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Accessing subwavelength information about a scene from the far-field without invasive near-field
manipulations is a fundamental challenge in wave engineering. Yet it is well understood that the dwell time
of waves in complex media sets the scale for the waves’ sensitivity to perturbations. Modern coded-aperture
imagers leverage the degrees of freedom (d.o.f.) offered by complex media as natural multiplexor but do not
recognize and reap the fundamental difference between placing the object of interest outside or within the
complex medium. Here, we show that the precision of localizing a subwavelength object can be improved
by several orders of magnitude simply by enclosing it in its far field with a reverberant passive chaotic
cavity. We identify deep learning as a suitable noise-robust tool to extract subwavelength localization
information encoded in multiplexed measurements, achieving resolutions well beyond those available in
the training data. We demonstrate our finding in the microwave domain: harnessing the configurational
d.o.f. of a simple programmable metasurface, we localize a subwavelength object along a curved trajectory
inside a chaotic cavity with a resolution of 1/76 using intensity-only single-frequency single-pixel
measurements. Our results may have important applications in photoacoustic imaging as well as human-

machine interaction based on reverberating elastic waves, sound, or microwaves.
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Retrieving a representation of an object based on how it
scatters waves is a central goal across all areas of wave
engineering (light, microwaves, sound,...) with applications
ranging from biomedicine via microelectronics to astro-
physics. Since wave energy cannot, in general, be focused
beyond the diffraction limit in free space, a widespread
misconception is that subwavelength information can only
be accessed via evanescent waves. This argument ignores
the crucial roles of a priori knowledge and signal-to-noise
ratio (SNR); moreover, many imaging schemes do not even
rely on focusing. Indeed, given extensive a priori knowl-
edge, an imaging task can collapse to a curve fitting
exercise without any fundamental bound on the achievable
precision (e.g., deconvolution microscopy [1,2]). The
advent of deep learning has enabled elaborate demonstra-
tions of such nonlinear function approximations, facilitat-
ing deeply subwavelength imaging even with a simple
plane wave from the far field [3]. Despite the resulting
frequent absence of any wavelength-induced fundamental
resolution bounds, specific physical mechanisms can be
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useful to boost the practically achievable resolution. A
common example is the above-mentioned access to evan-
escent waves either via near-field measurements [4,5] or by
coupling them to the far field with near-field scatterers [6—
15]. Similarly to the use of fluorescent markers [16], these
approaches are inherently invasive since they rely on
manipulations of the object’s near field. A further notable
idea relies on tailored coherent far-field illumination to
create superoscillatory hotspots [17,18] but suffers from
inherently low SNRs.

In the wave chaos community [19], it is well known that
a wave’s sensitivity to geometrical perturbations [20-23] is
directly related to its dwell time in the interaction domain
[24]. This effect can be thought of as a generalization of the
subwavelength interferometric sensitivity in phase micros-
copy [25-27] or high-finesse Fabry-Perot cavities [28]. If
the scene to be imaged is enclosed in its far field by a
reverberant chaotic cavity, the dwell time is drastically
enhanced. Different scenes can then be interpreted as
different perturbations of an otherwise static complex
scattering geometry. The extreme sensitivity of linear
passive wave chaos has been leveraged to detect the
presence of minute changes and to characterize their global
features (e.g., scattering cross section), notably in diffusing
wave spectroscopy [23,29-31]. However, its potential to
significantly improve the resolution with which a subwa-
velength perturber can be localized without any near-field
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manipulation has remained unexplored, presumably
because of the postprocessing challenge to untangle the
complete scrambling of waves (and the information that
they carry) inside the complex medium. But it is also
widely assumed that the localization resolution in wave-
chaotic systems is inherently diffraction limited [32,33],
unless a nonlinear feedback loop involving gain and giving
rise to self-oscillations is used [34].

At the same time, rich literature exists on imaging and
sensing with a complex medium as coded aperture (CA).
This research track is driven by the desire to achieve
imaging with as few detectors and measurements as
possible. Rather than directly mapping the object to its
image, the spatial object information can be multiplexed
across random configurations of a CA onto a single
detector [35]—see Fig. 1(a). Practical implementations
of CAs often leverage the fact that wave transmission
through a complex medium (multiply scattering medium,
chaotic cavity, disordered metamaterial) constitutes random
multiplexing thanks to the mediums spectral, spatial or
configurational degrees of freedom (d.o.f.) [36-40]—
Fig. 1(b) illustrates the former. In other words, the trans-
mission matrix of a complex medium naturally offers the
desired properties of a random multiplexing matrix [36,38].

Within this realm, scenarios in which object and wave
source are embedded within the complex medium, as in
Fig. 1(c), have been treated as a simple alternative way of
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FIG. 1. (a) Conventional CA. A wavefront is scattered by an
object and then multiplexed across different masks onto a single-
pixel detector. (b) Use of a complex medium’s spectral d.o.f.
(color coded) as CA. Wavefronts are scattered by an object and
then propagate through a chaotic cavity such that spatial
information is multiplexed across different frequencies captured
by a single-pixel detector. (c) Reverberation-coded aperture:
same as (b) except that object and wave source are inside the
chaotic cavity.

natural random multiplexing. In photoacoustics, it was
recently suggested to enclose the imaging target in an
acoustically reverberant cavity [41]. Moreover, several
schemes for human-machine interaction are inevitably
confronted with waves reverberating around an object,
for instance, object localization with microwaves in indoor
environments or with elastic waves in solid plates
[32,33,42-44]. However, the benefits of such “reverber-
ation-coded apertures” (RCAs) go far beyond randomized
multiplexing. If the object is inside (rather than outside) the
complex medium, the wave interacts with the object not
once but countless times, thereby developing a much higher
sensitivity to subwavelength object details. Recent efforts
to construct optimal coherent states for sensing in complex
media [45,46] differ from our problem, besides their
requirement for multichannel excitation, in that they rely
on (and are limited to) small perturbations of the sought-
after variable.

In this Letter, we introduce RCAs, combined with deep
learning to extract encoded subwavelength localization
information, as a truly noninvasive route to deeply sub-
wavelength localization resolution. We first establish the
fundamental link between dwell time, wave sensitivity, and
localization resolution in a semi-analytical study of the
prototypical example of object localization along a curved
trajectory (i.e., one coordinate is unknown) inside a passive
chaotic cavity using spectral d.o.f. Then, we demonstrate
our finding experimentally in the microwave domain, using
configurational d.o.f. provided by a simple programmable
metasurface.

To start, we consider for concreteness a 2D model
problem in semianalytical simulations based on a
coupled-dipole formalism (see Refs. [15,47] and the
Supplemental Material [48]). As depicted in Figs. 2(a)-
2(c), we consider three scenarios expected to correspond to
different durations of the scattering process: free space, a
cavity with quality factor Q = 263 and a cavity with
Q = 556. In each case, the transmission S;, between a
transmit and a receive port is measured for various
frequencies in order to localize [using artificial neural
network (ANN)-based data analysis] a nonresonant dipole
that could be located anywhere along a circular perimeter.
Given the single-channel nature of our single-detector
scheme, we estimate the duration of the scattering process
via the “phase delay time” 7 = darg(S,)/0w [53]. The
irregularly shaped cavity constitutes a complex medium for
wave propagation in which 7 is hence a statistically
distributed quantity; in Fig. 2(d), we plot the cumulative
distribution function (CDF) of its magnitude for the three
considered cases, confirming that they correspond to
increasing dwell times. Compared to a regular cavity, such
a chaotic cavity has not only the practical advantage of
being easy to implement but also that ergodicity ensures
statistically similar properties [54,55] irrespective of the
object position.
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FIG. 2. (a)—(c) Electric field magnitude in 2D semianalytical

simulations for (a) free space, a chaotic cavity with (b) O = 263,
and (c) Q = 556. All maps use the same color scale. (d) CDF of
the dwell time magnitude |z| distribution in the three cases.
Vertical dashed lines indicate the corresponding mean values.
(e) CDF of the parametric derivative magnitude |y| (with respect
to the object position) in the three cases. Vertical dashed lines
indicate the corresponding mean values. (f) SVs o; of T(X, f)
(without any noise) for the three considered cases. (g) Average
localization error € in terms of the smallest utilized wavelength
Amin as a function of the absolute magnitude of the measurement
noise for the three cases. Vertical dashed lines indicate the
corresponding signal magnitudes. The horizontal black line
indicates the training data resolution.

The dwell time plays a crucial role in mesoscopic
physics because it is related to several other relevant
quantities [53,56-58], some of which happen to also be
critical metrics for RCA-based imaging and sensing. The
most obvious quantity is the energy stored in the complex
medium [53,59,60] which is directly related to the received
signal strength and thereby the measurement’s SNR
(assuming detector-induced noise). Of course, measure-
ments with higher SNR contain more information. The
direct link between |z| and the stored energy is apparent
upon visual inspection of Figs. 2(a)-2(c), and indeed the
received signal strength is on average 2.9 [3.9] times higher
in (b) [(c)] than in (a).

The sensitivity to parametric perturbations of the scatter-
ing system is another important quantity that can be related
to the wave’s dwell time in the interaction domain [24,61].
Intuitively, this can be understood as follows: the proba-
bility that a tiny perturbation impacts the evolution of a
wave increases with the wave’s lifetime in the interaction
domain. Analogous to 7, we define y = 9S5,,/0X, where X
denotes the considered parameter (the object position along
the allowed trajectory in our case). Indeed, in Figs. 2(d), 2

(e) we observe a clear correspondence between the dis-
tributions of |z| and ||, for instance, in terms of the mean
value (dashed vertical lines). The difference between two
nearby object positions in terms of the corresponding
scattering matrices (specifically, S|,) is thus on average
larger if the dwell time in the interaction domain is larger.
This effect is induced by using a RCA instead of a
conventional CA for which the object scatters the wave
before the wave is multiplexed across the CA.

In the case of a CA (RCA or conventional) leveraging
spectral d.o.f., the amount of information that can be
extracted from measurements within a given bandwidth
is also tightly linked to the dwell time. Indeed, the spectral
decorrelation is related to the rate at which S, fluctuates
with respect to the frequency. The lower the correlation
between different measurement modes is, the less redun-
dant information is acquired. To illustrate this effect, we
consider the singular value (SV) decomposition of a 2D
matrix T(X, f) containing the measured transmission for
different frequencies and positions along the allowed
trajectory; T(X, f) later serves as training data for the
ANN. In Fig. 2(f), we plot the SV spectra of this matrix for
all three considered cases. Indeed, higher dwell times
correlate with a flatter SV spectrum, implying that different
frequencies are less correlated.

Having established three distinct RCA mechanisms
expected to enhance the possibility of physically encoding
deeply subwavelength information about the object via
wave propagation inside the RCA in multiplexed measure-
ments, we now tackle the problem of digitally decoding this
information. In order to approximate an inverse function of
the physical wave scattering process, mapping the mea-
sured data to the object position, we use deep learning. We
deliberately use an ANN consisting of several fully con-
nected layers (see Supplemental Material [48]) as opposed
to more popular convolutional architectures because the
latter excel at identifying relevant local correlations in the
data whereas we hypothesize that the complete scrambling
caused by wave scattering encodes the relevant features in
long-range correlations within the data [47,62,63].
Moreover, our ANN does not solve a classification problem
but predicts a continuous variable: the object’s position.

We report in Fig. 2(g) the average localization error in
terms of the smallest utilized wavelength, €/, as a
function of the measurement noise magnitude. First, we
observe that even the free space scenario can achieve
deeply subwavelength resolution beyond A,;,/10 at low
noise levels, stressing the absence of any fundamental
wavelength-induced resolution bounds, similar to Refs. [1-
3]. Second, as hypothesized, the longer the dwell time in
the RCA, the higher the achievable resolution at a given
noise level. In our case, we observe resolutions beyond
Amin/ 107 but, as justified above, we refrain from comparing
these absolute resolution values to other works with
different a priori knowledge and SNR. Third, remarkably,
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the achievable resolution can be more than an order of
magnitude better than the resolution of the training data,
suggesting that beyond being an efficient approximator to
“seen” data, our ANN also very faithfully interpolates
between seen data points. Deep learning also offers a
remarkable noise robustness which significantly outper-
forms a simple multivariate linear regression (see
Supplemental Material [48] Sec. D and Fig. S3).

One question naturally arises: can we isolate the con-
tribution of the three identified RCA mechanisms?
Specifically, we now evidence the major role of the
dwell-time-enhanced sensitivity to tiny perturbations. To
that end, we consider a setting in which the other two
factors do not impact the localization accuracy: we com-
pare the three considered scenarios in terms of their SNR
(removing benefits due to enhanced signal strength), and
operate with a single d.o.f. (removing benefits due to faster
spectral decorrelation). Table I summarizes the achievable
localization accuracies for two rather high values of SNR;
the focus here is not on the absolute localization precision
but on how it compares between the three considered
scenarios. The dependence of the achieved localization
accuracy on the dwell time emerges very clearly, confirm-
ing our argument that placing the scene inside a RCA rather
than outside a CA boosts the sensitivity to subwavelength
scene details. Incidentally, even in Table I we observe a
resolution of ~4/3.8 for the RCA with Q = 556 at an SNR
of 30 dB.

Having investigated fundamental RCA mechanisms, we
now report an experimental demonstration in the micro-
wave domain inside a 3D irregularly shaped metallic
enclosure—see Fig. 3(a). We use configurational instead
of spectral d.o.f.: we measure the transmission between two
antennas (“single-pixel detector”) at a single frequency
(fo = 2.463 GHz) but for a fixed series of random con-
figurations (parameter c) of the cavity’s scattering proper-
ties. The latter is conveniently implemented with a simple
programmable metasurface [64,65] consisting of an array
of individually tunable meta-atoms with two digitalized
states mimicking Dirichlet or Neumann boundary condi-
tions [66]. Moreover, we now only use the intensity
information of the measurements, to illustrate that RCAs
enable deeply subwavelength resolution even without
access to phase information, which relaxes hardware
requirements considerably. We access different dwell time
regimes by tuning the opening of the cavity’s ceiling.

TABLEL  Average localization error €/ A, using a single d.o.f.
for two magnitudes of the measurement noise relative to the
measured signal strength.

SNR [dB] No cavity Cavity Q =263  Cavity Q = 556
30 1.12 0.53 0.26
60 0.59 0.31 0.24

Of the above identified three distinct RCA mechanisms,
two (signal strength and sensitivity) are independent of the
utilized type of d.o.f.; the third (measurement diversity)
turns out to be favorably linked to enhanced dwell times if
configurational d.o.f. are used, too, albeit for a different
reason. The amount of information that can be extracted
from a series of measurements at f;, with random metasur-
face configurations is larger if the latter induce stronger
fluctuations of S}, (f). A longer dwell time correlates with
a larger standard deviation of [S},(fy)|, as evidenced in
Fig. 3(b). This can be understood by decomposing the
transmission between the two ports into all contributing ray
paths. If the metasurface is small compared to the cavity
surface and the dwell time is relatively low, only a few rays
are affected by the metasurface configuration. We sketch
for such a scenario the cloud of accessible S, (fy) values in
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FIG. 3. (a) Experimental setup: a 3D complex scattering

enclosure contains a subwavelength metallic object on a precision
turntable, two monopole antennas, and a programmable metasur-
face in the vicinity of one antenna. The enclosure’s ceiling can be
open (Q = 40), partially covered (Q = 92), or fully covered
(Q = 252) with metal. See Supplemental Material [48] for
technical details. The inset shows the standard deviation ¢, of
|S12| over 100 random metasurface configurations and identifies
the chosen operating frequency f. (b) Dependence of mean of ¢,
over object positions on Q. (c) Sketch of S,(f) distribution for
100 random metasurface configurations. (d) SV spectra of
T(X, ¢) for the three considered cases. (e) Average localization
error € in terms of the utilized wavelength A, as a function of
SNR. The horizontal black line indicates the training data
resolution.
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the Argand diagram in Fig. 3(c); the cloud is not centered
on the origin because many rays are not controlled by the
metasurface. The longer the dwell time, the larger the
percentage of rays that encounter some of the metasurface
elements such that the radius of the cloud increases, as
witnessed in Fig. 3(b). To illustrate that T(X, ¢) contains
more information if the dwell time is longer, we plot the
corresponding SV spectra in Fig. 3(d). A qualitatively
similar trend as in Fig. 2(f) is seen, despite the use of a
different type of d.o.f.

The average experimental localization error plotted in
Fig. 3(e) is consequently significantly lower if the dwell
time is longer. The dependence on the SNR is evaluated by
adding white noise to the experimentally measured values.
Unlike in Fig. 2(g), we plot €/ 4 as a function of the relative
rather than absolute noise magnitude due to experimental
constraints, such that the curve does not reflect the first
RCA mechanism’s benefits (signal strength). Despite the
use of low-cost measurement equipment (see Supplemental
Material [48]) and intensity-only data, we achieve reso-
lutions up to 1/76 in our experiment. For Q = 252, we
observe once again that our ANN decoder achieves a
resolution clearly exceeding that of the training data.

To conclude, in this Letter, we proved that reverberation
in a passive complex medium efficiently encodes deeply
subwavelength details in multiplexed measurements with-
out any manipulation of the object’s near field. We
evidenced that the wave’s dwell time is directly linked
to the achievable localization resolution via three mecha-
nisms, irrespective of the utilized type of d.o.f.: (i) enhanced
signal strength, (ii) enhanced sensitivity, and (iii) enhanced
measurement diversity. We further showed that ANNs are
capable of decoding such measurements with unexpectedly
high fidelity. In microwave experiments in a chaotic cavity
leveraging the configurational d.o.f. offered by a program-
mable metasurface, we successfully localized subwave-
length objects on curved trajectories with a resolution
of 1/76.

Looking forward, evaluating potential benefits of using a
self-oscillating source [34,67] that operates at a real-valued
pole associated with a diverging delay time is a first avenue
for future exploration. We also envision a “learned RCA”
that jointly optimizes physical encoding and digital decod-
ing in an end-to-end fashion [68], and may rely on learned
models of the physical layer [69,70]. Moreover, our method
can be straightforwardly applied to multidimensional
localization and conceptual extensions to more complex
imaging tasks are conceivable, e.g., to recognize subwa-
velength object shapes or materials inside a RCA without
any near-field manipulation. In a more applied context,
various single-element detection methods, including
RCAs, are currently being explored in photoacoustic
imaging [41,71,72]; our work encourages investigating
whether photoacoustic imaging can capitalize on potential
resolution enhancements offered by the RCA but not by

other “ergodic relays.” Further practical applications lie in
emerging techniques for human-machine interactions
which naturally deal with reverberating waves of different
types [42—44]. In the optical domain, our scheme may be
applied to the deeply subwavelength localization of micro-
scopic particles, by sandwiching them between two multi-
ply-scattering slabs such as white paint or biological
tissue [73].

*philipp.delhou gne@gmail.com
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