼ 10−5). The measured times of the profiles
from top to bottom are −0.015, 0.018, 0.085, 0.218, 0.55, 2.12,
9.07, 31.8, 66.4, 153.5, 211.9, and 331.7 s. The dashed line
indicates when the oil drop stopped moving. (b) Film drainage
process using an oil drop of 37.0 Pa s viscosity in 0.1 mM SDS
aqueous solution at the approach velocity of 1.06 mm=s
(Cad ¼ 0.8). The measured times of the profiles from top to
bottom are −0.001, 0, 0.067, 0.618, 19.7, 97.1, 144.5, 211.0,
318.1, and 391.6 s. Drop stopped moving at 0.26 s.
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measured by the hybrid rheometer and remained constant
for shear rates range from 0.001 to 10 s−1. Sodium dodecyl
sulfate (SDS) was added into the solution to fully immo-
bilize the oil-water interface for the low-viscosity oil drop
and to adjust the oil-water interfacial tension by changing
its concentration [16–18]. The time t ¼ 0 is defined as the
moment of dimple formation. In this case, the drop forms a
dimple at a height of around 2570 nm. As the film drains,
the film thickness at the center first decreases to and then
remains at around 2243 nm [t ¼ 0.085 s in Fig. 2(a)].
The dimple becomes increasingly more pronounced as the
film thickness at the barrier rim keeps decreasing. With the
drive being stopped at t ¼ 0.218 s, the film thickness at
the center first slightly increases, which is called the
“center bounce” phenomenon [6,8]. After that, the water
film continues to drain with the film width remaining
almost constant.
The film drainage process for an oil drop of high

viscosity interacting with the solid surface exhibits different
features. Figure 2(b) shows an example of the film profiles
between a silicone oil drop of 37.0 Pa s viscosity inter-
acting with the mica surface. A distinctly different film
drainage process is described as follows.
During the approach of the drop to the solid surface, the

dimple formed at a lower height, as shown in Fig. 2(b). The
height of dimple formation decreased further when increas-
ing the oil viscosity [Fig. 3(a)], which is consistent with
impacting highly viscous drops in air [9]. Such a feature
cannot be explained by the silicone oil-water interfacial
tension, as it barely changes with the increasing viscosity
[19]. At a lower approach velocity (0.1 mm=s) for oil drops
of a lower interfacial tension (in 1 mM SDS solution), the
initial dimple height also decreased with increasing oil
viscosity. (See Supplemental Material for detailed defini-
tion of dimple height, film drainage process of other
selected conditions, and physical properties of oil [20].)
After dimple formation, the film height at the center of

the film remains almost stationary despite the decrease in
the minimum film height at the barrier rim. However, a
pointy-shaped dimple was formed, as shown in the green
curve (t ¼ 0.067 s) in Fig. 3(b). After the drop stopped
moving at t ¼ 0.26 s, the water drained out, resulting in a
decrease of center film thickness followed by expansion of
the barrier rim. A film shape of a changing curvature
formed at the same time, as shown in the dark blue curve
(t ¼ 0.618 s) in Fig. 3(b). The change in film curvature at a
radius of around 250 μm was also found in impacting drop
experiments [28,29]. Finally, the radius of the barrier rim
decreased and the pointy center gradually disappeared, as
shown in the light blue curve (t ¼ 19.7 s) in Fig. 3(b).
Eventually, the water drained out under the Laplace

pressure, with the final thickness controlled by the repul-
sive disjoining pressure due to the negatively charged drop
and mica surfaces [30–33]. A stable film of about 100 nm
was formed.

We applied a scaling method to explain the decreasing
height of dimple formation as a function of drop viscosity.
In this model, we used the Stokes equation to describe the
dynamics of the viscous drop [34]. The detailed derivation
of equations can be found in the Supplemental Material
[20]. By applying a simplified scaling analysis while
considering the vertical velocity at the center point of
the drop vcenter ∼ V and radial dimension r ∼ R inside the
oil drop, we estimated the contribution of the normal stress
τv from the viscosity of the drop by

τv ≃
2μoV
R

: ð1Þ

Considering the contributions to the film pressure by the
Laplace pressure and the pressure in the bulk solution (p∞),
we approximate the pressure poil along the bottom of the oil
drop [see also Fig. 1(b)] by
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FIG. 3. (a) Film thickness at the center hð0; tÞ as a function of
time for oil drops of different viscosity in 0.1 mM SDS solution at
an approach velocity of 1.06 mm=s. (b) Selected drop shape
profiles of an oil drop of 37.0 Pa s viscosity from Fig. 2(b) in
0.1 mM SDS aqueous solution at the approach velocity of
1.06 mm=s at times 0.067, 0.618, and 19.7 s.
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poil ≃ 2

�
γ

R
þ 2μoV

R

�
þ p∞: ð2Þ

The difference between the pressure inside the oil drop
and in the thin film (poil − pf), which drives the lubrication
flow, is

poil − pf ¼ 2γ

R
þ 4μoV

R
− pðrÞ − ΠðhÞ; ð3Þ

where pðrÞ is the excess hydrodynamic pressure in the
water film and ΠðhÞ is the disjoining pressure due to
surface forces. We define the characteristic pressure p0

from Eqs. (2) and (3) as having contributions from the
Laplace pressure and the viscous normal stress given by

p0 ¼
γ

R
þ 2μoV

R
¼ γ

R
ð1þ 2CadÞ: ð4Þ

The thin film drainage is described by Reynolds lubri-
cation theory. Here, we assume tangentially immobile
boundary conditions at oil-water interfaces because the
viscosity of an oil drop is much higher than the surrounding
aqueous solution [11]. For the low-viscosity oil, the
surfactant in the solution can also give rise to a immobile
boundary condition [16–18],

∂h
∂t ¼

1

12μwr
∂
∂r

�
rh3

∂p
∂r

�
: ð5Þ

Based on the radial dimension r0 ¼
ffiffiffiffiffiffiffiffi
Rh0

p
[5,35] and

h0=t0 ¼ V, Eq. (5) provides the following relation between
all nondimensional parameters

V ¼ 1

μw

h30p0

Rh0
: ð6Þ

Eliminating p0 with Eq. (4) results in the characteristic film
thickness

h0 ¼ R

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Caf

1þ 2Cad

s
: ð7Þ

We note that the nondimensional thickness of dimple
formation h0d ¼ hd=h0 for the interaction between two
drops or between a drop and a solid surface can vary from
0.4 to 0.7 if the drops or bubbles are pinned to a solid
surface, depending on the pinning angle and the fluid-fluid
boundary conditions [4,36,37]. Since the angle that the oil
or bubble makes at the end of the capillary in our experi-
ment is around 140° with immobile boundary conditions,
the film thickness at which the dimple appears is around
h0d ∼ 0.5 [8]. Thus, a general relation that holds at both low
and high oil viscosity can be expressed as

hd ¼ 0.5h0 ¼ 0.5R

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Caf

1þ 2Cad

s
: ð8Þ

Figure 4 shows the comparison between the experimen-
tal and calculated scaled dimple height using Eq. (8) as a
function of Cad. The film thickness at dimple formation is
scaled using the length scales (R

ffiffiffiffiffiffiffiffi
Caf

p
) typical of current

system. The inset shows the dimple height as a function of
oil viscosity. The prediction based on Eq. (8) is in good
agreement with the results of our experiments. It is worth
noting that obtaining the exact value of the dimple height is
extremely difficult, if not impossible, although a very high
frame rate (5000 frames=s) was used in this study. The
reported dimple heights are an average of the center height
of 3–5 frames of two videos and the height of the initial
dimple formation varied within a range of around 50 nm.
The master curve in Fig. 4 predicts the thickness of initial

dimple formation for the drop capillary number Cad
ranging from 10−8 to 30, including different approach
velocities, interfacial tension, and drop viscosity. For a
system of comparable viscosity of the drop to that of bulk
solutions, i.e., Cad < 0.1, the viscous contribution to the
normal stress inside the oil drop is small as compared with
the Laplace pressure; that is, Cad ≪ 1. The pressure

 Eq. (8)
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FIG. 4. Height of initial dimple formation for oil drops or
bubbles interacting with a hydrophilic solid surface in water, as a
function of Cad as compared with the theoretical curve
of Eq. (8) (line). The five different cases are (a) V ¼ 1.06 mm=s
in 0.1 mM SDS solution, μo¼0.001–111.5Pas; (b) V ¼
0.1 mm=s in 0.1 mM SDS solution, μo ¼ 0.001–111.5 Pa s;
(c) V ¼ 1.06 mm=s in 1 mM SDS solution, μo ¼
0.001–111.5 Pa s; (d) μo ¼ 111.5 Pa s in 0.1 mM SDS solution,
V ¼ 0.1–10 mm=s; (e) bubble interacting with silica in water.
The data of the dimple height for bubble interacting with
hydrophilic silica surface in water (e) is from Ref. [8]. The
result of the theoretical calculation fit well with the results from
corresponding experiments. The transition occurred at Cad
around 0.1. Inset: the height of initial dimple formation as a
function of oil viscosity (same legend).
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difference across the oil-water interface is mainly due to the
Laplace pressure. The scaling h0d ¼ 0.5 and hd ∼ R

ffiffiffiffiffiffiffiffi
Caf

p
holds for both our study and the results of a bubble in water
against a silica surface [4,8]. When the oil viscosity is
larger (in other words, increasing Cad), poil increases due to
the larger viscous normal stress 2μoV=R. Increasing pres-
sure difference across the oil-water interface, which has a
similar effect as increasing the effective interfacial tension,
renders the drop more difficult to deform, thus resulting in a
decrease in hd. When Cad is greater than 0.1, as shown in
Fig. 4, the viscous effect inside the drop cannot be
neglected. However, the model can only qualitatively
predict the full drainage process as the expression of the
viscous normal stress is based on scaling argument.
In summary, by considering the viscous normal stress

inside the oil drop, we showed that the competition
between the Laplace pressure and viscous normal stress
inside the drop was responsible for a significantly reduced
height of initial dimple formation. After the drive of the
drop stopped, the viscous normal stress became negligible,
resulting in the film drainage being controlled by the
disjoining pressure. The initial deformation characteristics
for the oil interacting with a solid surface in a SDS aqueous
solutions was well captured by an analytical formula
[Eq. (8)], which holds for a wide range of drop capillary
numbers. At low drop capillary number, the capillary
force was found to be dominant and the universal scaling
hd ∼ R

ffiffiffiffiffiffiffiffi
Caf

p
described the drop deformation. When the

capillary number of the oil drop Cad > 0.1, the viscosity of
the oil drop needed to be taken into consideration and the
drop capillary number became a dominant factor. Our
systematic study verified that the viscous normal stress
inside the very viscous oil drop, which leads to a higher
effective interfacial tension, is the fundamental reason for
decreasing the drop deformation.
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