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Magnetic textures are often treated as quasiparticles following Thiele’s equation of motion. We
demonstrate via spin model simulations of the current-driven and Brownian motion of ferromagnetic
skyrmions that the existing theory based on Thiele’s equation is insufficient to describe the dynamics of
skyrmions at finite temperatures. We propose an extended equation of motion that goes beyond Thiele’s
equation by taking into account the coupling of the skyrmion to the magnonic heat bath leading to an
additional dissipative term that is linear in temperature. Our results indicate that this so-far-neglected
magnon-induced friction dominates for finite temperatures and Gilbert damping values typical for thin
films and multilayers.
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Isolated magnetic skyrmions are topologically non-
trivial spin configurations that are embedded in homo-
geneous magnetic phases. The directions of the magnetic
moments S span the whole unit sphere, giving rise to a
finite topological charge Q ¼ 1=ð4πÞ R d2rS · ð∂xS ×
∂ySÞ [1–3]. As they can easily be manipulated by
magnetic, optical, and electrical means, skyrmions are
promising candidates as elements in conventional [4] and
unconventional computing [5,6] architectures. Since the
first detection of isolated skyrmions [7], they have
attracted considerable research interest, resulting in
experimental measurements of their current-driven
dynamics [8–11] and temperature-induced Brownian
motion [12–14].
So far, isolated skyrmions have often been treated as

quasiparticles and, in terms of a rigid-body description,
their dynamics has been analyzed via the so-called Thiele
equation [15]. This approach has proven successful in
describing the current-driven motion [16,17] of sky-
rmions, yielding quantitative agreement with numerical
simulations at zero temperature. Furthermore, it leads to
the prediction of skyrmion Brownian motion and the
derivation of an analytic expression for the diffusion
coefficients [18–20] whose validity in the high damping
and/or low temperature regime was demonstrated using
spin model simulations [21,22]. In experiments, however,
the situation is frequently the opposite: the damping can
be rather low and temperatures are usually rather high.
These limits are of special importance for potential
applications of skyrmions because it is desirable that
potential devices operate at room temperatures and in
low-pinning materials. The interplay between current-
driven motion and elevated temperatures, although highly
relevant for applications, has so far only been investigated
experimentally [11] and a theoretical discussion is still
lacking.

It was shown in the general context of solitons that at
finite temperatures the low-lying excitations that are
thermally activated serve as a heat bath to the soliton
[23]. In the case of spin systems, the low-lying excitations
are the magnons. Numerical calculations [24] and analyti-
cal investigations within a continuum model [25] demon-
strated that skyrmions create a finite scattering potential for
the magnons and that momentum is transferred from the
magnons to the skyrmion. Hence, at finite temperatures
the magnons serve as a heat bath that is coupled with the
skyrmion dynamics. The impact of this additional heat bath
has been studied for the quantum dynamics of domain
walls [26,27], vortices [28], and skyrmions [29,30] and was
found to give rise to a magnon-induced friction.
This Letter is organized as follows: first, we demonstrate

by means of an atomistic spin model approach and the
stochastic Landau-Lifshitz-Gilbert equation that the
existing theory based on Thiele’s equation is insufficient
to describe the Brownian motion of skyrmionic structures
with various topological charges at elevated temperatures.
We then propose an effective finite-temperature equation of
motion that goes beyond the Thiele equation by taking into
account the coupling of the skyrmions to the magnonic heat
bath via an additional friction term that is linear in
temperature. Comparing our model to spin model simu-
lations, we obtain an estimate for the strength of this
additional magnon-induced friction for skyrmions with
various topological charges. Last, we explore the impact
of the magnon-induced friction on the current-driven
motion via the spin-orbit torque.
The derivation of the Thiele equation rests on a spatial

average of microscopic spin degrees of freedom in a rigid
body approximation [15]. To test its validity, we chose a
spin model for a ðPt0.95Ir0.05Þ=Fe bilayer on a Pd(111)
surface via a spin Hamiltonian H considering only the
magnetic Fe moments,
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H ¼ 1

2

X
i≠j

SiJ ijSj þ
X
i

SiKSi −
X
i

μsSi · B: ð1Þ

The magnetic spin moment μs ¼ 3.06 × 10−23 J=T, the on-
site anisotropy tensor K, and the tensorial exchange
coefficients J ij, which model the Heisenberg exchange,
Dzyaloshinsky-Moriya interaction (DMI), and the two-site
anisotropy, were taken from Refs. [12,31]. B is an external
magnetic field that is applied perpendicularly to the surface
and has a fixed value of B⊥ ¼ 0.5 T throughout the study.
At B⊥ ¼ 0 T, the ground state of the system is a spin spiral
state that transforms into a collinear state if a field of B⊥ ≥
0.21 T is applied [32]. Skyrmionic spin structures with
different topological charges Q can then occur as meta-
stable excitations. So far, skyrmionic spin structures with
topological charges ranging from -3 to 3 have been
identified in this system [33]. The DMI, the antisymmetric
part of the J ij, in this system prefers the formation of
Néel-type skyrmionic spin structures with Q ¼ 1. The spin
structures with other topological charges are stabilized
by the frustration of the Heisenberg exchange, despite
being deformed by the DMI [32]. Unless stated otherwise,
all the results presented in the following were obtained
for the usual Q ¼ 1 skyrmionic spin structure, which will
be simply referred to as skyrmion in what follows. The
dynamics of the spins is calculated by the means of the
stochastic Landau-Lifshitz-Gilbert (LLG) equation of
motion [34–36],

∂Si
∂t ¼−

γ

ð1þα2Þμs
Si×ð½Hiþζ i�þαSi× ½Hiþζ i�ÞþTSOT

i ;

ð2Þ

where γ ¼ 1.76 × 1011 s−1 T−1 is the absolute value of the
gyromagnetic ratio and α is the Gilbert damping. Hi ¼
−∂H=∂Si is the effective field that is generated by the
external field, the on-site anisotropy, and the interactions
with the neighboring spins. ζ i denotes a stochastic field
modeling the effects of thermal fluctuations. Following
Ref. [37], ζ i has zero mean, and its autocorrelation is given
by hζμi ðtÞζνjðt0Þi ¼ 2αμskBTδμνδijδðt − t0Þ=γ, where μ and ν
are Cartesian components and kB is the Boltzmann con-
stant. In order to include the effect of spin-polarized
currents on spin textures, the right-hand side of Eq. (2)
is supplemented with the spin-orbit torque term [38,39]

TSOT
i ¼ βf − αβd

1þ α2
Si × Pþ αβf þ βd

1þ α2
Si × ðSi × PÞ; ð3Þ

where P is the effective spin polarization direction and βf
and βd are the strength of the fieldlike and dampinglike
torque, respectively, that depend on the injected current
density.

The numerical integration of the stochastic LLG equa-
tion is performed via a GPU-based implementation of
Heun’s algorithm [36]. We simulate 512 × 512 spins
featuring periodic boundary conditions with a fixed time-
step Δt ¼ 1.4 × 10−15 s for α ≥ 0.005, Δt ¼ 7 × 10−16 s
for 0.001 ≤ α < 0.005, and Δt ¼ 1.4 × 10−16 s for
α < 0.001. The trajectories rðtÞ of skyrmionic spin struc-
tures were determined by monitoring the change in the out-
of-plane magnetization, which has proven robust against
thermal fluctuations [18].
It is usually assumed that the motion of skyrmionic

spin structures can be described in terms of a rigid-body
description via the so-called Thiele equation [15] that can
be derived from the LLG equation reading

G × vþ Γv ¼ F: ð4Þ

Here, F represents forces exerted on the skyrmionic
spin structures, v is its velocity, G ¼ −4πQμs=γa2e⊥ is the
gyrocoupling vector, Γ describes friction, and a ¼ 2.751×
10−10 m is the lattice constant. Within the framework of the
Thiele equation, Γ ¼ αD with D ¼ μs=ð2γa2Þ

R
d2rð∂xS ·

∂xSþ ∂yS · ∂ySÞ and quantifying friction of the sky-
rmionic motion by dissipation of energy to the electronic
and/or phononic subsystems. This type of friction is
proportional to the Gilbert damping, and thus Eq. (4)
predicts undamped motion in the limit of vanishing α. The
first term in Eq. (4) is a result of the nontrivial topology of
the skyrmionic spin structures and gives rise to motion that
is transverse to the direction of the force.
The specifics of the effective force F depend on the

driving mechanism. It was demonstrated in Ref. [21] that
finite-temperature fluctuations due to the coupling to
the electronic and/or phononic heat bath, which are
modeled via the stochastic field ζ i in Eq. (2), lead to a
stochastic effective force Fth. This force has zero mean, and
its autocorrelation is given by hFth

μ ðtÞFth
ν ðt0Þi ¼

2kBTΓδμνδðt − t0Þ. Equation (4) then becomes a
Langevin-type equation of motion. The diffusion coeffi-
cient D can be calculated from the mean-squared displace-
ment via h½rðtÞ − rð0Þ�2i ¼ 2Dt and reads [18,19,22]

D ¼ kBT
Γ

Γ2 þ G2
: ð5Þ

This expression indicates a peculiar dependence on friction.
Usually, the diffusion coefficient of a particle increases if its
friction is lowered since typically D ¼ kBT=Γ. For sky-
rmionic spin structures, the situation is opposite: due to the
gyrocoupling term in Eq. (4), diffusive motion decreases
with decreasing friction [18]. So far, Eq. (5) has been
successful in predicting the diffusion coefficients of
skyrmions by yielding quantitative agreement with
numerical simulations [21,22]. However, these previous
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investigations were restricted to comparably large values
for α and/or low temperatures.
In the following, we investigate the Brownian motion of

skyrmions for a wide range of values for α (including the
limit α → 0) and for high temperatures. Note that, espe-
cially for α ¼ 0, the spin system is decoupled from the heat
bath and its energy is conserved. The dynamics are then
described within the microcanonical ensemble, where the
definition of temperature is subtle. The following results for
α ¼ 0 were obtained by first equilibrating the system with
finite α at different temperatures and then decoupling the
system from the heat bath.
Figure 1 depicts the diffusion coefficients obtained by

calculating the mean-squared displacements from simula-
tion data for different values of T ≤ 30 K (the critical
temperature of the system is approximately 50 K [40]) and
for α ∈ ½0; 1�. The dotted lines correspond to Eq. (5) and
compare favorably only for α≳ 0.1. For example, for
α ¼ 10−3, the estimate for the diffusion coefficient is more
than 1 order of magnitude lower than the values obtained
from the simulation data. The most striking difference
between the numerical results and Eq. (5) can be observed
in the limit α → 0: the diffusion coefficients do not vanish;
instead, we find that the numerically obtained D converge
to constant values that only depend on temperature.
The fact that Eq. (5) fails to describe the behavior in the

low α limit indicates that the Thiele equation [Eq. (4)] has
to be extended by an additional term in order to be valid at
finite temperatures. We propose that this term originates
from the presence of magnons in the spin system at finite
temperatures that serve as an additional heat bath [26–30].
A heuristic discussion of the interplay between magnons
and skyrmion dynamics will be given in what follows (for a
sketch illustrating our line of reasoning, see Fig. 2). Finite
temperatures lead to the occupation of low-lying collective

excitations of the spin system, the magnons, which propa-
gate through the system. As the skyrmion creates a finite
scattering potential [24,25], there is a coupling of the
skyrmion motion to the magnons in the system. This leads
to a damping of the skyrmion by dissipation of energy to
the magnon heat bath. The simplest way to extend the
Thiele equation is by replacing the friction in Eq. (4) with
an effective friction Γeff via

G × vþ ðαDþ ηTÞ|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}
Γeff

v ¼ F: ð6Þ

Here, we assume that, for symmetry reasons, the magnon-
induced friction ηT is isotropic and consequently η is a
scalar quantity. Linearity in T is concluded from the fact
that in the classical description the magnon occupation is
proportional to temperature [41]. Note, however, that the
scaling with temperature depends on whether one treats the
magnons as classical or quantum excitation [29]. Moreover,
since the occupation of the magnon modes is an equilib-
rium property, we further assume that η is independent of α.
This has profound consequences: depending on the respec-
tive values ofD and η, there is a range of α and T for which
the damping of the skyrmion motion due to coupling to the
electronic or phononic system becomes negligible and the
dynamics are fully governed by the coupling to the magnon
heat bath. This is especially important in the limit of
vanishing α, where the damping of the motion of skyrmions
remains finite for T > 0.
Let us now reconsider the Brownian motion of sky-

rmions. Assuming that the fluctuation-dissipation theorem
[42] is fulfilled, Eq. (6) is supplemented with an additional
stochastic force whose autocorrelation depends on ηT, and
the diffusion coefficient follows, analogous to Eq. (5), as

D ¼ kBT
Γeff

ðΓeffÞ2 þ G2
: ð7Þ

The above formula reduces to Eq. (5) for η ¼ 0. For
nonzero η, Eq. (7) describes the Brownian motion of

FIG. 1. Diffusion coefficient D versus α for various temper-
atures. Symbols are simulation results that are compared to the
theoretical predictions based on the normal Thiele equation
[Eq. (5)] (dotted lines) and our extended model [Eq. (7)] with
η ¼ 5.05 × 10−17 kg=ðsKÞ (dashed lines).

FIG. 2. Sketch of the transformation of a spin model to an
effective rigid-body description: in the spin model (left part), the
system is connected to the electronic or phononic heat bath via
the Gilbert damping α, which results in the αD term in the Thiele
equation (right part). At finite temperatures, magnons are present
in the spin model whose impact has to be accounted for by an
additional ηT term in the effective rigid-body description.
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skyrmions that interact with two types of reservoirs, the
phononic or electronic contributions (which depend on α
and are linear in T) and the magnonic contributions
(independent of α and proportional to T2).
We will now demonstrate the validity of our ansatz for

the magnon-induced friction in Eq. (6) and calculate
numerically the phenomenologically introduced parameter
η. Using Eq. (7), we can calculate the effective friction via
Γeff ¼ kBT=ð2DÞ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½kBT=ð2DÞ�2 −G2

p
. Figure 3 shows

the effective friction of skyrmionic spin structures with
Q ¼ −2;−1, 1 (for a figure depicting their spin structures,
see Ref. [43]) obtained this way from the numerical results
for the diffusion coefficient. In agreement with our pro-
posed generalization of the Thiele equation, we find a small
offset at T ¼ 0 corresponding to αD and a linear depend-
ence on temperature. As the offset is insignificant, Fig. 3
again demonstrates that at low α and finite temperatures the
magnon-induced friction dominates and the damping
resulting from a coupling to the electronic or phononic
heat bath is negligible. We further find that the slope is Q
dependent: while the magnon-induced friction is quite
similar for skyrmionic spin structures with Q ¼ �1, it is
approximately 2 times larger for the Q ¼ −2 structure.
Using a linear fit, we can estimate the strength of the
magnon-induced friction and obtain ηðQ ¼ �1Þ ≈ 5.05 ×
10−17 kg=ðsKÞ and ηðQ ¼ −2Þ ≈ 1.22 × 10−16 kg=ðsKÞ.
Revisiting Fig. 1, we can now compare the predictions
based on our extended Thiele equation (dashed lines) [see
Eq. (7)] with the numerically obtained values for the
diffusion coefficients. They compare favorably, indicating
that η is indeed independent of α and T.
Since we have shown that finite temperatures require

extensions to the Thiele equation in order to capture the
diffusive dynamics of skyrmions, the question arises as to

whether similar effects can be observed for skyrmions
driven by other means, e.g., electrical currents. Hence, we
finally investigate the finite-temperature current-driven
motion of skyrmions via spin-orbit torques [see Eq. (3)].
Earlier works have shown that the fieldlike contribution of
the spin-orbit torques leads to a distortion of the skyrmion
profile but is incapable of moving the skyrmion [10]. Thus,
we restrict the following discussion to the case βf ¼ 0,
where the force acting on a Néel-type Q ¼ 1 skyrmion is
given by FSOT ∼ ẑ × P̂ [17]. If we furthermore assume that
P is perpendicular to the injected current, as done, for
example, in Ref. [10], the skyrmion Hall angle Θ follows
from our extended Thiele equation [Eq. (6)] at finite
temperatures as

tanΘ ¼ hv⊥i
hvki

¼ G
αDþ ηT

; ð8Þ

where v⊥ and vk are the velocity components perpendicular
and parallel to the inject current, respectively. The average in
the above expression is needed because, at finite temper-
atures, current-driven skyrmions also undergo Brownian
motion, which drops out upon thermal averaging.
In Fig. 4, we compare the simulation results for Θ with

the theoretical prediction (dashed lines) based on Eq. (8).
For the sake of visibility, the skyrmion Hall angle is shifted
by π=2. Note that we use βd ¼ 1.25 × 1010 s−1 and, as
above, η ¼ 5.05 × 10−17 kg=ðsKÞ. Perfect agreement can
be observed for T ¼ 0 K, for which our prediction based on
Eq. (8) coincides with the well-established prediction
tanΘ ¼ G=αD [9]. We find that the value of Θ increases
with temperature. For example, for α ¼ 10−3 and
T ¼ 24 K, the shifted skyrmion Hall angle is increased
by more than 1 order of magnitude compared to the zero-
temperature value. The simulation results are in quantitative

FIG. 3. Numerically obtained effective friction Γeff versus T for
different types of skyrmionic spin structures. Dashed lines
correspond to linear fits yielding η ≈ 5.05 × 10−17 kg=ðsKÞ for
skyrmionic spin structures with Q ¼ �1 and η ≈ 1.22 ×
10−16 kg=ðsKÞ for Q ¼ −2 structures. The offset at T ¼ 0
corresponds to αD.

FIG. 4. Skyrmion Hall angle Θ, shifted by π=2, versus α for
various values of T. Symbols are from simulations that are
compared to the theoretical predictions based on Eq. (8) with
η ¼ 5.05 × 10−17 kg=ðsKÞ (dashed lines).
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agreement with our theoretical predictions based on Eq. (8),
irrespective of α and T.
In a recent experimental study [11], a negligible depend-

ence of the skyrmion Hall angle on temperature was
reported. However, note that the skyrmions studied in
Ref. [11] have a much larger diameter (∼180 nm) com-
pared to those in our simulations. In the experimental
skyrmions, only the narrow domain wall around the
uniformly magnetized core contributes to the dissipation
tensor, so that D is proportional to the radius and consid-
erably enhanced in larger skyrmions compared to the
nanoscale skyrmions studied here. If the magnon-induced
friction scales weaker with the skyrmion size than the
dissipation tensor, the latter temperature-independent term
would dominate in Eq. (8). While the large experimental
skyrmions are not accessible with our simulations, we still
varied the diameter of our skyrmions between 2 and 4.5 nm
via the external field. While we did not find a significant
dependence of η on the skyrmion size within this accessible
range, we found that D increases with size.
Efforts to derive analytical expressions for the magnon-

induced friction by using a field-theoretical approach were
made in previous investigations of domain walls [27],
vortices [28], and skyrmions [29,30]. In general, the
expressions that were derived describe non-Markovian
friction, where the friction at time t depends on the history
of the velocity. Instead of the simple ηTv term in Eq. (6),
non-Markovian friction is given by

R
t
0 dt

0 ηðt − t0;TÞvðt0Þ.
The question of whether this non-Markovian friction can be
effectively treated as Markovian friction is still being
debated, e.g., while the authors of Refs. [26,28] claim that
assuming Markovian friction is justified, the authors of
Refs. [27,29,30] argue that, at least within their approaches,
this is not the case. In Ref. [29], it was suggested that
including higher-order terms such as magnon-magnon
interactions or the backaction of the skyrmion to the
magnon bath would give rise to Markovian friction. Our
simulation results can be explained by assuming that
the magnon-induced friction only has a Markovian
contribution.
By looking at skyrmions and the magnonic heat bath in

the general context of solitons and their environment, our
findings could possibly also be transferred to the dynamics
of other localized magnetic textures, e.g., domain walls or
vortices, as well as to other topics such as superfluids [44]
or Bose-Einstein condensates [45] where similar effects
have been investigated.
To summarize, we have studied the Brownian motion

and current-driven dynamics of skyrmionic spin structures
in the limit of elevated temperatures and low damping. Our
results show strong deviations from existing theory based
on the Thiele equation. Thus, we introduce an effective
equation of motion describing skyrmionic motion at finite
temperatures, taking into account the coupling to the
magnonic heat bath via an additional friction term that

dominates at finite temperatures and low Gilbert damping
values. We demonstrate that this magnon-induced friction
is linear in temperature and depends on the topological
charge of the skyrmionic spin structure.
Having established the validity of our finite-temperature

generalization of the Thiele equation, we believe it provides
a simple framework to predict the finite-temperature
dynamics of skyrmions driven by other means, e.g.,
spin-transfer torque, magnetic field gradients, or temper-
ature gradients [46]. Our results further indicate a strong
temperature dependence of skyrmion dynamics under
conditions that are usually found in experiments on the
current-driven and Brownian motion of skyrmions. The
strength of the magnon-induced friction could be obtained
from experiments conducted in a manner similar to the
approach presented here, i.e., by measuring the temperature
dependence of the skyrmion Hall angle or the diffusion
coefficient in low-pinning materials.
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