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Optical Energy-Difference Conservation in a Synthetic Anti-PT-Symmetric System
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Anti-parity-time (APT) symmetry is associated with various effects beyond the fundamental limitations
implied in the standard Hermitian-Hamiltonian dynamics. Here, we create an optical APT-symmetric
system in a synthetic frequency domain using a conventional fiber without intrinsic gain or loss and
experimentally reveal photonic APT-symmetric effects, including energy-difference conservation and
synchronized power oscillation, which have not yet been confirmed experimentally in the optical domain.
The optical fiber-based APT-symmetric system has a long interaction length because of its negligible loss,
and the APT-symmetric Hamiltonian is precisely tunable with optical pumping density and phase
mismatch. On this basis, we observe the phase transition at exceptional points, energy-difference
conservation, and synchronized power oscillation. Our results provide a robust theoretical and experimental
framework connecting the emerging non-Hermitian physics with technologically important nonlinear fiber-

optic interactions.
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Recent developments in non-Hermitian physics have
opened up intriguing possibilities for novel wave properties
by intentionally engaging internal physical activities with
environmental interventions. For example, carefully
designed gain and loss in connection with interstate
coupling strength have produced numerous anomalous
effects associated with the parity-time (PT) symmetry
[1-7] and exceptional-point (EP) singularity [8], studying
the class of Hamiltonian that commutes or anticommutes
with PT operation, referred to as the PT or anti-PT-
symmetric system, respectively [3,9]. Such effects include
spontaneous symmetry-breaking phase transitions [1-3,5,
10,11], autotuned wireless power transfer [12], unidirec-
tional diffraction [13-15], refractionless media [9], and
time-asymmetric topological operations [16,17]. These
non-Hermitian phenomena have no counterpart among
conventional closed-system properties. Studying non-
Hermitian systems in conceptually far-reaching open-sys-
tem domains is of great interest to create powerful
theoretical tools and practical technologies beyond the
inherent limitations in previously established Hermitian-
system approaches.

Beyond the geometric dimension, it is possible to
explore physics in new dimensions such as frequency,
time, and orbital angular momentum, which are referred to
as synthetic dimensions [18]. Non-Hermitian systems using
nonlinear wave-mixing processes in the synthetic fre-
quency domain provide efficient experimental flexibility
for configuring desired coherent environmental interven-
tions [19-21]. Recently, anti-PT (APT) symmetry through
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four-wave-mixing (FWM) has been realized in cold atoms
[19] and optical fibers [21], resulting in APT-symmetric
phase transition and non-Hermitian dynamics around
the EP.

Most of these experiments were performed with incom-
pletely balanced gain and loss in an effective PT-symmetric
system or loss-dominant quasi-PT-symmetric system [4].
Energy-difference conservation (EDC) in APT symmetry is
in contrast to the standard Hermitian dynamics’ net-energy
conservation and the cross-conjugate product conservation
of the PT-symmetric dynamics [22], requiring a perfectly
balanced gain and loss. EDC has been implemented only in
electrical circuits [22], but there have been no reports of
EDC in the optical domain because of various fabrication
difficulties for the precise control of optical gain and loss.
The APT-symmetric EDC may provide new methods for
optical manipulation, including antiadiabatic topological
time asymmetry [16,17], EP-related unidirectionality
[3,13,14], and diverging parametric sensitivity [23,24].

In this Letter, we show that the anti-PT-symmetric
Hamiltonian naturally arises in the degenerate FWM
process and consequently follows a pseudo-Hermitian
conservation law, i.e., the optical energy-difference con-
servation. We develop an APT-symmetric Hamiltonian
theory of a third-order nonlinear optical system that does
not involve any explicit material gain and loss mechanisms,
and we observe the spontaneous symmetry-breaking phase
transition and synchronized power oscillation behaviors.
The proposed APT-symmetric system uses a fiber-optic
platform, taking advantage of the long interaction length,
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practicality, relative ease of system construction, and
negligible optical gain and loss [25,26]. Because of this
gainless-lossless system, we experimentally observe the
optical EDC behaviors for the first time, in excellent
agreement with the theory regarding the key physical
aspects, including energy-spectral properties and dynamic
responses.

FWM is a third-order nonlinear process inducing a
coupling between different frequency modes [27]. The
frequencies of the signal and idler are determined as
2v, — vy = v;, where v, v, and v; are the pump, signal,
and idler frequencies, respectively. In a lossless medium
under a high-power nondepleted pump, weak seed signal
and generated idler waves can be described as two coupled
states in a binary system. The signal-field amplitude (A;)
and idler-conjugate-field amplitude (A;) obey the
Schrodinger-like coupled equation [1,2,4]

(). 0

where the effective Hamiltonian is given by (see
Supplemental Material, Sec. I [28])

—€ iK —Ak/2-yP, iyP,
Hppr={ . = hc . .
ik € iyP, Ak/2+yP,
(2)

2e, K, v, and P, represent the energy difference, coupling
coefficient between two modes, third-order nonlinear coef-
ficient, and pump power, respectively. Ak = k, + k; — 2k,
is the wave vector mismatch, where k, k;, and k,, correspond
to the wave vector of the signal, idler, and pump fields,
respectively. Note that this effective Hamiltonian satisfies the
APT symmetry, i.e., (PT)H spr(PT)™" = —H spr, denoting
a simple sign change of the Hamiltonian under PT reversal
(see Supplemental Material, Sec. I [28]). The pure imaginary
coupling constant indicates gain or loss [29]. Through proper
gauge transformation, we obtain an identical and pure-
imaginary coupling constant, which is in contrast to the
real coupling constant (i.e., conjugated) in a Hermitian
system. As the pump power is much larger than that of
the signal and idler, we can consider the pump an environ-
ment for the system of interest.

In the proposed synthetic APT-symmetric system, two
frequency modes in a single-mode waveguide couple to
each other with coupling coefficient ix. The eigenvalue of
the system is given by

Ak 4yP
e —k2=4hc—1/1+ " p

fe=XL== 5 AL (3)

The eigenvalue changes from a real value to an imaginary
value when the sign inside the root varies from positive to

negative, indicating the spontaneous symmetry-breaking
phase transition. In APT-symmetric systems, having a pure
imaginary eigenvalue is identical to the case where the
corresponding eigenstate is invariant under the PT oper-
ation (see Supplemental Material, Sec. II [28]). Thus, the
transition from the real to the pure imaginary eigenspectra
corresponds to the phase transition from the broken PT-
symmetry phase to the exact PT-symmetry phase [11]. In
the anomalous dispersion regime (Ak < 0), the symmetry-
breaking phase transition can be readily obtained by
sweeping the pump power. The point where the phase
transition occurs (Ak[Ak + 4yP | = 0) is referred to as an
exceptional point (EP). In addition, our APT-symmetric

systems have pseudo-Hermiticity, such that HZPT =
o0,Hppro,, where o, is the Pauli matrix [22,33].
Therefore, the energy difference between the signal and
idler modes is conserved along the propagation direction (z
axis), corresponding to the Schrodinger equation time axis.
When the signal field is seeded, a normal-mode solution
of Eq. (1) is given by
) Ci? 2§z C-«? . 52 € — K2
A C_f— hc €2_K2s1n hc

AP =

(4)
C is the input seed power. The idler intensity |A}|
dependence on propagation distance z drastically changes
as eigenvalue £ changes its value from a real to a pure
imaginary number at the EP, i.e., from a simple sinusoidal
oscillation for purely real ¢ in the broken PT-symmetry
phase, a quadratic dependence (%c)~2k?z? for £ = 0 at the
EP, and to an exponential dependence for purely imaginary
£ in the exact PT-symmetry phase.

The power difference remains constant at the input seed
power, regardless of the z value, ie., [|A (z)]*—
|A#(z)]* = C, which is in contrast to the conventional
Hermitian-Hamiltonian system. Unlike Hermitian systems
where the powers of two coupled channels oscillate with
opposite phase, i.e., |A,(z)|* + |A}(z)|* = C, the powers of
the two channels in the APT-symmetric system oscillate
synchronously with the same phase in the broken PT-
symmetry phase (having real eigenvalues). In a more
fundamental consideration, this intensity-difference-con-
serving property originates from the pseudo-Hermiticity
implied in the APT symmetry, as explained in Ref. [22].

Our experimental schematic is shown in Fig. 1. A
dispersion-shifted fiber (DSF) is the FWM medium that
produces our desired APT-symmetric effects. We inves-
tigate the APT dynamic responses in a parameter space
defined by pump power and frequency detuning. The
measured dispersion properties [34] of the DSF are a zero
group-velocity-dispersion (GVD) wavelength (4,) of
1533.5 nm and a dispersion slope of 71.6 s/m?, and the
length of the DSF is 2 km. The frequency of the pump laser
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FIG. 1. Experimental setup of the proposed system. PUMP,

pump laser; SEED, seed laser; PC, polarization controller; CF,
combining filter; DSF, dispersion-shifted fiber; ILP, in-line
polarizer; BS, beam splitter; TF, tunable filter; PM, power meter.

is fixed at 192.2 THz (1559.79 nm), which is in the
anomalous dispersion region (4, > ), resulting in neg-
ative wave vector mismatch (Ak < 0).

Frequency detuning (Av) of the seed laser from the pump
frequency varies from 0.2 to 0.4 THz, where its peak power
is approximately 1 #W. The pump peak power ranges from
near 0 to 1.8 W. We restrict the pump peak power to less
than 1.8 W to avoid unfavorable nonlinear effects, includ-
ing pump depletion resulting from the cascaded FWM (see
Supplemental Material, Sec. III [28]). The synchronized
pump and seed lasers’ temporal width and repetition rates
are 3 ns and 10 MHz, respectively. Pump and seed pulses
are mixed with a combining filter. We match the pump and
seed beam polarization states using polarization controllers
and an in-line polarizer. After a beam splitter, one tunable
filter is set to the signal (seeded) frequency, and the other to
the corresponding idler (generated) frequency. The mea-
sured intensity values are calibrated with our setup net
efficiency, yielding the estimated peak intensities at the
output port of the DSF. The noise level in our detection
method is on the order of nanowatts.

Figure 2(a) shows the measurement results for the output
signal and idler pulse peak powers in Av — P, parameter
space, in comparison with the theoretical calculations given
in Fig. 2(b). Above the noise level (nanowatts), they are in
excellent agreement in all desired aspects, including power
oscillation, quadratic growth, and exponential ampli-
fication with respect to the EP loci indicated by red curves.
The domain is different from that of a Riemann surface.
The Hamiltonian satisfies the APT symmetry in the whole
parameter space (Av and P,). Note that the parameters in
the APT Hamiltonian are constant along the time or
propagation direction.

In addition, the measured signal and idler powers evolve
in a similar fashion with increasing negative wave vector
mismatch at fixed pump power. The wave vector mismatch
Ak is controlled by varying the pump wavelength, zero
GVD wavelength, and frequency detuning Av between the
pump and seed lasers (see Supplemental Material, Sec. IV
[28]). As expected, the idler power shows oscillating
behavior under the conditions of Av > Avgp and P, <
P, gp and amplification under Av < Avgp and P, > P, gp,
where Avgp is the frequency detuning at EP. The results

show that characteristic non-Hermitian properties are
inherent in the FWM effects, which are key processes
for parametric amplification [35].

Figure 3 shows the intersection of Fig. 2 versus the pump
power for various frequency detuning Av values. Signal
(blue) and generated idler (red) powers for Av = 0.27,
0.30, and 0.33 THz are indicated in Figs. 3(a), 3(b), and
3(c), respectively. The areas above the EP pump power
P, gp are shaded in gray. The solid curves show that the
theoretical calculation matches well with the experimental
data, using the measured input pump and signal powers, the
estimated phase mismatch (Ak), and an extracted nonlinear
coefficient (y). y is extracted as 1.51 W~'km™! by fitting
Eq. (4) to the data in Fig. 3 and used for Figs. 2 and 3. The
idler power does not follow the theoretical curves for
the sharp minima; this may be due to imperfections in the
experiments, such as nonuniform DSF. Assuming a non-
uniform DSF, the theoretical calculations show that the
mismatch between the experimental data and the theory
decreases. See Supplemental Material, Sec. V, for the full
comparison results [28]. Note that the oscillation below
P, gp and amplification above P, gp represent the charac-
teristic responses associated with the spontaneous sym-
metry-breaking phase transition. Above P, gp, both the
signal and idler powers are amplified, even though the
system has both plus and minus pure imaginary eigenvalues
related to the nonlinear gain or loss. This is because the
eigenstate corresponding to the gain in Eq. (1) is invariant
under PT operation, meaning that the eigenstate has an
equal magnitude for signal and idler fields. Therefore, the
simultaneous amplification in the signal and idler powers
confirms the equivalence relationship between the pure
imaginary eigenspectra and the exact PT-symmetry phase.

The spontaneous symmetry-breaking phase transition is
more obvious if the signal and idler powers are normalized
by their sum, as shown in Figs. 3(d), 3(e), and 3(f) for
Av = [0.27,0.30,0.33] THz, respectively. As the intensity
difference between the signal and idler powers is con-
served, the signal and idler power amplification above
P, gp leads to the convergence of the power ratio between
them to 1. Therefore, the normalized powers oscillate
below P, gp and converge to 1/2 above P, gp. In addition,
we repeat the measurements for the negative frequency
detuning of the seed laser from 0.2 to 0.4 THz, and the
results are identical to results for positive frequency
detuning, as the sign of Av does not change the wave
vector mismatch. See Supplemental Material, Sec. VI and
Video S1 [28].

Figures 3(g)-3(i) show the experimental eigenvalues
inferred from the measurement data in Figs. 3(a)-3(c).
See Supplemental Material, Sec. VII [28], for details of the
eigenvalue-estimation method. The inferred eigenvalue
spectra show the real and pure imaginary eigenspectra
below and above P, gp, respectively. In the low-pump-
power range, the real eigenvalue does not match the
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FIG. 2. Phase transition between oscillation and amplification
in the Av and P, parameter space. The power of the signal and
generated idler beams on a log scale are presented in the Av and
P, parameter space. (a) is the experimental result, and (b) is the
theoretical calculations [note Eq. (4)]. The red line is the
calculated power of the signal light at the EP pump power.
The transparent gray surface is the guided surface of the EP in the
parameter space.

theoretical value, as the measurement of the idler output
power is not accurate below the noise level (~107™° W), as
shown in Figs. 3(a)-3(c). As seen in Fig. 3, we exper-
imentally confirm the symmetry-breaking phase transition
of our photonic APT-symmetric system.

We further investigate the pseudo-Hermiticity effects in
our fiber-optic platform. The intensity difference between
two basis states [(y(z)|o,|w(z))] is conserved in the z axis,
indicating no net energy exchange between the two basis
states [22,33]. See Supplemental Material, Sec. VIII [28].
In this analysis, we explore this unique pseudo-Hermiticity
effect by varying the propagation length. In Eq. (2), the
APT symmetry is preserved if each individual channel has
the same amount of gain or loss; i.e., adding the same pure
imaginary number to both diagonal components of the
Hamiltonian does not affect the APT-symmetric physical
condition of a system. However, as unbalanced gain and
loss lead to a change in the energy difference, it was quite
challenging to experimentally confirm the APT-symmetric
energy-difference conservation effect in the optical domain
[19,36]. Our fiber-optic APT-symmetric system takes great
advantage of long interaction time, i.e., long propagation
length and virtually lossless characteristic of commercially
available fiber-optic cables, which may enable observation
of this unique pseudo-Hermitian effect in the optics realm.

In this observation, we use the cutback method, where
the length of the DSF sample varies from 2 to 1 km, with a
step length of 100 m. We prepared another DSF sample
with similar dispersion properties: a zero GVD wavelength
of 1527.41 nm, dispersion slope of 72.6 s/m?, and
extracted nonlinear coefficient y of 1.46 W~ km~' which
is comparable with the reported values [37]. We measure
the optical powers of the final signal and idler states and
monitor the change in their difference. Figures 4(a), 4(b),
and 4(c) show the experimental and theoretical results
for various frequency detunings at 0.10, 0.15, and
0.20 THz, respectively, when the pump power is fixed at
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FIG. 3. Phase transition behaviors versus pump power. (a)—(c)

The seeded signal and generated idler powers on a log scale are
plotted against the input pump power. The background is shaded
gray above the EP pump power. The lines are the calculated
signal and idler powers. (d)—(f) The signal and idler powers
normalized by their sum in (a)—(c), respectively. (g)—(i) The
extracted eigenvalues from the data in (a)—(c) on a linear scale. In
(a),(d),(g), (b),(e),(h), and (c),(f),(i), the detuning between the
pump and seed lasers is set to 0.27, 0.30, and 0.33 THz,
respectively.

P, =047 W. As P,gp’s for these detunings are [0.22,
0.47, 0.83] W, respectively, the three cases represent the
conditions of above, right at, and below the EP, respec-
tively. The signal and idler powers undergo different
dynamics for these exemplary cases, i.e., exponential
growth for Fig. 4(a) above the EP, quadratic growth for
Fig. 4(b) at the EP, and periodic oscillation for Fig. 4(c)
below the EP. For all of these cases, the measured power
difference is conserved at the same value (~1 uW). The
points and error bars of the signal and idler powers are the
mean and standard deviation values out of ten repeated
measurements. The points and error bars of the difference
are calculated assuming Gaussian statistics for the differ-
ence between the means and root-sum-square values of the
standard deviations. See Supplemental Material, Video S2
[28], for fine-tuned analysis of Fig. 4. Importantly, this is
the first observation of the unique optical EDC, to the best
of our knowledge.

In addition, we repeat the measurements with different
detunings and pump powers to investigate the APT-
symmetric power oscillating behaviors below the EP
threshold. Figures 4(d), 4(e), and 4(f) show the seeded
signal (blue) and generated idler (red) powers for
Av = [0.29,0.30,0.31] THz, respectively, at a fixed pump
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FIG. 4. Energy-difference conservation and bounded oscilla-
tion. The signal (blue dots and lines) and idler (red dots and lines)
output powers and the difference between them (green dots and
lines) are represented on a linear scale for detunings of (a) 0.10,
(b) 0.15, and (c) 0.20 THz at a fixed pump power of 0.47 W,
showing EDC above, right at, and below the EP, and for
detunings of (d) 0.29, (e) 0.30, and (f) 0.31 THz at a fixed
pump power of 1.6 W, showing bounded oscillation and EDC
below the EP. The lines represent theoretical predictions.

power of P,=1.6 W. The corresponding EP pump
powers are P,pp = [1.74,1.88,1.99] W, respectively.
The measured signal and idler powers oscillate in unison,
as seen in Figs. 4(d)—4(f). As the detuning increases, the |e
increases. Then, both the amplitude and period of the APT-
symmetric power oscillation decrease, as predicted in
Eq. (4). In addition, the power difference between the
signal and idler powers is persistently conserved. See
Supplemental Material, Video S3 [28], for fine-tuned
analysis of Fig. 4.

In conclusion, we have established a synthetic non-
Hermitian optical system based on FWM nonlinearity in a
lossless-gainless fiber-optic platform. In addition to dem-
onstrating the anomalous APT-symmetric effects, we
expect antiadiabatic topological time asymmetry in our
platform (see Supplemental Material, Sec. IX [28], for how
to realize topological operation in our platform). The
properties with a lossless-gainless APT-symmetric system
are highly favorable for further development in various
technology areas, such as telecommunications, sensing,
and areas in which most previous non-Hermitian photonic
systems are limited. Furthermore, the single-mode fiber and
FWM mechanism used in this system have been intensively
studied to generate photon pairs or squeezed states of light
as quantum light sources [25,26,38,39]. Therefore, we
expect to combine the synthetic non-Hermitian systems
and quantum information systems in the future. Finally, we
believe that our result provides a robust and efficient
experimental platform for a further in-depth study on
open-system APT dynamics as well as concomitant device

applications in practice and will enable of future interdis-
ciplinary study.
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