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the Weak Noise Theory of the Kardar-Parisi-Zhang Equation
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We solve the large deviations of the Kardar-Parisi-Zhang (KPZ) equation in one dimension at short time
by introducing an approach which combines field theoretical, probabilistic, and integrable techniques. We
expand the program of the weak noise theory, which maps the large deviations onto a nonlinear
hydrodynamic problem, and unveil its complete solvability through a connection to the integrability of the
Zakharov-Shabat system. Exact solutions, depending on the initial condition of the KPZ equation, are
obtained using the inverse scattering method and a Fredholm determinant framework recently developed.
These results, explicit in the case of the droplet geometry, open the path to obtain the complete large

deviations for general initial conditions.
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Large deviation rate functions characterize rare events
and play a key role in nonequilibrium statistical physics
as generalizations of the thermodynamic potentials [1-3].
They have been much studied for interacting particle
models in one dimension. For diffusive systems, the macro-
scopic fluctuation theory (MFT) [4] provides a powerful
framework to calculate the large deviation of the density, of
the current, and of other fluctuating quantities, in agree-
ment with the available exact solutions [5]. For driven
diffusive systems, however, such as the asymmetric exclu-
sion process (ASEP) [6], there is not yet a general approach
to calculate the large deviations for all geometries.
Exact results from the matrix product ansatz [7] and the
Bethe ansatz are available in special cases, for instance, in a
stationary regime, either on a finite ring, where rate
functions are found to exhibit a universal shape, for the
totally asymmetric simple exclusion process (TASEP)
[8,9], the ASEP [10,11], and the Kardar-Parisi-Zhang
(KPZ) equation [12,13], or in open geometries [14—16].

The KPZ equation is a prominent example of the driven
diffusive class. It allows for a few exact solutions valid for
all times [17-31], which exhibit at large times the universal
typical fluctuations common to systems in the KPZ class
[32-34]. Much recent attention has shifted to its large
deviation properties, at late times [35—46] and also at short
times [37,38,47-64] where two main approaches were
developed. The first one uses the aforementioned exact
solutions for all times, obtained from a mapping of KPZ
observables to the integrable (replica) delta Bose gas. This
allowed researchers to obtain the short time large deviations
in a few cases [37,38,47-50]. A more versatile approach,
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closer in spirit to the MFT, is the weak noise theory (WNT)
[53-63,65]. It is a saddle point method on the dynamical
field theory, which is exact at short time. It leads to a system
of two coupled nonlinear partial differential equations,
which determine the “optimal” KPZ height field and noise
producing the rare fluctuation. Until now, however, these
equations have been solved only numerically, except in
some limits where useful but approximate solutions were
found. Although the existence of multisoliton solutions was
noted [55], no exact solution allowing for the full calcu-
lation of the large deviations was obtained.

In this Letter, we construct the exact solution to the weak
noise theory of the KPZ equation. Through the integrability
of the Zakharov-Shabat (ZS) system, originally introduced
to solve the nonlinear Schrodinger equation (NLS) [66], we
show that the full space time dependence of the optimal
height and noise fields admit representations in terms of
Fredholm determinants. We provide an explicit formula for
the KPZ droplet initial condition and give the general form
for a large class of initial conditions.

The KPZ equation [67] describes the stochastic growth
in time 7 of the height field A(y, 7) of an interface, here in
one space dimension y € R:

0.h(y.7) = v0h(y.1) + 2 [0, h(r. 2P+ VDn(r). (1)

where 7(y,7) is a standard space time white noise, i.e.,
n(y,o)n(y,7)=68(r-7)8(y —y'), where —= denotes
averages over the noise. We choose units such that
D =1y, =2and v =1 [68]. We consider the probability
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P(H,T) to observe the value h(0,T) = H — H, at time
7 = T, where H is a constant chosen below. At short time,
although the typical height fluctuations are Gaussian
with Edwards-Wilkinson scaling 8H ~ T'/4, the KPZ non-
linearity leads to nontrivial and nonperturbative tails for
P(H,T), describing rare events. For T < 1, it takes the
large deviation form

P(H.T) ~ exp|~®(H)/V/T). (2)
where the exact rate function ®(H) was obtained for
droplet, Brownian, and flat initial height profiles, from
the exact solutions [47,48,50,58].

We now explain how to obtain such a rate function from
the WNT: We first derive the WNT equations in a way
leading directly to the so-called {P, Q} system, which we
then analyze. To that aim, it is useful to define the rescaled
time and space variables as t = /T and x = y/+/T, where
T, the observation time, is fixed. Through the Cole-Hopf
map, the KPZ field is equivalently described introducing
Z(x,t) = e"?I+Ho which satisfies the (rescaled) stochas-
tic heat equation (SHE) in the Ito sense

D, Z(x,1) = 3Z(x, 1) + V2T *j(x, ) Z(x,1),  (3)
where 7(x, t) is another standard space time white noise.
This equation is now studied for ¢ € [0, 1]. The noise
amplitude is now of the order of T'/4; hence, a short
observation time 7 < 1 corresponds to a weak noise. Our
convenient choice is Hy = 1log T [69]. It is convenient to
study the following generating function which admits a
large deviation principle at short time 7 <« 1, with z > 0:

exp(—ze /VT) ~ exp[-¥(z)/VT). (4)

Inserting Eq. (2) into the lhs, we see that, for 7 < 1, ¥(z)
and ®(H) are related through a Legendre transform:

() = minfee! + D(H)). )
Here we aim to calculate ¥(z) and ®(H ) using the WNT,
for an initial condition of the form "0 = (1//T) x

Zo(y/V/T), where Z(x) is given, an example being the
droplet initial condition Zy(x) = 5(x).

Any average of the form (4) can be represented using the
dynamical field theory associated to the rescaled SHE (3) as

NVDffdidi(enZ(et) — [ DzDZe=1/VDSZZI with  the

dynamlcal action

S[Z.2. ] = /+°°dt/dx 200, - PZ - 227> - jZ).
(6)

where Z/+/T is the response field. In Eq. (4), the source
field is j(x,t) = —z6(x)6(¢r — 1). For T < 1, the action is
evaluated by a saddle point method. Defining Z = —zP,
Q =7, and g = —z, the saddle point equations of the
WNT, (65/6Z) = 0 and (6S/8Z) = 0, take the form of the
{P, Q} system

0,0 = 020 +2gPQ?,
—0,P = 0P + 2gP?Q, (7)

a close cousin of the NLS equation [70], which was also
discussed in Ref. [55]. While the {P,Q} system is
interesting in its own right, we will apply its study to
the following mixed boundary conditions, of interest for
the WNT:

Q(x.0) = Qo(x),  P(x,1) =6(x). (8)
The source j imposes this form for P at t =1 [71,72],
while Q is specified at t = 0 from the initial height of the
KPZ equation, i.e., Qg(x) = Zy(x). The function ¥(z) in
Eq. (4) is obtained from the action S in Eq. (6) at the
saddle point. Using the first equation in (7), it can be written
in the form (5), allowing one to identify ®(H)=
& [} dt [ dxP?Q? with H=H}:=arg miny[ze" + ®(H)],
in agreement with Ref. [53] (see also [72]). The “optimal
shape” hqy(y, 7) of the KPZ height field from the WNT,
i.e., the most probable one realizing the value /oy (0, T) =
H—-Hy at t=T and y =0, is obtained from the
solution Q(x,t) of (7) for t€[0,1] as eonl?) =
(/VDOIy/VT), (2/T).

Let us first analyze the {P, Q} system (7) for general
initial conditions and return to the WNT later. Remarkably,
(7) belongs to the Ablowitz-Kaup-Newell-Segur (AKNS)
class of integrable nonlinear problems [78], for which there
exists a Lax pair, i.e., a pair of linear differential equations
whose compatibility conditions are equivalent to (7). Here
the system reads 0,7 = U7, 0,v = U,v, where o =
(vy,v,)T is a two-component vector (depending on x, t,

and k) where
A B
U, = ., (9
= (g a) ©

—ik/2

U1 =

(gt
where A =k*/2-gPQ, B=g(d,—ik)P, and C =
(0, + ik)Q. One can check that the compatibility con-
dition 0,U — 0, U, + [U,, U,| = O recovers the system (7)
which we solve through the following scattering problem.
Let ¥ = e¥/2¢p with ¢ = (¢h.¢p,)7 and T = e¥"/2¢ be
two independent solutions of the linear problem such that
at x = —co, ¢ (e 2 0)T, and ¢~ (0,27,
Assuming from now on that P and Q vanish at infinity,
the x = +oo behavior of these solutions defines scattering
amplitudes

—gP(x,1)
ik/2 )
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¢ ( a(k, t)e—ikx/z )
x—)j»oo b(k’ t)eikx/Q ’

Plugging this form into the 0, equation of the Lax pair
at x - +oo, one finds a very simple time dependence:
a(k.t) =a(k) and b(k,t) = b(k)e %", a(k,t) = a(k)
and b(k,t) = b(k)e¥!. Another relation is obtained
from the Wronskian of the two solutions: a(k)a(k) +
b(k)b(k) = 1 [79].

Before providing explicit formulas for these scattering
amplitudes, let us show how to obtain from them the
solution for the {P, Q} system, i.e., how to construct the
inverse scattering transform. The spatial part of the Lax
pair is a 1D Dirac equation called the ZS system, origi-
nally introduced to solve the NLS equation [66,80] and
extended by AKNS [78]. It was shown very recently
[81,82] that the inverse scattering problem can be solved
by the means of Fredholm determinants (FDs). Introducing
the two reflection coefficients r(k) = b(k)/a(k) and
7#(k) = b(k)/[ga(k)], one defines two functions [83]:

(;5 ( Z’(lﬁ t)e—ikx/Z )
x—)j»oo —Zl(k, t)eikx/2 :

(10)

dk dk .
a0 = [ Sormere B = [ Srwet

(11)

and two linear operators from L?(R*) to L?(R*) with
respective kernels
Au(v,v) =A(x + v+ 1),

B (v,0") =B,(x+v+7).

(12)
Note that these functions and kernels obey the simple heat
equation in space time, and we assume that A,(x) and B, (x)

vanish fast enough for x — 4oc0. The solutions P and Q
[81,82] are reconstructed as

<5|Axt(l + Qth-Axt)_l ‘5>,
(8|By, (I + gABy,)7'16), (13)

O(x.1) =
P(x,1) =

where |5) is the vector with component &§(v) so that
(6]016) = 0(0,0) for any operator O. The product PQ,
which is a conserved charge, i.e., 9, [ dxPQ = 0 as easily
verified from (7), can be expressed from a FD as
gPQ = 92 logDet(I + gB,A,,). The formula (13), thus,
provides the general solution of the {P, Q} system, para-
meterized by the two functions A, and B,, equivalently, by
the scattering amplitudes. Although these are in one-to-one
correspondence with the {P, Q} boundary data, making it
explicit is nontrivial and is our aim below. Particular cases
are such that A, and B,, are operators of finite ranks,
leading to solitonic-type solutions [72]. The simplest one

leads to gPQ = {[(k + p)*]/4cosh® ] (k + p)[x — x0(2)]}.
In the context of WNT, this soliton has been used as an
approximate solution for H — +o0, and another rank-one
family was noticed in Ref. [55]. However, this is insuffi-
cient to obtain the full rate function ®(H), which requires
the (infinite-rank) general solution obtained in this work.

Let us now apply this to the WNT, i.e., for the boundary
data in Eq. (8), and characterize the scattering amplitudes.
Integrating the 0, equation of the Lax pair at ¢ = 1 for ¢
and ¢ usmg Eq. (8) allows one to obtain [72] that

b(k) = ge™ . In addition, if the initial condition Q(x,0)
is even in x (which we assume from now on), then a(k) =
a(—k) = [a(k)]* and b(k) is real and even. From the
Wronskian, this leads to the form

a(k) = e ® /1 — gb(k)e ¥, (14)
where we still have two unknown functions, a phase ¢(k),
which is odd ¢(k) = —@(—k), and b(k).

To determine them, we have derived from Eqgs. (12) and
(13), and the boundary data (8) at r = 1, the following
integral equation which the functions A,_;, B,_; must obey
(see [72]):

B\ (x) = 5(x) + gO(—x) / B, (x + 0)A(0), (15)

where A (v) = (p * Ap)(v) = [p dyp(v —y)Ay(y) denot-

ing the heat kernel at unit tlme p(z) = (e7%/*)\/4x).
Droplet initial condition.—Let us now specialize to
Qo(x) = 6(x). The solution of (7) then satisfies the
symmetry Q(x, 1) = P(x, 1 —t). This, in turn, implies that
A,(x) = B,_,(x) and r(k) = eFF(—k), also implying
b(k) = 1, which we use below. Hence, in Eq. (15), we
can replace A;(v) by (p * By)(v) and we obtain a closed
nonlinear integral equation for the function B; (which
equals Ag). This equation still looks formidable; however,
for readers familiar with random walks, it has a flavor of
another famous integral equation, the Hopf-Ivanov (HI)
equation [84,85], which, however, is linear, and reads

0
By(x) = 5(x) + gO(—x) / dyp(x—)Bi(y). (16)

—0o0

Amazingly, we found that these two equations, (16) and
(15), are equivalent. This can be tested in perturbation in g
and is shown to all orders in Ref. [72]. The HI equation
arises in survival probabilities of random walks [86—89].
Indeed, writing B,(x) as a series, B;(x) = 8(x)+

% ¢"By,(x), and inserting in (16) leads to the recursion
By, (x) = [,.op(x=¥)Bi,1(y). The interpretation is
then straightforward. Consider X(j) € R a discrete time
random walk, X(j+ 1) = X(j) +z;, with z; indepen-
dent identically distributed with jump probability p(z).
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Then B, ,(x) is the probability that the walk starting at
X(0) = O arrives at X(n) = x in n > 1 steps, while remain-
ing negative, {X(j) <0}, , [and [° dxB,(x)=
(2)272" is given by the universal Sparre Andersen theorem
[90,91]].

To show that the solution of Eq. (16) also solves Eq. (15)
then amounts to splitting the walk into two independent
parts, upon crossing the level x for the last time [72]
Introducing the Laplace transform B (s) = [°_ e**B(
the solution of the HI equation is known to be [85]

Bi(o) = exp(- [ S el —apta) ). (7)

where p(k) is the Fourier transform of p(z), here
p(k) = e™*. Going from Laplace to Fourier, from
Eq. (11) one finds r(k) = e"F(=k) = By (s)|,—_irso*-
Using [1/(s +iq)] = PV[i/(k—q)] + zé(k —q), we
obtain from Eq. (17) the reflection coefficient r(k) and
its phase ¢(k):

ig(k) dq klog(1 — g™’

R L
A/ 1—ge”

(18)

which, together with Egs. (11)—(13), completes the solution
of (7) for droplet IC. Plots of the optimal height log Q(x, 1)
are shown in Fig. 1 and Ref. [72]. Note that for r =1 a
simpler formula, Q(x, 1) = A;(|x|), holds.

To extract ®(H) = ¢* [, [ dxdtP*Q? from our solution
requires the computation of a difficult integral. This is
overcome by relating it, as well as ¥(z), to conserved
quantities. We use the construction of ZS [66] to generate
all conserved quantities C,, for the { P, Q} system; see [72].
We find C; =g [ dxPQ and C; = g( [ dxPJ2Q + gP*Q?).
The values C,(g) taken by these conserved charges can
be retrieved from the Laurent expansion of loga(k) =
> n>11Cn(g)/ (ik)"]. Until now, this is general for any initial
condition of the {P, Q} system. Now recall that for the
droplet IC we obtained loga(k) =—ig(k) +1log(1 —ge™¥).
Since the second term has vanishing Laurent expansion,
we find that —ig(k) = > .,[C,(g)/(ik)"]. Expanding in
powers of 1/k in Eq. (18), we obtain [92]

Ci(g) =

Gg) = (19)

1 -1
——Li , ——=Li .
\/4—” 3/2(9) \/ﬁ 5/2(9)

Since C; = g [ dxPQ is time independent, evaluated at
t =1 it leads to C;(g) = gQ(0,1) = ge’. On the other
hand, differentiating the Legendre transform in Eq. (5)
with respect to z gives ¥ (z) = efl. This implies that
C,(-z) = —z¥(z), and by integration

g=—100,H = —381

Geom = 0.1, H = 3.42

FIG. 1. The optimal height A (x, 1) = log Q(x, 1) for the droplet
initial condition at various times ¢ for final values (black dot)
H = —-3.81 (top) and H = 3.42 (bottom).

= ‘“P()(Z) = —LLiS/z(—Z),

¥Y(z) yiw

(20)

which allows one to determine ®(H) parametrically
as ®(H) =¥(z) —z¥(z), e =W¥(z) [it can also be
obtained from C3(g); see Ref. [72]]. Our WNT result
(20) agrees with Ref. [47], without relying on an exact
solution of the KPZ equation.

Until now, we assumed z = —¢g > 0 corresponding to
H<H,= —1log(4x), the most probable value of H such
that @’ (ﬁo) =0 [93]. However, (7) also holds for any
H > H, [55,72], corresponding to the attractive regime
g > 0 of the {P, Q} system. Indeed, ¥(z) can be analyti-
cally continued to z < 0, allowing one to determine ®(H)
for any H [47]. For H € (—o0, H_], Eq. (20) holds, with
z = —g varying from +oco downtoz = —1.For H > H. =
log{[¢(3/2)]/[V4x]}, a second continuation is needed,
W(z) = ¥o(z) + A(z), with A(z) =% {log[—(1/2)]}?
with z € [-1,0) as H € [H,,+). These continuations
correspond to two branches of solutions of the {P,Q}
system for 0 < g < 1. One finds [72] that the second branch
corresponds to the spontaneous generation of a solitonic
part in the solution, of rapidity x, with g = ¢, which
dominates the large deviations for H — +o0. It is described
by  A(x) = AX)|pw)—pw)rapm) T 2iperov R (in),
where Ag(k) = 2 arctan(xo/k) and B,;(x) = A;_,(x). The
values of the odd conserved charges are increased by
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AC,(g) = (2/n)k{, which for n = 1 induces the additional
part A(z).

General initial condition.—For general even Qg(x),
the only difference is that (k) is nontrivial, with r(k) =
b(k)e*’ 7(—k), and now A,(x) = (b * B,_,)(x), where b(x)
denotes the Fourier transform of (k) and * the convolu-
tion. Equation (15), replacing A,(v) = (p % b * B)(v),
is again equivalent to a linear HI equation for B;(x),
obtained by simply replacing p by p b in Eq. (16),
with the same random walk interpretation for a new
jump probability p(z) = (p * b)(z). Thus, this leads to

r(k):{[b(k)ei”’(k)} / {\/l—gb(k)e‘kﬂ} and (k) =

Fr(da/2x){klog[l - gb(q)e™]/(¢* — k*)}. One now
finds Cy(g) = [ (dg/27)Li;[gh(q)e ], leading to [94]

() = [ Shioglt + zbl@)e ). (2)

Interestingly, such a form was observed to describe all
known exact solutions [95], e.g., flat IC [96]. Thus, for a
general initial condition, we reduced the problem to
computing a single unknown function b(k) and relating
it to Qp(x), a question left for the future. In Ref. [72], we
give a formula relating b(k), Qy(x), and P(x, 1) allowing
for expansions around the droplet solution.

In conclusion, our solution allows one to calculate the
optimal height and noise for arbitrary values of H,
previously inaccessible. The Fredholm approach provides
a novel analytical and numerical scheme for the solution of
the integrable {P, Q} system as shown in Fig. 1; see [72].
The present work demonstrates that inverse scattering
methods can successfully address optimal fluctuation
theory of stochastic systems, leading to analytic results
and interesting phenomena such as spontaneous soliton
generation.
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i, such that @ (H,)=0. Since one has, to O(z), [94] Where we recgll that b(q) depends on z.
Y(z) ~ zef!, it implies from Ref. [69] that H, = logef = [95] See Table 7.1 in Ref. [50] and also Ref. [38].

’ s ' 0 . [96] Deriving it from the WNT requires to extend our method to
log [ (dx'//47)e=)/ 8 Q4 (') for a general initial con-

N a nondecaying Qy(x), a work in progress.
dition and H, = —}log(4x) for the droplet IC.
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