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Relativistic magnetized shocks are a natural source of coherent emission, offering a plausible radiative
mechanism for fast radio bursts (FRBs). We present first-principles 3D simulations that provide essential
information for the FRB models based on shocks: the emission efficiency, spectrum, and polarization. The
simulated shock propagates in an e� plasma with magnetization σ > 1. The measured fraction of shock
energy converted to coherent radiation is ≃10−3σ−1, and the energy-carrying wave number of the wave
spectrum is ≃4ωc=c, where ωc is the upstream gyrofrequency. The ratio of theO-mode and X-mode energy
fluxes emitted by the shock is ≃0.4σ−1. The dominance of the X mode at σ ≫ 1 is particularly strong,
approaching 100% in the spectral band around 2ωc. We also provide a detailed description of the emission
mechanism for both X and O modes.
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The discovery of fast radio bursts (FRBs) [1–3] has
revived interest in astrophysical sources of coherent emis-
sion [4]. FRBs are bright (∼1 Jy) pulses of millisecond
duration in the GHz band, and their extreme brightness
temperatures require a coherent emission mechanism [5].
Magnetars are commonly invoked as FRB progenitors, a
hypothesis recently supported by the detection of FRBs
from a Galactic magnetar [6,7]. Magnetar flares are capable
of driving explosions into the magnetar wind [8–11],
resembling shocks in the solar wind launched by solar
flares. In contrast to the solar activity, the winds and
explosions from magnetars are ultrarelativistic.
Shocks in magnetar winds are strongly magnetized [10],

with magnetization σ ∼ 10–100 (σ is the ratio of upstream
Poynting flux to kinetic energy flux). Relativistic magnet-
ized shocks are a natural source of coherent emission, via
the so-called “synchrotron maser instability” [12,13],
which generates a train of “precursor waves” propagating
ahead of the shock [14]. The fundamental properties of the
precursor waves can be quantified with kinetic particle-in-
cell (PIC) simulations.
A stringent constraint on any FRB emission mechanism

is imposed by the high degree of polarization observed in

some FRBs [15]. The synchrotron maser generates waves
with the X-mode linear polarization (fluctuating electric
field perpendicular to the pre-shock magnetic field). The
shock is, however, also able to generate O-mode waves
(electric field parallel to the pre-shock magnetic field), and
only 3D simulations can provide a realistic picture of the
polarized shock emission. In this Letter, we present a suite
of 3D PIC simulations of σ ≳ 1 relativistic electron-
positron shocks, extending earlier 1D and 2D studies
[16–23]. We quantify the efficiency, spectrum, and polari-
zation of precursor waves, and provide a detailed descrip-
tion of the X-mode and O-mode emission mechanisms.
Simulation setup.—We use the electromagnetic PIC code

TRISTAN-MP [24] to perform 3D shock simulations in the
post-shock frame. The upstream flow is a cold pair plasma
drifting in the −x̂ direction with bulk Lorentz factor γ0 ¼ 3
(selected runs with γ0 ¼ 10 lead to similar conclusions).
The shock is launched as the incoming flow reflects off a
wall at x ¼ 0 and propagates along þx̂.
The preshock plasma with density n0 carries a frozen-in

magnetic field B0 ¼ B0ẑ and its motional electric field
−E0ŷ, where E0 ¼ β0B0 and β0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 1=γ20

p
. All these
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quantities are defined in the simulation frame. The
field strength is parametrized via the magnetization
σ ¼ B2

0=4πγ0n0mc2 ¼ ω2
c=ω2

p, which we vary in the range
0.6 ≤ σ ≤ 10. Here, ωc ¼ eB0=γ0mc is the gyrofrequency,
and ωp ¼ ð4πn0e2=γ0mÞ1=2 the plasma frequency. Our
reference simulations employ 3 particles per species per
cell and a spatial resolution of c=ωp ¼ 25 cells (see
Supplemental Material [25]). We evolve our simulations
for several thousands of ω−1

p , when both X-mode and O-
mode emissions reach a steady state.
Wave efficiency and spectrum.— Figure 1 shows the

shock structure from a simulation with γ0 ¼ 3 and σ ¼ 6,
when the system has reached a quasisteady state. The shock
exhibits a solitonlike structure with the enhanced magnetic
field and density at x ≈ xsh [12]. In the soliton, the
incoming particles gyrate around the compressed magnetic
field and form a semicoherent ring in momentum space
[13]. In the density cavity behind the leading soliton
(−2c=ωp ≲ x − xsh ≲ 0), the magnetic field goes back to
the upstream value. This cavity is a peculiarity of σ ≳ 1
shocks [22]. It controls the properties of X-mode waves,
and the peak frequency of the wave spectrum corresponds
to an eigenmode of the cavity.
X-mode waves are generated by an oscillating current

near the downstream side of the cavity (x≲ xsh − 2c=ωp),
differently from the customary synchrotron maser descrip-
tion [12,26]. In Fig. 1(a), the X-mode waves appear as
ripples in Bz, within the density cavity and in the upstream
region. Similarly, the shock emitsO-mode waves appearing
in By. Self-focusing of the precursor waves generates

filamentary structures in the upstream density (the fila-
mentation instability was previously studied in electron-
proton unmagnetized plasma, e.g., see Refs. [27,28]). The
high magnetization inhibits particle motion across B0, so
the resulting density structures appear as sheets nearly
orthogonal to the preshock field. These sheets are respon-
sible for the O-mode generation.
The Poynting flux carried by X-mode and O-mode

waves is quantified in Fig. 2(a), via the temporal evolution
of ξX ¼ hðBz − B0Þ2i=B2

0 and ξO ¼ hB2
yi=B2

0 for different
magnetizations. The spatial average is taken from 5 to
30c=ωp ahead of the shock. At late times, the Poynting
fluxes settle to a steady state, and we measure their values
for shocks with different σ. At σ ≫ 1, the X-mode power
asymptotes to ξX ≃ 10−2, in agreement with earlier 1D and
2D results [22,23]. In contrast, the O-mode power drops
with σ, approximately as ξO ≃ 4 × 10−3σ−1.
The resulting O=X-mode ratio is ξO=ξX ≃ 0.4σ−1 for

high magnetizations [Fig. 2(b)]. This scaling is robust to
varying the flow Lorentz factor (γ0 ¼ 3 or 10) and domain
size (L ¼ 3.6c=ωp or 7.2c=ωp). The O-mode suppression
with increasing σ is consistent with previous results of 2D
in-plane simulations with σ ≲ 1 [20,29].

FIG. 1. 3D structure of magnetic field Bz=B0 (top) and density
(bottom, in units of n0) from a simulation with γ0 ¼ 3 and σ ¼ 6
at ωpt ¼ 9000. The x coordinate is measured with respect to the
shock location xsh, in units of c=ωp. The upstream is at x − xsh >
0 and the downstream at x − xsh < 0. In the bottom panel, the
slice at x − xsh ¼ 10c=ωp emphasizes the upstream density
structures.

(a)

(b)

FIG. 2. (a) Temporal evolution of the Poynting flux carried by
X modes [solid; ξX ¼ hðBz − B0Þ2i=B2

0] and O modes (dashed;
ξO ¼ hB2

yi=B2
0), for shocks with γ0 ¼ 3 and different magnetiza-

tions: σ ¼ 1 (black), 3 (blue), 5 (green), and 10 (red). The filled
circles on the dashed lines mark the time when the corresponding
shock approaches a quasisteady state. (b) Steady-state ratio of the
O-mode and X-mode powers ξO=ξX (upper series of points) and
total Poynting flux ξX þ ξO (lower series of points), as a function
of magnetization. Colors indicate different choices of the up-
stream Lorentz factor γ0 ¼ 3 (yellow) or 10 (black), and different
domain sizes L ¼ 3.6c=ωp (red and blue) or 7.2c=ωp (yellow and
black). The dashed black line indicates ξO=ξX ≃ 0.4σ−1, while the
dotted black line represents ξX þ ξO ≃ 8 × 10−3.

PHYSICAL REVIEW LETTERS 127, 035101 (2021)

035101-2



The efficiency of the maser emission fξ is defined in the
downstream frame as the fraction of incoming flow energy
(electromagneticþ kinetic) converted to precursor wave
energy, and we find

fξ ¼ ðξX þ ξOÞ
�

σ

1þ σ

��
1 − βsh
β0 þ βsh

�
; ð1Þ

where βsh is the shock speed in units of c. While the ratio
ξO=ξX monotonically drops with σ, the overall wave energy
flux asymptotes to a constant value ξX þ ξO ∼ ξX ≃ 0.01
for σ ≫ 1, and gives fξ ≃ 10−3σ−1. In the shock maser
scenario for FRBs, this quantifies the fraction of the blast
wave energy that is converted into FRB energy. The
quantity ξX þ ξO also determines the dimensionless
strength parameter of precursor waves at σ ≫ 1: a ∼
0.3γ0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ξX þ ξO

p
≃ 0.03γ0 [22]. For ultrarelativistic shocks

the strength parameter can exceed unity.
The spectrum of precursor waves is presented in Fig. 3

for different magnetizations. The spectra are computed in
the postshock frame, from the same upstream region
(5c=ωp < x − xsh < 30c=ωp) where we extracted the pre-
cursor efficiency. Both X-mode and O-mode spectra peak
at higher wave numbers for larger magnetizations. This is
also illustrated by the dependence on σ of the energy-
carrying wave number hkxi ≃ 4

ffiffiffi
σ

p
ωp=c [inset in Fig. 3(b)].

Figure 3 demonstrates that at high wave numbers
(kx=hkxi ≳ 1) X-mode and O-mode spectra are similar.
They differ, however, at lower wave numbers; the spectral
feature at kx ≃ 0.5hkxi only appears in the X mode. Near

this wave number, the O=X-mode ratio is 1 order of
magnitude below the average ξO=ξX.
X-mode emission mechanism.—The X-mode generation

is well captured in 1D models. One example with γ0 ¼ 10
and σ ¼ 3 is shown in Fig. 4. The X-mode waves appear
as ripples in Bz propagating into the upstream region,
after the width of the shock cavity has settled into a steady
state (ωpt≳ 1350). The current near the leading soliton
then remains nearly time independent. The oscillating
current Jy emitting the X-mode waves is localized down-
stream of the second soliton, at −10c=ωp ≲ x − xsh ≲
−5c=ωp [Fig. 4(b)]. The generated waves propagate both
toward the downstream (where they are eventually
absorbed) and through the density cavity into the upstream.
In the shock frame, which moves with Lorentz factor

≈
ffiffiffi
σ

p
relative to the downstream, the field satisfies the jump

condition Bd;sh=Bu;sh¼1þ1=2σ [30]. Here, Bu;sh ≃ 2
ffiffiffi
σ

p
B0

and Bd;sh are the upstream and downstream fields, respecti-
vely. The net surface current of the multiple soliton structure
of the shock is Σ ∼ cðBd;sh − Bu;shÞ=4π ∼ cB0=ð4π

ffiffiffi
σ

p Þ.
Assume that the surface current varies with some amplitude
ζ ¼ δΣ=Σ. In the shock frame, the emitted wave has the
amplitude δBsh ∼ ζB0=ð2

ffiffiffi
σ

p Þ. This wave, viewed in the

(a)

(b)

FIG. 3. 1D power spectrum kxPðkxÞ, where PðkxÞ ¼R
P3Dðkx; ky; kzÞdkydkz and P3D is the 3D power spectrum.

Both X-mode (solid) and O-mode (dotted) spectra are norma-
lized so that

R
PðkxÞdkx ¼ ξX, i.e., the O-mode spectrum is

shifted up by a factor ξX=ξO to facilitate comparison with the
X-mode spectrum. Color coding is the same as in Fig. 2(a).
The inset shows the energy-carrying wave number hkxi ¼R
kxPðkxÞdkx=

R
PðkxÞdkx, in units of ωp=c, as a function of

magnetization (blue for X mode, red for the O mode). For
σ ¼ 6 and 10, the inset also shows results from simula-
tions with higher spatial resolution, c=ωp ¼ 50 cells, yielding
similar findings. The dashed black line indicates the scaling
hkxi ≃ 4

ffiffiffi
σ

p
ωp=c.

(a)

(b)

(c)

(g)

(f)

(e)

(d)

FIG. 4. Shock “breathing,” as observed in the simpler 1D
simulation (γ0 ¼ 10, σ ¼ 3), which fully captures the X-mode
generation. (a) Spatiotemporal structure of Bz=B0. (b) Electric
current density Jy=en0c at ωpt ¼ 1400 [the moment indicated by
the upper dashed line in panel (a)]. (c)–(g) Sequence of five
snapshots for randomly sampled positrons in the x − γβy phase
space and for a selected subset of positrons (in red) in the γβx −
γβy momentum space. The snapshots cover the time interval
1393 < ωpt < 1400 [indicated by the two horizontal dashed
lines in (a)]. Positrons highlighted in red are selected so that at
ωpt ¼ 1400 they contribute to the current peak at −10c=ωp ≲
x − xsh ≲ −5c=ωp in (b). The blue lines show ðE2 − B2Þ=ðE2 þ
B2Þ (for these curves, the vertical boundaries correspond to −1
and 1).
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downstream frame of the simulation, has δB ≈
ffiffiffi
σ

p
δBsh,

which gives the precursor with amplitude ∼ζB0 and
ξX ≈ ζ2. Thus, the constant ξX ≈ 10−2 observed at σ ≫ 1
is consistent with the constant amplitude ζ ≈ 0.1 of the
shock fluctuations.
Most positrons in the wave emission region

(−10c=ωp < x − xsh < −5c=ωp) have γβy > 0. By sym-
metry of the 1D simulation, at any given location electrons
and positrons have the same densities and γβx, and opposite
γβy, which determines the current Jy. Figure 4 shows
the history of the positrons ending up at −10c=ωp≲
x − xsh ≲ −5c=ωp. At the shock, they initially form a ring
in momentum space [17]. Their subsequent motion through
the density cavity is affected by the waves generated by
earlier generations of shocked particles. The waves create
(by linear superposition) regions of E > B (see the blue
lines in Fig. 4). The E > B region extends across roughly
half a wavelength.
Particles exposed to E > B get accelerated, at a rate that

depends on the wave amplitude and the particle βy. This
wave-particle interaction increases the energy spread of
incoming particles, so their arc in the γβx − γβy space
grows in radius and thickness, as they move past the
leading soliton [compare Figs. 4(d) and 4(c)]. The particles
at the inner edge of the arc (lower γ) gyrate faster than the
particles at the outer edge (higher γ). Initially, lower-energy
positrons lag in phase behind higher-energy ones [Fig. 4(e);
positrons move clockwise in the γβx − γβy plane], but later
catch up due to their shorter gyroperiod. This creates gyro-
phase bunching [Figs. 4(f) and 4(g)], and produces an
intermittent enhancement of current density Jy. The current
oscillates on the gyroperiod of post-shock particles and its
harmonics, generating the X mode.
Without wave activity, the magnetic field in the cavity is

B0. The condition E > B is realized where the wave has
δBz < 0 and δEy < 0, so jBzj ¼ jB0 þ δBzj < B0 and
jEyj ¼ j − E0 þ δEyj > E0. Since Ey < 0, positrons are
accelerated in E > B regions if their βy < 0 (conversely,
βy > 0 for electrons). This condition occurs in half of the
cavity, just behind the leading soliton. Therefore, the
process of wave generation is self-reinforced if the half
wavelength of the X mode is approximately equal to the
half thickness of the cavity. This explains why the peak
frequency of the wave spectrum corresponds to an eigen-
mode of the cavity [22].
Thus, X-mode waves are generated by a nonlocal

positive feedback loop: (i) in the density cavity, waves
propagating upstream lead to E > B, which perturbs the
energies of fresh particles entering the cavity from the
shock front; (ii) higher-energy particles gyrate slower
than lower-energy ones, leading to gyro-phase bunching;
(iii) this produces a net current oscillating on the par-
ticle gyration time, leading to more wave production.
The nonlocality of the feedback loop differentiates our

mechanism from the standard (local) description of the
synchrotron maser. Also, the precursor emission in high-σ
shocks cannot be attributed to the standard maser mecha-
nism, since a seed wave cannot be considerably amplified
while particles cross the shock [4].
O-Mode emission mechanism.—The physics of the

O-mode generation is inherently 3D. In Fig. 5, we employ
the same 3D simulation of Fig. 1, and show 2D slices at the
location of the leading soliton, x ¼ xsh [31].
The O-mode-generating current Jz is ultimately related

to the sheetlike density layers produced by self-focusing
of the precursor waves [Fig. 5(a)]. Significant charge
separation develops at the boundaries of the density sheets
[Fig. 5(b)], because positrons and electrons flowing into the
shock gyrate in opposite directions. This leads to charge
separation as long as the sheets are not invariant along the y
direction perpendicular to the initial field, e.g., for tilted or
inhomogeneous sheets.
If only the Bz component was present, the charge

bunches would move in the x–y plane, and would not
generate any Jz. A nonzero Bx appears at the shock
because the non-uniform ram pressure of the sheets causes
field-line bending in the x − z plane. Its energy density
scales with the incoming kinetic energy density, B2

x=B2
0 ∝

γ0n0mc2=B2
0 ∝ σ−1. Thus, the field lines near the front

are no longer perpendicular to the flow velocity, and the
charge bunches slide along the field, developing a small
βz ≃ βk ≃

ffiffiffiffiffiffiffiffiffiffiffiffiffi
B2
x=B2

0

p
, which in turn leads to the O-mode-

generating Jz [Fig. 5(d)]. This implies that the O=X mode
power ratio should scale as ξO=ξX ∝ β2z ∝ B2

x=B2
0 ∝ σ−1, as

observed in Fig. 2(b).

(a) (b)

(c) (d)

FIG. 5. Charge separation and field line bending (from the 3D
simulation presented in Fig. 1), explaining the O-mode gener-
ation. At the location of the leading soliton x ¼ xsh, we show 2D
y − z slices of (a) nþ þ n−, where nþ and n− are the positron and
electron number densities; (b) nþ − n−, as a proxy for charge
separation; (c) Bx=B0; (d) current density Jz=en0c.
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In summary, O-mode generation can be properly cap-
tured only in three dimensions. It requires breaking the
symmetry both (i) along y—enabling charge separation at
the boundaries of the density sheets when the incoming
particles begin to gyrate in the shock-compressed field; and
(ii) along z (B0 direction)—enabling Bx generation via
field-line bending by the high-density sheets colliding with
the shock. The charge bunches slide along the perturbed
field lines, creating the variable O-mode current Jz.
Summary.—By means of 3D PIC simulations, we have

characterized O-mode and X-mode waves emitted by
relativistic magnetized shocks propagating in magnetically
dominated (σ > 1) pair plasmas. The fraction of incoming
energy converted into precursor waves is fξ ≃ 10−3σ−1, and
the energy-carrying wave number is hkxi ≃ 4ωc=c. The
O=X mode power ratio is ξO=ξX ≃ 0.4σ−1, regardless of the
shock Lorentz factor. While O-mode and X-mode spectra
overlap at high wave numbers, the narrow spectral feature
at kx ≃ 0.5hkxi is much stronger in the X mode.
Our results provide important plasma-physical inputs

for FRB emission models, by demonstrating that high-σ
shocks can emit electromagnetic waves with a high degree
of linear polarization, as observed in some FRBs [15]. By
calculating the power-weighted Stokes’ parameters for a
line of sight along the shock normal, one can compute the
degree of linear polarization P ¼ Q=I [32] (U ¼ V ¼ 0 is
well satisfied in our simulations) intrinsic to the shock
emission [33]. Since Q ¼ ξX − ξO and I ¼ ξX þ ξO,
the degree of linear polarization for ξO=ξX ≪ 1 is
P ≃ 1–2ξO=ξX ≃ 1 − 0.8σ−1.
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