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Neoclassical Tearing Mode Seeding by Nonlinear Three-Wave Interactions in Tokamaks
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We report the experimental observation of seed magnetic island formation by nonlinear three-wave
coupling of magnetic island triplets. In this experiment, disruptive 2,1 islands are seeded by the coupling of
4,3 and 3,2 tearing modes to a central 1,1 sawtooth precursor. Three-wave interactions between these
modes are conclusively identified by bispectral analysis, indicating fixed phase relationships in agreement
with theory. This new observation of this seeding mechanism has important implications for future reactors
that must operate in stable plasma equilibria, free of disruptive 2,1 islands.
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Introduction.—Nonlinear three-wave interaction is an
important process in a number of fields within physics, for
example, in nonlinear optics [1], in quantum mechanics [2],
in hydrodynamics [3], and in plasma turbulence [4]. For
example, in fluids and plasmas, this interaction leads to the
cascade of quadratic invariants, resulting in universal
scaling laws of fluctuation spectra [5]. Magnetic recon-
nection and three-wave interaction of magnetohydrody-
namic (MHD) modes are topics of significant interest in the
study of the magnetosphere, the ionosphere, and the solar
wind [6], as well as in magnetic confinement fusion
research, for example, between fast-ion modes [7].
The theory of nonlinear three-wave coupling applies to
magnetic island triplets with the general matching con-
ditions for wave vectors (k| + k, = k3) and frequencies
(f1 + f2 = f3). In tokamaks, the wave vector equation is
equivalent to matching conditions for poloidal (m) and
toroidal (n) mode numbers m + m, = ms and n; + n, = ny
[8,9]. Magnetic islands are closed helical flux tubes formed
by magnetic reconnection [10]. They are of strong interest
in tokamak research, particularly the m, n = 2, 1 island, as
it is the primary cause of rapid and violent discharge
terminations, called disruptions [11]. This island is often
formed by the pressure-gradient-driven neoclassical tearing
mode (NTM), a nonlinear resistive MHD instability that
requires a seed in order to grow. NTM seeds are known to
be formed by transient events such as core-localized
sawtooth crashes [12] and edge-localized modes (ELMs)
[13]. However, nonlinear three-wave coupling of preexist-
ing magnetic islands is a potential new type of NTM
seeding in tokamaks. Tearing mode cascade [14] and
magnetic island phase locking have been observed
[15,16] in toroidal fusion devices. Magnetic island seeding
by three-wave interactions was considered in Joint
European Torus [17], but conclusive evidence has never
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been reported, leaving this important prediction an open
question for decades.

In this Letter we report conclusive experimental evidence
of magnetic island seeding by nonlinear three-wave cou-
pling in tokamaks for the first time. Of most importance, we
report disruptive 2,1 NTM seed formation by 4,3 and 3,2
tearing mode (TM) interaction with a 1,1 sawtooth pre-
cursor in DIII-D plasmas [18] using the International
Thermonuclear Experimental Reactor (ITER) baseline
scenario’s normalized parameters and shape [19].

Experimental setup.—The relevant parameters are as
follows: 1.76 m magnetic axis major radius (R,), 0.56 m
minor radius (a), 1.35 MA plasma current (I,), 1.8 T
toroidal magnetic field (B7), 4.6 MW neutral beam power,
and no electron cyclotron heating. The EFIT [20] magnetic
equilibrium is constrained by motional Stark effect spec-
troscopy [21] and by external magnetic probes [22]. The
q = 2 surface is at p=~0.73 (p is the square root of
the normalized toroidal flux, and ¢ is the safety factor,
the number of toroidal transits per single poloidal transit of
a field line on a toroidal flux surface). The electron density
(n,) is 6 x 10! m™3, and the electron temperature (T',) is
1.2 keV (Thomson scattering [23]) at ¢ = 2. The normal-
ized plasma beta is near constant at 1.8 (fy = faBy/I,,
where f is the ratio of plasma pressure to magnetic
pressure). Because of the high density, the electron cyclo-
tron emission (ECE) near ¢ = 2 is absorbed; hence local
measurements of the ECE electron temperature are not
possible.

MHD instabilities are monitored via measurements of the
poloidal magnetic field perturbation (B,) [22]. These sen-
sors provide 5 ps temporal resolution, as well as mode
number identification with m <5, n <5. By of each TM
opens a magnetic island structure where the mode helicity
matches the equilibrium magnetic field helicity, at g = m/n.
This results in m (n) islands in the poloidal (toroidal) plane.
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As the island rotation is dominantly toroidal the island
rotation frequencies are f, ,/n, where f, , are the measured
magnetic fluctuation frequencies in the laboratory frame.

2,1 Island seeding by three-wave interactions.—In the
analyzed discharges, viable 2,1 seed islands are produced
by nonlinear three-wave coupling between phase-locked
TMs. Seeding occurs either (i) when initially decoupled
high m, n TMs grow to a sufficiently large amplitude, then
slow down and nonlinearly couple to a 1,1 sawtooth
precursor or (ii) when small-amplitude high m, n modes
phase lock together at the 1,1 frequency for multiple
sawtooth periods until one grows to a sufficiently large
amplitude. Here we present an example of the first type.

The representative discharge in Fig. 1 is characterized by
ELM events [shown in Fig. 1(a) by the spikes of D,
emission from the plasma edge] and sawtooth crash events
[shown in Fig. 1(e) by the sudden cessation of the 1,1
precursor]. In the analyzed time frame, the plasma /3 is held
constant, and the current profile has fully relaxed. This is
seen from the fact that go5 (¢ at w =0.95, y is the
normalized poloidal flux), ¢, (minimum of g), and /;
(plasma internal inductance) are constant [Fig. 1(a)] and
Jj(r) (parallel current density profile) is fixed (not shown).

The 2,1 seeding occurs at t &~ 4721 ms, which is marked
by a vertical dashed line. There is no ELM [Fig. 1(a)], and
there is no sawtooth crash [Fig. 1(f)] at this time either.
Hence this 2,1 island is not seeded by an ELM or a
sawtooth crash. Three modes participate in the 2,1 seeding:
a 1,1 sawtooth precursor; a 4,3, island; and a 3,2 island. The
By spectrogram in Fig. 1(b) shows that the 1,1 mode near
the f,,; = 3.7 kHz frequency grows and crashes periodi-
cally about every 75 ms. The 3,2 island rotates with a stable
frequency near f;, = 7.4 kHz, and the 4,3 island slows
from a maximum frequency of about f,3; = 14 kHz to
about 11 kHz by the time of the seeding event. f ; at the
2,1 formation is marked by the lower horizontal dashed
line. In addition, the second and third harmonic frequencies
are also marked with dashed horizontal lines in Fig. 1(b).
The 2,1 island forms when the 4,3 couples to the 3,2 and
the 1,1, in agreement with the time histories of the f,, ,/n
rotation frequencies [Fig. 1(c)] and A,, magnetic amplitudes
[Figs. 1(d) and 1(e)].

In accord with the spectrogram in Fig. 1(b), the fre-
quency time traces in Fig. 1(c) show that the 1,1 and 3,2
modes are rotationally coupled to each other initially, but
the 4,3 mode is not coupled to them. f ; and f;, are nearly
constant (apart from small drops caused by ELMs) while
the 4,3 island is slowing. This slowing is caused presum-
ably by the electromagnetic torque between the 4,3 and 3,2
islands as their corresponding rational surfaces are only
4 cm apart. The torque from the 1,1 mode has a similar
effect, while, with sufficiently high rotation frequency, the
drag from induced wall currents remains relatively small.
Figure 1(e) shows that the robust n =1 growth begins
when the 4,3 island couples to the 3,2 and 1,1 modes. At
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this time the n = 1 amplitude increases to about twice the
amplitude of previous 1,1 modes [Fig. 1(e)], and the 4,3
amplitude rapidly decreases [Fig. 1(d)]. This is consistent
with the 1,1 being driven by the coupling between the 4,3
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and the 3,2, while the 1,1 and coupled 3,2 island produce
the 2,1 seed island. These three-wave interactions satisfy
the following relations at f,, ,/n = const:

(m,n=4,3)—(m,n=3,2) > (myn=1,1), (1)
(mn=32)—(mn=1,1) > (mn=2,1). (2)

Simultaneous measurements of By in the high-field-side
and low-field-side midplane enable isolation of the m = 1
and m =2 components for the n =1 signal. The 1,1
ampitude in Fig. 1(f) and the 2,1 amplitude in Fig. 1(g)
show that at the time of 4,3 and 3,2 coupling the 1,1
amplitude is about 2 G and the 2,1 amplitude suddenly
grows to about 2 G. The 1,1 mode does not crash at this
time, clarifying that the 2,1 island is not seeded by a
sawtooth crash. The 2,1 grows linearly in time, consistent
with a neoclassically driven island, and the 1,1 crashes
about 14 ms later (marked by the second vertical dashed
line). Both the amplitude and lifetime of this sawtooth
instability are consistent with the preceding 1,1 modes in
the discharge. At the time of this crash the 2,1 amplitude is
already about 6 G, and it continues to grow linearly
thereafter, interrupted by small drops caused by ELMs.
Note that the 2,1 field perturbation is about 1 G at the time
of seeding, which is a very small fraction (%107*) of the
equilibrium field.

Phase locking.—While rotation-frequency matching is
evident from the f,, ,/n time traces in Fig. 1(c), fixed phase
relationships are conclusively identified by bicoherence
(b?) analysis in Fig. 2(a). b* is the squared normalized
bispectrum, which is a statistical measure for quantifying
the extent of phase coupling between frequency pairs
(f1, f») in a single signal, often used to identify nonlinear
interactions in measured data [24]. To reduce the statistical
noise, b? is calculated from each of the 14 B, probes of the
outboard midplane toroidal array separately in a 70 ms
window around the time of seeding, then averaged between
all probes:

2 |<Fi,n(f1>Fi,n(f2)F?,n(fl +f2)>n|2
= <<|F,»,n<f1)Fi.n<fz>|2>n<|Fr,n<fl +f2>|2>n>,-' ®)

Here F; , is the Fourier transform of the nth segment in the
ith magnetic probe data. B, is sampled at 200 kHz, giving
14 000 points in a 70 ms window. This allows one to divide
each probe signal to 70 segments, with 200 points per
segment. Here * stands for complex conjugate and (- -),
((--+);) for averaging over the segments (probes). b* in
Fig. 2(a) shows a fixed phase relationship between (i) the
4,3 and 3,2 frequencies at the time of seeding (approx-
imately 11 and 7 kHz) and (ii) the 3,2 and n =1
frequencies (approximately 7.0 and 3.5 kHz). The maxi-
mum value of b>(f,, f,) in these frequency bins is about

(a) Bicoherence of magnetic probes (DIII-D #169537, At=4685-4755ms)
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FIG. 2. (a) Bicoherence of B, at the time of 2,1 seeding.

(b) Time trace of bicoherence between the n =1 and n =2
modes, n = 1 amplitude, and differential rotation of n = 1 and
n = 3 modes. (c) Spatial harmonics of l~'>’9. (d) Cartoon of 2,1; 3,2;
and 4,3 islands with phasing derived from (c).

23%, with a significance level of 2%. Note that b*(f, f>)
in these bins is comparable to the significance level before
the seeding event, indicating that the 3,2 island is slowly
drifting with respect to the 1,1 mode before the 4,3 island
couples to them, as shown in Fig. 2(b). Therefore, there is
no nonlinear three-wave interaction between the n = 1 and
n = 2 modes until the 4,3 island couples. The fact that the
rapidly rotating 4,3 island resides between the 1,1 and 3,2
modes offers an explanation for this observation.

Phase relationships.—The phases and amplitudes of
the n =1, 2, and 3 harmonics are calculated by spatial
Fourier decomposition of B, measured by the low-field-
side midplane toroidal sensor array at an instant of time in
the phase-locked state [25]. In these spatial harmonics, the
m, n island X points (O points) correspond to the maxima
(minima) of the corresponding nth harmonic. Figures 2(b)
and 2(c) show that the phase-locked state is characterized
by the alignment of one of the X points of the 2,1; 3,2; and
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4,3 island chains in the outboard midplane (at ¢ = 0 in this
example), in agreement with theory [26].

Magnetic energy balance.—The 4,3 magnetic amplitude
drops at the time of 2,1 seeding, while the 3,2 amplitude
remains near constant [Fig. 1(d)]. This is consistent with
the 4,3 magnetic energy converting to form the 2,1 seed, in
accord with Egs. (1) and (2). To estimate the energy
balance, we adopt the B, = C,m~'(r/ri"")"+1) at
r<r"" and By, = —=C,m ' (r{""/r)"t) at r> /A"
cylindrical model for the poloidal magnetic field perturba-
tion of a TM [27]. The C,, amplitudes are constrained by
the measurements of Bg,m at the wall, and the resonant
surface locations (ri"") by the EFIT. The magnetic energy
of each mode is proportional to the /,, = [ B}, dV volume
integral, which is evaluated separately for the 2,1 and 4,3
modes before and after the seeding event (at t = 4721.5 ms
and ¢t = 4722.0 ms, respectively). This simple model esti-
mates that the drop of the 4,3 magnetic energy accounts for
96% of the 2,1 seed island magnetic energy.

Note that while the 4,3 and 3,2 amplitudes are relatively
small at the wall, they are generally much larger in the core
as (i) the tearing eigenfunctions peak where ¢ = m/n
which are deeper for the 4,3 and 3,2 (compared with the
2,1) and (ii) they decay quicker with respect to r.
Specifically, in this plasma, the maximum of the 3,2
(4,3) is 14% (9%) at the wall relative to the 25 G at which
the 2,1 disrupted. Mapping By to ¢ = m/n yields that the
3,2 (4,3) amplitude at the time of seeding is 34% (54%) at
q=3/2 (¢ =4/3) with respect to the 2,1 amplitude at
q = 2 at the time of disruption (~ 35 G). The seed island
produces a 1 G magnetic field at the probe, corresponding
to 1.4 G at ¢ = 2. This perturbation is smaller than the 4,3
and 3,2 amplitudes at ¢ = 2. Therefore, these high m/n
modes should not be discounted in the analysis and in the
interpretation of the discharge evolution as the relative
amplitudes at the wall are not proportional to those in
the core.

Classical stability.—To evaluate classical stability, we
calculated the ideal MHD n = 1 global stability parameter
(6W) and the m = 2 diagonal element of the n =1 A’
matrix (A),) with STRIDE [28] in the 500 ms window prior
to the 2,1 onset. STRIDE uses state transition matrix methods
[29] to parallelize integrations of the Euler-Lagrange
equation, reducing the extrema of the perturbed energy
to a response matrix form 6W = (1/2u,)E'WE as in DCON
[30]. Here, E is a vector of complex poloidal harmonic
coefficients of the displacement at the plasma boundary,
and p, is the vacuum magnetic permeability. The lowest
eigenvalue of this response matrix (6W) is shown in Fig. 3.
Its constant, positive value indicates that energy is required
to distort the plasma with n = 1 toroidal asymmetry (i.e.
the plasma is stable to ideal MHD modes). The code also
calculates a full toroidal A’ matrix, an extension of the
tearing parameter [31]. Figure 3 also shows A, (a
representative matrix element, which would reduce to
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25
16} :

<L

12} §
/‘WVW/\N15
8}
/\/\/‘\A/WEVT\/?LO
>

1120

i 105
0 : : : oo
-450 -300 -150 0
ttonset [ms] DIII-D #169529
FIG. 3. 6W, and A’,. Positive values reflect stable conditions.

the classical A’ in cylindrical geometry), which also stays
approximately constant. This steady A’ corresponds to a
growth rate of roughly 550 s~! according to RDCON [30].
Note that the coupling of the rational surfaces in toroidal
geometry does result in a nondiagonal matrix here however,
meaning the sign of this element is no longer intuitively
indicative of the sign of the mode growth rate. 5W and A’,
do not cross any threshold prior to the 2,1 growth,
indicating no change in the classical tearing stability
can explain the sudden growth of the experimentally
observed mode.

Summary and discussion.—We reported the first obser-
vation of seed magnetic island formation by nonlinear
three-wave coupling in tokamaks. We reported 2,1 seed
island formation by 4,3 and 3,2 island interaction with a 1,1
sawtooth precursor in the DIII-D ITER baseline scenario.
These 2,1 seeds rapidly grow and terminate the discharges.
These plasmas reach the # and current flattop, and are
robustly stable to classical tearing modes. A number of
ELMs and sawtooth crashes undergo without seeding the
2,1 island in the absence of nonlinear three-wave coupling.
Seeding occurs when high m, n islands couple at various
times in the stationary plasma. The magnetic energy of the
seed island accounts for the drop of the coupling modes’
energy, and the seeded 2,1 island grows linearly thereafter
in accord with neoclassical theory. Therefore, these obser-
vations clarify that magnetic reconnection at ¢ = 2 is not
caused by a classical current-driven instability, but the 2,1
NTM seed island is formed by frequency matching and
nonlinearly interacting TMs that satisfy the mode number
resonance condition. Three-wave interactions are conclu-
sively identified with bispectral analysis, indicating fixed
phase relationships at the time of 2,1 seeding. The phase-
locked state is characterized by the alignment of one of the
X points of the islands in the outboard midplane, as
predicted. These results are general and relevant for future
reactors, as 70% of the considered unstable DIII-D ITER
baseline scenario discharges of the past decade without
electron cyclotron current drive are characterized by
frequency matching of resonant tearing modes at the time
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of 2,1 island seeding. This mechanism is also a candidate to
account for TM cascades, which has remained unexplained
since its first observation in 1989 [14]. In the absence of the
1,1 mode, 2,1 seeding could most likely occur when, e.g.,
the 3,2’s first (second) harmonic couples to the 5,3 (4,3).
This implies that even if the sawtooth instability and ELMs
are controlled, high m, n islands can nonlinearly interact to
seed disruptive 2,1 islands. As the nonlinear three-wave
interaction produces seed 2,1 islands while the plasma is
robustly stable to classical tearing modes, tearing free
operation may not be possible by locking in a classically
stable current profile in future reactors. This predicts new
challenges for the development of stable plasma scenarios,
calling for active control, suppression, and avoidance of
high m, n modes as much as possible.
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