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We perform the first global fit to inclusiveB → Xsγ measurements using a model-independent treatment of
the nonperturbative b-quark distribution function, with next-to-next-to-leading logarithmic resummation and
Oðα2sÞ fixed-order contributions. The normalization of the B → Xsγ decay rate, given by jCincl

7 VtbV�
tsj2,

is sensitive to physics beyond the standard model (SM). We determine jCincl
7 VtbV�

tsj ¼ ð14.77�
0.51fit � 0.59theory � 0.08paramÞ × 10−3, in good agreement with the SM prediction, and the b-quark mass

m1S
b ¼ ð4.750� 0.027fit � 0.033theory � 0.003paramÞ GeV. Our results suggest that the uncertainties in the

extracted B → Xsγ rate have been underestimated by up to a factor of 2, leaving more room for beyond-SM
contributions.
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Introduction.—The flavor-changing neutral-current
b → sγ transition is well known for its high sensitivity
to contributions beyond the standard model (SM). The
main goal of our global analysis of the B → Xsγ decay rate
is to obtain a precise constraint on the short-distance
physics it probes, which can then be compared to pre-
dictions in the SM [1–4] or beyond [5–7]. In our approach,
this amounts to extracting a precise value of the Wilson
coefficient jCincl

7 j from the measurements.
Since b → sγ is a two-body decay at lowest order, the

photon energy spectrum dΓ=dEγ peaks only a few hundred
MeV below the kinematic limit Eγ ≲mB=2. In this peak
region, the measurements are most precise, but the theory
predictions depend on a nonperturbative function, F ðkÞ,
often called the shape function, which encodes the dis-
tribution of the residual momentum k of the b quark in a B
meson [8,9]. A key aspect of our analysis is a model-
independent treatment of F ðkÞ based on expanding it in a
suitable basis [10]. This approach can incorporate any
given shape function model by using it as the generating

function for the basis expansion and thus goes beyond
existing approaches that use specific models [11–15].
While F ðkÞ primarily affects the shape of the decay

spectrum, its normalization is determined by jCincl
7 j2 up to

small corrections. Thus, with our treatment ofF ðkÞ, we can
perform a global fit to the measurements of dΓ=dEγ ,
including the precisely measured peak region, to simulta-
neously determine F ðkÞ and a precise value of jCincl

7 j. Our
global fit is the first to exploit the full available exper-
imental information on the spectrum [16–19], together with
the most precise theoretical knowledge of its perturbative
contributions. This provides a more robust approach than
the current method of using theoretical predictions for the
B → Xsγ rate with a fixed cut at Eγ > 1.6 GeV [4] and
corresponding extrapolated measurements [20]. The results
of our analysis presented here supersede our early prelimi-
nary results [21,22].
The B → Xsγ spectrum.—Using soft-collinear effective

theory [23–26], we can write the photon energy spectrum in
a factorized form:

dΓ
dEγ

¼ 2Γ0

ð2EγÞ3
m̂3

b

�Z
dkP̂ðkÞF ðmB − 2Eγ − kÞ

þ 1

m̂b

X
a

ðP̂a ⊗ gaÞðmB − 2EγÞ
�
; ð1Þ
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where

Γ0 ¼
G2

Fm̂
5
b

8π3
αem
4π

jVtbV�
tsj2; ð2Þ

and m̂b denotes a short-distance b-quark mass, for which
we use the 1S scheme [27–29].
The first term in Eq. (1) is the dominant contribution,

where F ðkÞ contains the leading nonperturbative shape
function plus a combination of subleading shape
functions specific for B → Xsγ. The function P̂ðkÞ encodes
the perturbatively calculable b → sγ spectrum, with
k ∼mb − 2Eγ . It receives contributions from different
operators in the effective electroweak Hamiltonian

P̂ðkÞ¼ jCincl
7 j2½Wsing

77 ðkÞþWnons
77 ðkÞ�

þ2ReðCincl
7 Þ

X
i≠7

CiWnons
7i ðkÞþ

X
i;j≠7

CiCjWnons
ij ðkÞ:

ð3Þ

Here, Wsing
77 ðkÞ contains the universal “singular” contribu-

tions proportional to αis lnjðk=mbÞ=k and αisδðkÞ, which
dominate in the peak region where k is small [30]. It is
included following Ref. [10] to NNLL0 order, which
includes next-to-next-to-leading-logarithmic (NNLL)
resummation and all singular terms at Oðα2sÞ [24,71–79]
The coefficient Cincl

7 is dominated by the Wilson coef-
ficient C̄7ðμÞ in the electroweak Hamiltonian

Cincl
7 ¼ C̄7ðμÞ þ

X
i≠7

C̄iðμÞ½siðμ; m̂bÞ þ riðμ; m̂b; m̂cÞ�: ð4Þ

The si terms are defined to cancel the μ dependence of C̄7ðμÞ
and to satisfy siðm̂b; m̂bÞ ¼ 0. The C̄iri terms contain all
virtual corrections proportional to C̄i≠7 that give rise to
singular contributions. In particular, they contain the sizable
corrections fromvirtual cc̄ loops and the resulting sensitivity
to the charm quark mass m̂c, which are one of the dominant
theory uncertainties in the decay rate. Since in our approach
these contributions are included in Cincl

7 , they affect its SM
prediction but not its determination from the experimental
data. The results of Refs. [3,4,80,81] yield the next-to-next-
to-leading-order SM prediction [30]

jCincl
7 jSM ¼ 0.3624� 0.0128cc̄ � 0.0080scale: ð5Þ

The remaining Wnons
ij ðkÞ terms in Eq. (3) are “non-

singular” contributions with Ci ¼ C̄iðm̂bÞ [30]. They start
at OðαsÞ and are suppressed by at least k=mb relative to
Wsing

77 ðkÞ, and are therefore subleading in the peak region.
They are included to full Oðα2sÞ for ij ¼ 77, 78 [82–84],
while the remaining ones are known and included to
Oðα2sβ0Þ [85–87]. Since Wsing

77 ðkÞ dominates in the peak
region, the normalization of the spectrum is determined by
jCincl

7 j, enabling its precise extraction.

The second term in Eq. (1) is subdominant and describes
so-called resolved and unresolved contributions, where P̂a
are perturbative coefficients starting at OðαsÞ, and the ga
are additional subleading shape functions [88]. The uncer-
tainties from resolved contributions are much smaller than
suggested by earlier estimates [89] and are not relevant at
the current level of accuracy [30] (see also Refs. [90] and
[91]). The only marginally relevant contribution is related
to the known Oð1=m̂2

cÞ correction to the total rate [92–94]
and is included in our analysis via a subleading OðΛ2

QCDÞ
shape function g27ðkÞ.
The nonperturbative shape function F ðkÞ is dominated

by the leading-order shape function, so we assume it is
positive. We introduce a dimension-1 parameter λ and
expand F ðkÞ as [10]

F ðkÞ ¼ 1

λ

�X∞
n¼0

c̃nfn

�
k
λ

��
2

; ð6Þ

where fnðxÞ are a suitably chosen complete set of ortho-
normal functions on ½0;∞Þ. The normalization conditionR
∞
0 dkF ðkÞ ¼ 1 implies

X∞
n¼0

c̃2n ¼ 1: ð7Þ

In practice, the expansion forF ðkÞmust be truncated at a
finite orderN. Therefore, the form ofF ðkÞ used for the fit is
given by the following approximation:

F ðkÞ ¼
XN
m;n¼0

cmcnFmnðkÞ; ð8Þ

where

FmnðkÞ ¼
1

λ
fm

�
k
λ

�
fn

�
k
λ

�
: ð9Þ

The effect of the truncation in Eq. (8) is approximated by
the modified coefficients cn, which differ from the c̃n in
Eq. (8). We ensure the correct normalization condition for
F ðkÞ by enforcing

XN
n¼0

c2n ¼ 1: ð10Þ

Using the expansion for F ðkÞ in Eq. (8), we get

dΓ
dEγ

¼ 16Γ0

E3
γ

m̂3
b

XN
m;n¼0

cmcn

Z
dkP̂ðkÞFmnðmB − 2Eγ − kÞ

þ 16Γ0

E3
γ

m̂3
b

1

m̂2
b

Z
dkP̂27ðkÞg27ðmB − 2Eγ − kÞ

≡ Ns

XN
m;n¼0

cmcn
dΓ77;mn

dEγ
þ � � � : ð11Þ
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Here, Ns ¼ jCincl
7 VtbV�

tsj2m̂2
b, and Eq. (11) defines

dΓ77;mn=dEγ , which we precompute from Eq. (3). The
ellipses denote subleading terms not proportional to
jCincl

7 j2, which are also written in terms of Ns and cn as
explained in [30]. Then, Ns and the cn are fitted from the
measured spectra, with the uncertainties and correlations in
the measurements captured in the uncertainties and corre-
lations of the fit parameters. Using the moment relations for
F ðkÞ [30], we obtain Cincl

7 and m̂b, as well as the heavy-
quark parameters λ̂1 and ρ̂1 from the fitted Ns and cn. The
other coefficients Ci≠7 are fixed to their SM values [30]. Of
these, only C1 and C2 are numerically relevant, which are
known to be SM dominated, while C8, which is sensitive to
new physics, gives only a small contribution. We use input
values for λ̂2 and ρ̂2, which are obtained from the B and D
meson mass splittings [30].
Fit procedure.—We implement a binned χ2 fit, with

χ2 ¼
X
i;j

ðΓmeas
i − ΓiÞðV−1ÞijðΓmeas

j − ΓjÞ: ð12Þ

Here, Γmeas
i is the measured B → Xsγ rate in bin i, Γi is the

integral of Eq. (11) over bin i, V is the full experimental
covariance matrix, and the sum runs over all bins of all
measurements included in the fit.
The orthonormal basis ffng is constructed [10] such that

the first F00ðkÞ term in the expansion of F ðkÞ can have any
(nonnegative) functional form, while the higher FmnðkÞ
terms provide a complete expansion generated from it. If
F00ðkÞ provides a good approximation to F ðkÞ, the
expansion converges very quickly due to the constraint
in Eq. (7), and consequently a good fit can be obtained with
small N, making the best use of the data to constrain F ðkÞ.
Hence, F00ðkÞ should already provide a reasonable descrip-
tion of the data. To find such F00ðkÞ, we perform a prefit to
the data using three different functional forms for F00ðkÞ,
given in [30], over a wide range of λ. We choose the form
that provides the best prefits. Its χ2 probability is shown in
Fig. 1 for sufficiently different values of λ such that each
can be considered as a different basis. We choose the
best λ ¼ 0.55 GeV (orange) as our default basis and use
λ ¼ 0.525; 0.575; 0.6 GeV (green, blue, yellow), which
also have good prefits, as alternative bases to test the basis
independence.
The truncation in Eq. (8) induces a residual dependence

on the functional form of the basis. To ensure that the
corresponding uncertainty is small compared to others, the
truncation order N is chosen, based on the available data,
by increasing N until there is no significant improvement in
fit quality. This is done by constructing nested hypothesis
tests using the difference in χ2 between fits of increasing
number of coefficients. If the χ2 improves by more
than 1 from the inclusion of an additional coefficient,
the higher number of coefficients is retained. To account for
the truncation uncertainty, we include one additional

coefficient in the fit. It is in this sense that our analysis
is model independent within the quoted uncertainties. The
final truncation order is found to be N ¼ 3 for each
considered basis. To ensure that the entire fit procedure,
including the choice of the basis and truncation order, is
unbiased, it is validated using pseudoexperiments gener-
ated around the best fit values using the full experimental
covariance matrices.
Results.—We include four differential B → Xsγ mea-

surements [16–19] in the fit. The measurements in
Refs. [16–18] include B → Xdγ contributions, which are
subtracted assuming identical shapes for B → Xsγ and B →
Xdγ and that the ratio of branching ratios is jVtd=Vtsj2 ¼
0.0470 [95]. For Ref. [19], we combine the highest six Eγ

bins to stay insensitive to possible quark-hadron duality
violation and resonances with masses near mK�. We use the
measurements of Refs. [17,18] in the ϒð4SÞ rest frame and
boost the predictions accordingly. We use the uncorrected
measurement from Ref. [17] and apply the experimental
resolution matrix [96] to the predictions.
The fit results for Ns and c0−3, including their correla-

tions, are given in [30]. The resulting shape function is
shown in Fig. 2, and the results for jCincl

7 j and m̂b ≡m1S
b are

shown in Fig. 3. We also determine the kinetic energy
parameter λ̂1 in the invisible scheme [10], with plots
analogous to Fig. 3 given in Fig. S2 in [30]. We find
the following results:

jCincl
7 VtbV�

tsj ¼ ð14.77� 0.51fit � 0.59theory

� 0.08paramÞ × 10−3;

m1S
b ¼ ð4.750� 0.027fit � 0.033theory

� 0.003paramÞ GeV;
λ̂1 ¼ ð−0.210� 0.046fit � 0.040theory

� 0.056paramÞ GeV2: ð13Þ

FIG. 1. The prefit χ2 probability for different λ corresponding to
different bases. See text for details.
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The first uncertainty with subscript “fit” is evaluated from
the Δχ2 ¼ 1 variation around the best fit point. It incor-
porates the experimental uncertainties as well as the
uncertainty due to the unknown shape function, which is
simultaneously constrained in the fit. The theory and
parametric uncertainties are evaluated by repeating the
fit with different theory inputs [30]. The theory uncertain-
ties are due to unknown higher-order perturbative correc-
tions to the shape of the spectrum in the peak region, which
are evaluated by a large set of resummation profile scale
variations. The results for all variations are shown by the
yellow lines in Fig. 2 and scatter points in Fig. 3. To be
conservative, the theory uncertainty quoted in Eq. (13) is

obtained from the largest absolute deviation for a given
quantity (ignoring the apparent asymmetry in the varia-
tions). The parametric uncertainty is only relevant for λ̂1,
for which it comes entirely from ρ̂2.
Varying the residual cc̄-loop contributions in the theory

inputs for the fit, equivalent to the cc̄ uncertainty in Eq. (5),
changes the extracted jCincl

7 j by �0.2% and m1S
b by

�1 MeV, showing that by far the dominant dependence
on and uncertainty from these contributions is factorized
into Cincl

7 . The uncertainty due to the numerical value of
m̂2

c=m̂2
b contributes most of the parametric uncertainty of

jCincl
7 j in Eq. (13).
From Eq. (5) and jVtbV�

tsj ¼ ð41.29� 0.74Þ × 10−3

[95], we find the SM value jCincl
7 VtbV�

tsj ¼
ð14.96� 0.68Þ × 10−3, with the uncertainty dominated
by jCincl

7 j in Eq. (5). This is shown by the gray band in
Fig. 3 and is in excellent agreement with our
extracted value.
Converting our result for m1S

b to the MS scheme at three
loops including charm-mass effects [97], we find

m̄bðm̄bÞ ¼ ð4.224� 0.040� 0.013Þ GeV; ð14Þ

where the first uncertainty comes from the total uncertainty
in m1S

b in Eq. (13), and the second one is the conversion
uncertainty. This result agrees with the world average of
m̄bðm̄bÞ ¼ ð4.18þ0.03

−0.02Þ GeV [95].
In Fig. 4, we demonstrate the basis independence by

comparing the results for jCincl
7 j and m1S

b for the four basis
choices in Fig. 1. The results using these bases are
consistent within a fraction of the fit uncertainties. This
would not be the case without including an additional
coefficient (c3) to account for the truncation uncertainty.

FIG. 2. The fitted shape function F ðkÞ with central result (dark
red) and fit uncertainties (dark orange lines). The yellow curves
show the variation of the fitted shape when varying the pertur-
bative inputs as discussed in the text.

FIG. 3. Results for jCincl
7 VtbV�

tsj and m1S
b . The central fit result

is shown by the dark orange point and ellipse. The yellow
scattered points show the variation of the fit results when varying
the perturbative inputs as discussed in the text.

FIG. 4. Comparison of the fit results for jCincl
7 VtbV�

tsj and m1S
b

for four different bases. The results are consistent within a
fraction of the fit uncertainties.
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Conclusions.—We presented the first global analysis of
inclusive B → Xsγ measurements to determine jCincl

7 j
within a framework that allows a model-independent and
data-driven treatment of the nonperturbative b-quark dis-
tribution function F ðkÞ. The value extracted from Eq. (13),
jCincl

7 j ¼ 0.3578� 0.0199, is consistent with the SM pre-
diction in Eq. (5).
In comparison, in the past, the SM prediction for the rate

in the Eγ > 1.6 GeV region, BðB → XsγÞ ¼ ð3.36�
0.23Þ × 10−4 [4], was compared with its measurement,
BðB → XsγÞ ¼ ð3.32� 0.15Þ × 10−4 [20], which have
6.8% and 4.5% uncertainties, respectively. The latter relies
on an extrapolation to the 1.6 GeV cut and on correspond-
ing uncertainty estimates, which entail insufficient varia-
tions of the nonperturbative shape-function models and
perturbative uncertainties that affect the spectrum. In
addition, correlations in these uncertainties in calculating
and measuring the rate for Eγ > 1.6 GeV cannot be fully
assessed. In contrast, in our approach, Cincl

7 is reliably
calculable in the SM or in models beyond it, and the
relevant hadronic physics and its uncertainties are deter-
mined from the data, together with the extraction of jCincl

7 j.
Hence, our approach is more reliable as it makes optimal
use of the data, uncertainties from nonperturbative param-
eters and perturbative inputs are clearly traceable, and no
double counting can occur.
The uncertainty in our extracted jCincl

7 VtbV�
tsj2 from

Eq. (13) is 10.6%, about twice the uncertainty in the result
of the Heavy Flavor Averaging Group (HFLAV) for the
Eγ > 1.6 GeV rate. If we neglect the theory uncertainties as
well as the truncation uncertainty (by repeating the fit only
including up to c2), we would obtain a smaller uncertainty
of 5.5%, close to that of HFLAV’s result. This suggests that
HFLAV’s uncertainty is underestimated by about a factor of
2, which leaves more room for new physics. More
importantly, the precision of testing the SM is also limited
by the extraction of jCincl

7 j from data and can be improved
significantly with high-precision Belle II measurements.
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