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Diffusive nature of thermal transportation fundamentally restricts topological characteristics due to the
absence of a sufficient parametric space with complex dimensionalities. Here, we create an orthogonal
advection space with two advective pairs to reveal the unexplored topological transitions in thermal
material. We demonstrate four types of configurable thermal phases, including the nontrivial dynamic-
equilibrium distribution, nonchiral steplike π-phase transition, and another two trivial profiles related to the
anti-parity-time symmetry nature. Our findings provide a recipe for realizing a topologically robust thermal
system under arbitrary perturbations.
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Topological materials, such as the well-established
topological insulators [1–5], have set off a wave of
discovering nontrivial phenomena in condensed matter
physics. Such a revolution has soon aroused considerable
interest in Hermitian systems, and further contributed to the
emerging areas of topological photonics and acoustics
[6–14]. Owing to the unique characteristics of non-
Hermitian systems, intense interests have been raised in
exploring non-Hermitian quantum [15–19] and classical
wave systems [20–26] to achieve non-Hermitian topologi-
cal materials in many oscillatory fields. Nevertheless, the
thermal diffusion process without native oscillation, is
usually perceived impossible to give rise to thermally
topological transitions. Though some studies have focused
on the topological properties of thermal radiation [27–29],
these essentially belong to the category of photonics,
since thermal radiation is the emission of electromagnetic
waves and can be described by the Helmholtz equation
rather than the diffusion function. The realization of
thermally topological transition is strongly related to the
exploration of non-Hermitian topology in thermal diffu-
sion. Conventionally, nontrivial topology and distinct phase
transitions in non-Hermitian system are associated with
dynamically encircling a pair of exceptional points (EPs) or
a single EP in a large enough parameter space. Some
pioneering attempts in oscillatory wave experiments
[30–34] usually rely on balancing intrinsic oscillations
of the system and the imposed gain or loss [35–38]. By
imposing oscillatory dynamics to heat transfer, a positive

EP has been revealed in anti-parity-time (APT) heat
transfer [39]. However, such an observation fails to derive
the underlying non-Hermitian topology in thermal diffu-
sion, let alone any topological transitions in thermal
materials. Unlike other non-Hermitian topology or topo-
logical materials for oscillatory wave fields, one cannot find
a complex plane with at least two temporal evolution
dimensions in conventional thermal systems to exhibit
the dynamic EP-pair encircling. Unfortunately, this indis-
pensable condition is fundamentally prohibited by the
diffusive nature of thermal diffusion with fixed and positive
conductivity and structural parameters.
Here, we report the topologically configurable phase

transitions in an artificially structured thermal material, and
non-Hermitian topological properties are for the very first
time revealed in thermal diffusion by establishing a hybrid
thermal system with two EPs and adjustable complex
dimensionalities in a synthetic space [40]. The nonchiral
EP(s) encircling, initially forbidden by diffusive nature, is
realized in thermal diffusion through imposing two pairs of
orthogonal advections. A ubiquitous set of realizing ther-
mally topological properties is demonstrated, while four
types of configurable thermal phase transitions with vary-
ing quantized invariants are experimentally observed under
temporal-evolution parameters. Our work showcases the
significance and largely unexplored opportunities in topo-
logical physics and topological materials. The results may
bring new insights to the manipulation of diffusive trans-
port in general [41–48].
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In the beginning, a comparative statement between the
conventional and emerging topological thermal structure is
provided as shown in Fig. 1. In general, the fixed thermal
properties of a conventional thermal system determine the
conductive capacity under static ambient. Once external
perturbations occur, the thermal distributions would exhibit
bias profiles with nonuniform distributions (the isotherms
indicated by the blues lines) shown in Fig. 1(a). This is
familiar in conventional thermal techniques that are
exposed to the convective environments [49,50]. One
possible solution is to maintain stable or organized thermal
conductibility under convective ambient. Though APT heat
transfer [39] seems to be able to keep static temperature
profiles under advections with small constant velocities
shown in Fig. 1(b), it remains challenging to satisfy the
actual demands with arbitrary velocities. Such problems
further provoke a thought: whether an artificially structured
thermal system could provide robust or organized con-
ductibility under arbitrarily varying ambient as presented in
Fig. 1(c)? The answer could be “yes,” if the robust property
of emerging topological materials in oscillatory wave fields
could be realized in thermal diffusion under arbitrarily

changing advections. Hence, the first step is to prove the
existence of non-Hermitian topology in thermal diffusion,
which is rarely discussed in pure diffusion and intrinsically
restricted by the diffusive nature.
Non-Hermitian topology can be realized when the EP

pair is completely encircled in a complex plane by multi-
adjustable d vectors [18] or along one complex (dþ iλμ)
vector [19], i.e., H ¼ I þ ðdþ iλμÞσμ, where μ denotes x,
y, z, and d vector is the real gap vector. Because of the
fundamental absence of the complex plane in conventional
thermal diffusion, the first step toward realizing non-
Hermitian topology in thermal diffusion is to break this
natural limitation. We propose an orthogonal conduction-
convection framework with two pairs of temporal evolution
advections as the “imitated oscillations” to create an
effective complex plane along the vector of (dz þ iλz) as
shown in Fig. 2(a). Here, the counteradvections on the two
lateral sides along the existing heat flux act as the effective
“imitated oscillations” in r − θ plane, while the others on
the upper and bottom surfaces offer the effective “imitated
oscillations” along the z direction. Thus, the heat transfer
process of the motional rings considering the thermal
exchanges via conduction through the central medium
can be described as
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where, ρ, c, and κ are the density, specific heat, and thermal
conductivity of the target medium. For the convective
components in the r − θ plane, T1;rθ and T2;rθ, b1;rθ, and
b2;rθ, as well as v1;rθ and v2;rθ, respectively, denote the
temperatures, thicknesses, and velocities of the two lateral
layers as indicated in Fig. 2(a). While h1;rθ and h2;rθ are
the convection heat transfer coefficients of corresponding
surfaces. Similarly, T1=2;z, h1=2;z, b1=2;z, v1=2;z are the
counterparts for the advective components along the z
direction. hr;zθ and hz;rθ are the coefficients for the thermal
exchanges between the two adjacent rotating and trans-
lation rings, respectively, in the r − θ plane and along the z
direction. Three thermal exchanges through the central

FIG. 1. Contrasts between the conventional and topological
thermal structure. The colored plates in the left inserts indicate
specific isotherms inside the media, while the black and blue lines
are the isotherms on the top surfaces. l denotes equal temperature
gap with stable profiles, and l1 ∼ l3 are the ones with dynamic
profiles. (a) Conventional thermal material, respectively, under
static and perturbed ambient. (b) APT heat transfer under fixed
advections with constant velocities. (c) Topological behavior
under arbitrary advections with changing velocities.
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medium can be observed between each motional ring and
the other three (Supplemental Material [51], Note 2). For
simplicity, we make v1;rθ¼−v2;rθ¼vrθ, v1;z¼−v2;z¼vz,
b1;rθ ¼ b2;rθ ¼ b1;z ¼ b2;z ¼ b, h1;z ¼ h2;z ¼ hz, and
h1;rθ ¼ h2;rθ ¼ hr;zθ ¼ hz;rθ ¼ hrθ.
When the diffusive terms are small enough, each

expression can be considered as a one-way wave equation.
Then, the temperature profiles would be dominated by the
imposed temporal-evolution advections. That leads to the
wavelike periodic temperature distribution in an infinite-
long medium as indicated in Fig. 2(a). The diffusive nature
makes it hard to achieve periodic convection-conduction in
a finite medium along the heat flux. To easily realize such
periodic conduction convection, we create a closed-loop
ring (radius: r; perimeter: L) by connecting the two
boundaries along the existing heat flux. Thus, an effectively
periodic convection-conduction can be obtained with an
analog “wave number” krθ ¼ 2πn=L ¼ n=r around the z
direction (n is an integer). Here, we adopt the first mode of
krθ ¼ 2π=L for simplification. For the periodic thermal
process along the z direction, we make it repetitively
oscillate along the z direction, and denote the thickness
of medium layer d1;rθ as the effective “wavelength” of the
imitated “oscillation” indicating an effective wave number
kz ¼ d−11;rθ. Then, an appropriate system is illustrated in
Figs. 2(b) and 2(c). Owing to the geometrical verticality, an
orthogonally advective space consisting of two counter-
rotating advections in r − θ plane (green rings) and two
countertranslation advections along the z direction (blue
rings) can be achieved around the central medium. In
analog to the geometrical meaning of the multiplication

of “i,” we introduce such a mathematical operation on the
two countertranslation advections to indicate their orthogo-
nal directions to the ones in r − θ plane. The effective
Hamiltonian can be described as

H¼ i ·
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Because of the much weaker thermal process along the z
direction, the related conductive terms and heat exchanges
along the z direction can be neglected (Supplemental
Material [51], Note 2). Thanks to the orthogonal
advective pairs, a complex plane described by a synthetic
parameter space n½keffveff cosðnÞ; keffveff sinðnÞ� can be
obtained, where n ¼ arctanðkrθvrθ=kzvzÞ, and keffveff ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðkrθvrθÞ2 þ ðkzvzÞ2

p
. Thus, Eq. (2) can be further rewrit-

ten as H ¼ if2mσx − keffveff ½cosðnÞ þ i · sinðnÞ�σz−
½ðκ=ρcÞk2rθ þ 2m�Ig, D ¼ κ=ρc and m ¼ ðhrθ=ρcbrθÞ ¼
ðκ=ρcbdrθÞ ¼ ðhz;rθ=ρcbzÞ. Note that m is fixed and
positive for arbitrary thermal systems. The fundamental
limitation of diffusive nature is relieved once n sweeps as a
function of keffveff , while the underlying non-Hermitian
topology can be theoretically anticipated. The complex
spectrum in such a synthetic parameter space is shown in
Figs. 2(d) and 2(e).
The general non-Hermitian topology and its properties

can be evidenced with the dynamic behaviors encircling
different quantities of EPs. Here, we select four typical
trajectories to validate the existence of non-Hermitian
topology in thermal diffusion (Supplemental Material
[51], Notes 3 and 4), including (i) one in the region of
jkeffveff j > 2jmj encircling two EPs; (ii) one only encirc-
ling one EP in the region of −2jmj < jkeffveff j (or
jkeffveff j < 2jmj); (iii) one without EP in the region of
jkeffveff j < −2jmj; and (iv) one without EP in the region of
−2jmj < jkeffveff j < 2jmj. The first and second trajectories,
respectively, reveal the �2π and �π geometric phases,
while no geometric phase exchanges can be obtained in the
third and fourth trajectories without any EPs. The existence
of �2π geometric phase with the trajectory encircling the
EP pair hints the non-Hermitian thermal topology. Then,
we further calculate the quantized invariants, including the

FIG. 2. Realization of the topological transitions in thermal
diffusion. (a) Schematic of the topological transitions in thermal
diffusion. The green and blue arrows, respectively, denote these
advections with changing velocities in the r − θ plane and along
the z direction, thus forming the orthogonal advective space. One
diffusive period, respectively, in the r − θ plane and along the z
direction are highlighted by a yellow dashed border. (b) An
achievable multiple ring system coupled with two orthogonal
pairs of countermotional advective components. (c) The cross-
section view labeled in the red dashed border of (b). (d) and
(e) The complex spectrum in the synthetic parameter space.
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eigenstate winding number (ω) and the eigenvalue vorticity
(ν). The winding numbers indicate that the integer, half-
integer, and zero winding numbers can be theoretically
observed with the first, second, and the other trajectories.
Note that, the single EP encircling in non-Hermitian optical
systems would exhibit chiral transition when the starting
point is in the PT-symmetric phase [30–33] and APT-
broken phase [34]. Besides, the final states have to stay on
the Riemann sheet with gain and nonadiabatic transitions
might occur due to the non-Hermiticity, since the oscil-
latory field propagations on loss sheet are not stable.
Hence, one cannot observe the half-integer winding num-
ber or the π transition in actual optical experiments
[30–34]. In addition, the eigenvalue vorticity defined for
the separate bands as the winding number of their energy
dispersions also provides similar findings, since the integer,
half-integer, and zero vorticities only depend on the
quantities of encircling EPs.
We then design a class of thermal systems and elaborate

the topologically nontrivial and trivial transitions. The
fabricated sample and experimental setups are illustrated
in Fig. 3(a). The underlying phase transitions can be
identified by the temperature profiles of the surface of
central medium and the locations of maximum temperature.
Based on the encircling trajectories, we employ four cases

with spatial-temporal advections, respectively, enclosing
different quantities of EPs (Supplemental Material [51],
Note 5). The captured temperature profiles of one measured
surface are presented in Figs. 3(b)–3(e). While the findings
of the other surfaces are shown in Figs. S20–S22 [51].
The topologically nontrivial behavior occurs onlywhen the

quantized invariants are integer, and the topologically pro-
tected phenomena against the changing advections are
significant in case 1 encircling the EP pair. As shown in
Fig. 3(b), S6(a), andS6(b), the temperature profiles at specific
moments exhibit a dynamic-equilibrium distribution with
respect to the initial one at 0 s, and the changing locations of
Tmax at specific moments distribute on both sides of its initial
location. Such a robustly dynamic-equilibrium phase tran-
sition corresponding to the integer quantized invariants
enables topologically nontrivial behavior in thermal diffu-
sion. The heat transfer process can now be topologically
protected without any bias in temperature profiles.
We then adjust the advective configurations to satisfy

case 2 encircling a single EP. Though nontrivial behavior
requiring integer quantized invariants cannot be observed in
this case, the separate bands of the non-Hermitian system
could also provide a distinct state possessing half-integer
quantized invariants. As seen in Figs. 3(c), S6(c), and S6(d),
the organized dynamic transitions are exhibited during the
thermal process, since the temperature profiles remain for a
while near the locations of θ ¼ nπ when one evolution
period is implemented. The temperature profiles thereby
present a significant π-phase transition in one period leading
to a steplike change as shown in Fig. S6 [51]. Such a steplike
π-phase transition is the direct evidence of the π Berry phase
and half-integer quantized invariants.
Further removing the EPs from the trajectory, the central

medium would act as conventional materials with bias
transitions. As illustrated in Fig. 3(d), S6(e), and S6(f), the
temperature distributions and Tmax locations continuously
change towards the advections during the entire thermal
process, resulting in the bias temperature profiles at any
time. In contrast, the temperature profiles and Tmax loca-
tions of case 4 shown in Figs. 3(e), S6(g), and S6(h) almost
keep unchanged with tiny perturbations (about 0.002π) to
the original state. These transitions are both topologically
trivial behaviors in thermal diffusion, which are quite
different from the nontrivially dynamic-equilibrium distri-
bution and nonchiral steplike π-phase transition. The
magnitudes and relaxation times of Tmax for each case
are presented in Fig. S5 [51]. Note that, the spatial-temporal
advections might lead to the invalid kinematic similarity,
which bring inconvenience in dimensionless thermal analy-
sis (Supplemental Material [51], Note 10). Besides, these
behaviors are also robust under different modulated fre-
quency of the advective velocities (Supplemental Material
[51], Note 11).
The half-integer winding number and the π-transition

can be both observed in case 2, when the starting point is in

FIG. 3. Experimental setups and captured configurable phase
transitions. (a) Experimental setups and fabricated sample. (b)–
(e) are the measured profiles of cases 1 ∼ 4 on the surface of
central medium. The black stars imply the Tmax locations at
specific moments, while the white and red arrows, respectively,
denote the initial and measured azimuths. ω and ν denote the
winding number and vorticity.
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the APT-broken phase. This further leads to the nonchiral
dynamics in thermal systems that is independent of the
locations of starting point and the encircling directions
[counterclockwise (CCW) and clockwise (CW)] as shown
in Fig. 4 (Supplemental Material [51], Note 11). Their final
states are same whether the starting point is in the APT-
broken and APT-symmetric phases, thus revealing the
nonchiral encircling in the current thermal system.
Furthermore, the transfer directions are opposite if the
starting points are in varied phases, i.e., the final states stay
on the different sheets.
This phenomenon is distinct from the optical systems

exhibiting chiral dynamics [30–34], since the exchanged
eigenvectors and half-integer quantized invariant are not
usually observed in conventional optical experiments. Such
differences can be directly indicated by the target fields,
i.e., the diffusive and oscillatory fields. In optical fields, the
observed behaviors are based on field oscillations, while
loss is the diffusively disturbing term for the entire
oscillatory fields. Hence, the oscillatory propagations are
decay and unstable with loss (non-Hermiticity), since the
inherences of target fields and loss are different. In contrast,
thermal diffusion is inherently dissipative and the observed
temperature profiles are also dissipations corresponding to
the loss terms. The imposed advections actually modify the
transfer processes, but do not change the propagative nature
of diffusion. That is, the inherences of thermal field and
non-Hermiticity are consistent and dissipative that allow
the hybrid conduction-convection to stably propagate on
the loss sheet. That is, nonadiabatic transitions between the

gain and loss sheets in oscillatory fields could be signifi-
cantly avoided under the continuity of temperature and heat
flux in macroscopic thermal system, and the encircling
process and final states are available to be realized
with loss.
This work proposes a proof-of-concept class of topo-

logical transitions in thermal diffusion, via creating a
synthetic parameter space in a coupled conduction-advec-
tion system with two pairs of orthogonally temporal-
evolution advections. The non-Hermitian topology is first
revealed in thermal diffusion, and four types of config-
urable phase transitions under variant advective configu-
rations are further demonstrated. Among them, the robustly
dynamic-equilibrium distribution provides a topologically
protected thermal process against the perturbations with
changing advective velocities, while the dynamically step-
like π-phase transition offers nonchiral thermal diffusion
regardless the locations of starting point. None of these
transitions can be achieved in conventional thermal materi-
als. The findings pave the way towards creating robust or
organized thermal process without bias profiles under
unsteady ambient, and immediately stimulate new thoughts
for topological thermal sciences as well as other diffusions.
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