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We report on the discovery and rationale to devise bright single optical eigenmodes that feature
quantum-optical mode volumes of about 1 nm3. Our findings rely on the development and application of a
quasinormal mode theory that self-consistently treats fields and electron nonlocality, spill-out, and Landau
damping around atomistic protrusions on a metallic nanoantenna. By outpacing Landau damping with
radiation via properly designed antenna modes, the extremely localized modes become bright with
radiation efficiencies reaching 30% and could provide up to 4 × 107 times intensity enhancement.
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Confining light in an eigenmode with a tiny volume is
fundamentally important and underpins new technologies.
Over the past several decades, metal (plasmonic) nano-
structures have been widely pursued for concentrating light
into volumes that are well below diffraction limit [1–3]. The
shrinkage is due to the mixing of fields and surface
electrons, for instance, resonantly in terms of optical
antennas and nanocavities [4,5] or nonresonantly through
lightning rod effect [6,7], and so on. With resonant and
nonresonant effects combined [2,8], ultrathin metallic gaps
have been employed to further enhance light concentration
[9–13]. Moreover, researchers have investigated both
experimentally [14,15] and theoretically [16–18] the inclu-
sion of atomistic protrusions in an ultrathin gap for extreme
field localization. The protrusions may naturally occur
[17,19] or be assembled onto a host nanoparticle via
nanomanipulation [15]. Experiments have demonstrated
subnanometer-resolution optical imaging with huge signal
enhancement, including Raman scattering [20,21] and
single-molecule photoluminescence [15]. The underlying
physics is, however, still elusive. The contribution of the
atomistic protrusion has been recognized as the non-
resonant lightning rod effect. Landau damping (LD), which
accounts for single-electron excitation by large-wavenum-
ber field components [22,23] and is often omitted, induces
severe loss and may diminish the lightning rod effect.
In a broader perspective, an intriguing question is

whether it is possible to have optical eigenmodes with
similar scale of electron wave function in a photon emitter.
To this end, a rigorous modal analysis of the extremely
localized field is indispensable for understanding the mode
structure and exploring the boundary of localization.
Moreover, instead of a geometrical estimation, it enables
the use of the quantum optically defined mode volume to
quantify the field localization [24–26]. The inherent

openness and material absorption of the system requires
a modal analysis in the framework of quasinormal modes
(QNMs) [27–29]. However, existing QNM theories [27–
31] cannot be applied since the nanostructures of interest
possess a relatively large host (∼100 nm) and tiny pro-
trusions that are expected to exhibit significant quantum
and many-body effects, such as nonlocal response [10,32],
LD [22], and electron spillover [33]. Although ab initio
methods or time-dependent density functional theory (TD-
DFT) can correctly describe these effects [16,34], they
become computationally intractable for nanoparticles larger
than a few nanometers. Quantum hydrodynamic models
(QHDMs) with recent new developments can self-consis-
tently describe the aforementioned microscopic details of a
macroscopic system in a computationally efficient manner
[33,35,36]. Notably, results from QHDMs agree well with
TD-DFT calculations and can reproduce the size-dependent
damping rate due to LD for metal nanospheres down to
1 nm in diameter [36].
Here, by developing a QHDM-based QNM theory, we

report on the discovery, characterization, and engineering of
optical eigenmodes with mode volumes about 1 nm3

(smallest to 0.5 nm3). Such extremely localized mode
(ELM)originates from resonant accumulation of conduction
electrons around the atomistic protrusion and the resulting
modevolume is about 2 orders ofmagnitude smaller than the
gap-plasmon mode enhanced by the nonresonant lightning
rod effect. Moreover, we present a strategy to reconcile the
longstanding dilemma of extreme localization and efficient
radiation tomake the ELMsbright. Our findings put photons
and photon emitters on equal footing and venture into a new
regime of optical physics.
In QHDM, the conduction electrons in metal are char-

acterized by the number density nðr; tÞ and velocity vðr; tÞ.
Assuming weak light excitation, the response can be treated
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perturbatively, i.e., n ¼ n0 þ n1, where n0 is the stationary
part in absence of light excitation and n1 is the small light-
induced dynamic part. The polarization field P is related to
n1 as n1 ¼ −∇ · P=qe and the current density J reads as
J ≈ n0qev with qe being the electron charge. Under the
perturbative treatment, a linearized hydrodynamic equation
can be obtained in the frequency domain as

iω̃J ¼ −γDJþ
qen0
me

�
qeE −∇

�
δG
δn

�
1

þ∇ · ¯̄σ
n0

�
; ð1Þ

where me and γD denote the electron mass and decay rate,
respectively. The second term in the bracket includes the
internal energy functional of the electron liquid G ¼R
drgðnÞ [35]. The energy density gðnÞ ¼ TTF þ Tw þ

eXC consists of Thomas-Fermi kinetic energy TTF, von
Weizsäcker kinetic energy Tw, and exchange correlation
eXC. Here ð� � �Þ1 means taking the terms linear to n1. ¯̄σ is
the viscous stress tensor related to v and describes LD [36].
The light-driven current couples with the optical fields as

iω̃εbE ¼ ∇ ×H − J: ð2Þ

Here εb is the background permittivity of metal, which
could include contribution from bound electrons.
Equations (1) and (2), iω̃P ¼ J and iω̃μH ¼ −∇ × E
can be formulated into a linear eigenvalue problem as
M½E;H; J;P�T ¼ ω̃½E;H; J;P�T , where M is a frequency-
independent operator and ω̃ is a complex eigenvalue. A
detailed derivation of the QHDM-based QNM theory is
given in the Supplemental Material [37].
The QHDM and QNM calculations are performed with

the finite element method using a multiscale meshing
scheme. We employ an iterative procedure to locate the
complex frequency poles ω̃q ¼ ωq þ iγq and use an inte-
gration-free approach [53] to normalize the corresponding
mode profiles Ẽq, where q is a mode index. According to
the universal definition [26,30,54], the position-dependent
complex mode volume of a QNM reads

ṼqðrÞ ¼ 1=½n2dðrÞẼ2
qðrÞ�; ð3Þ

where ndðrÞ is refractive index. We characterize the
level of mode confinement by the minimum volume
Ṽm ¼ ṼqðrÞjẼqðrÞ=ẼqðrMÞj2, where jẼqðrMÞj is the maxi-
mum field. Complex mode volume is well known to have a
general analytical relation with the QNM’s modal contri-
bution fP;q to Purcell factor spectrum [27,30,37,55]. Here,
to independently obtain fP;q, a dipole source Js is applied
to excite the system. By following the Riesz projection
procedure [56], the resulting electric field at the source
position is expanded as EðωÞ ¼ P

q EqðωÞ þ Enr, where
the sum accounts for the contributions of all involved
QNMs and Enr is the remaining nonresonant contribution.

Then one obtains fP;q ¼ − 1
2
Re½EqðωqÞ · J�s �=P0 where P0

is the radiation power of Js in vacuum. We confirm fP;q
obtained by the analytical and numerical methods match
perfectly [37].
We start with a simple structure shown in Fig. 1(a),

i.e., a gold nanoparticle (host) with a cone-shaped atomistic
protrusion, which has a fixed base diameter Dp ¼ 1.2 nm
and a varying height hp. To pinpoint the modal properties, a
vertically oriented dipole placed 0.5 nm below the pro-
trusion tip is used to excite the system. Such setting is used
throughout the Letter and the details for the numerical
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FIG. 1. (a) Emission enhancement spectra for a dipole placed
0.5 nm below a cone-shaped protrusion with a varying height.
The host is an 80 nm diameter gold nanosphere with a 32 nm
diameter flat bottom. (b) ELM field profile in logarithmic scale
for hp ¼ 0.3 nm. (c) ELM field profile near the protrusion for
hp ¼ 1.2 nm. (d),(e) Normalized intensity distributions at vari-
ous vertical distances from the tip for hp ¼ 0.3 and 1.2 nm,
respectively. (f) Emission enhancement spectra for the dipole in
three NPoM structures of different dielectric gaps and protrusion
heights: (d ¼ 1.3, hp ¼ 0), (d ¼ 1.3, hp ¼ 0.3), and
ðd ¼ 2.2; hp ¼ 1.2Þ nm. The dielectric has a refractive index
of 1.45. (g),(h) Mode profiles in the gap for the resonances
denoted by the arrows in (f). (i) Electric fields along the line
0.5 nm above the substrate for the three indicated modes.
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implementation (geometry parameters, material, meshing,
etc.) are provided in the Supplemental Material [37]. The
color-coded traces in Fig. 1(a) plot the spectra of emission
enhancement. With the introduction of the protrusion, a
prominent resonance appears and redshifts as the protru-
sion height increases. The huge enhancement peaks
(approaching 107) imply the existence of a class of
ELMs, whose resonant wavelength does not depend on
the host nanoparticle but instead on the protrusion shape.
These observations are confirmed by rigorous QHDM-
based QNM calculations. For the case with the bluntest
protrusion (hp ¼ 0.3 nm), we find a complex wavelength
pole at λ̃ ¼ 489 − 43i nm contributing the majority
(∼80%) of the emission enhancement. Figure 1(b) displays
the mode profile in logarithmic scale. An enlarged view in
the lower panel depicts the modal field localized near the
protrusion. Protrusions with different heights all support
such modes [37] and Fig. 1(c) depicts the ELM for
hp ¼ 1.2 nm. Fine features of the mode profiles are
revealed by showing the normalized intensity distribution
at various vertical distances from the protrusion tip in
Figs. 1(d) and 1(e) for hp ¼ 0.3 and 1.2 nm, respectively.
Outside the metal, the smallest spot sizes (full widths at half
maximum) are 0.54 nm at z ¼ 0.14 nm for hp ¼ 0.3 nm,
and 0.38 nm at z ¼ 0.12 nm for 1.2 nm, respectively. Our
calculations show Ṽm of 2.0 − 1.5i, 1.0 − 0.24i,
0.69 − 0.018i, and 0.58þ 0.033i nm3 for hp ¼ 0.3, 0.6,
0.9, and 1.2 nm, respectively.
Having demonstrated the existence of ELMs on a stand-

alone nanoparticle, we examine the nanoparticle-on-mirror
(NPoM) structure that has recently attracted considerable
interest [10–12,14]. The enhancement spectra shown in
Fig. 1(f) correspond to the cases of no protrusion, with
protrusions of hp ¼ 0.3 and 1.2 nm, respectively. The first
two spectra are quite flat because of the LD effect [22],
revealing the necessity of taking LD into account in the
model (spectra without considering LD are plotted in
Fig. S1 in the Supplemental Material [37]). Nevertheless,
there is a recognizable resonance around 700 nm for
hp ¼ 0.3 nm (indicated by an arrow) and it is called the
“picocavity” mode [14]. This mode is essentially the
quadrupolar gap-plasmon resonance similar to the case
without the protrusion. For hp ¼ 1.2 nm, the situation is
very different and there exists a huge enhancement
peak around 780 nm. The corresponding mode profiles
for hp ¼ 0.3 and 1.2 nm near the protrusion are displayed
in logarithmic scale in Figs. 1(g) and 1(h), respectively.
Figure 1(i) plots the field profiles along the line 0.5 nm
above the substrate for all three cases. The field profile for
hp ¼ 0.3 nm largely follows the profile of the no-protru-
sion case and exhibits a small bump that is due to the
lightning rod effect from the protrusion. In contrast, the
mode field for hp ¼ 1.2 nm is clearly much more localized.
The calculated mode volumes are 310 − 14i, 74 − 16i, and

0.43 − 0.017i nm3 for the no-protrusion, hp ¼ 0.3 (pico-
cavity), and 1.2 nm cases, respectively. Here one sees the
great difference in concentrating the field between the
nonresonant lightning rod effect and the resonance effect of
the protrusion.
Next we expound the formation mechanism of ELMs

with methods at different levels of approximation in
treating metal, namely, the classical local response approxi-
mation (LRA), the hard-wall hydrodynamic model [30]
(HW-HDM), and QHDM with and without LD correction.
Taking hp ¼ 1.2 nm in Fig. 1(a) as the example, we display
the calculated eigenwavelengths in Fig. 2(a). The existence
of two kinds of modes, i.e., the host modes and the ELM, is
evident. While all the methods predict the same eigenwa-
velengths for the host modes, the incongruent predictions
for the ELM allude to the criticality of the QHDM treat-
ment. HW-HDM effectively causes electron spill-in and
hence a blueshift of the ELM resonance by 95 nm. The
LRA method, with no electron spill-out or spill-in effect,
produces a blueshift of 31 nm. The induced current and
electron density profiles of the ELM are plotted in
logarithmic scale in Fig. 2(b). The common feature of
these plots is the localization of the induced current and
electron densities around the protrusion even though there
is no inner physical boundary between the protrusion and
host. Beyond the common feature, the QHDM analysis
gives the most rational distributions by allowing the
induced current to fade away beyond the geometry boun-
dary. The electron density distributions exhibit even greater
difference. Under LRA, the induced charge density only
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FIG. 2. (a) Calculated eigenwavelengths of the QNMs for the
structure shown in Fig. 1(a) with hp ¼ 1.2 nm using four
different approaches. The eigenwavelengths are grouped into
two categories, i.e., host modes and ELM. (b) Distributions of the
calculated current density jJj and electron density jn1j associated
with the ELM in logarithmic scale.
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exists on the surface. In contrast, under HW-HDM, the
electrons diffuse into the entire protrusion. The QHDM
calculations reinstate the surface plasmon nature that the
induced electrons reside in a thin layer and fade away (spill
out) from the boundary. LD further causes charge diffusion
in the protrusion, consistent with the diffusion interpreta-
tion [57]. With LD included, the quality factor of the ELM
is reduced by 3 times as shown in Fig. 2(a). One learns from
these responses that driving the current and electrons
around the protrusion is the pivotal factor in forming the
ELM. Indeed, the gap-plasmon mode enhanced by the
lightning rod effect is associated with delocalized current
and electron distributions [37].
Extreme light concentration and high radiation efficiency

are two ends difficult to reconcile [22,58] due to LD and the
huge mismatch between the mode size and free-space
wavelength. Indeed, the radiative portions of the emission
enhancement from the ELMs in Fig. 1(a) are barely over
0.001%. To solve the dilemma, we propose the idea of
coupling the ELM with the host mode so that the radiation
rate of the ELM can outpace or compete with LD. As
sketched in Fig. 3(a), we explore the idea by designing a
nanocone-cylinder antenna (characterized by its height h)
as the host for the protrusion with hp ¼ 1.2 nm. The
emission enhancement spectra are calculated and plotted
with green circles in Fig. 3(b) for the nanocone with
h ¼ 30, 55, 80, and 120 nm. Note that the mode interaction

here does not produce Fano-like resonances as in some
recently studied metallodielectric hybrid structures [59]
since necessary conditions are not met [60]. The spectra are
also reconstructed with modal contributions [37] as indi-
cated by the color-coded traces. The insets display the
mode profiles of the two involved QNMs for each host
antenna structure with the mode volume and radiation
efficiency indicated. Induced current distributions addi-
tionally reveal their dipolar nature [37]. For h ¼ 30 and
120 nm, the two QNMs are distantly separated in the
spectra and the interaction is weak. For h ¼ 55 and 80 nm,
the interaction becomes strong and the ELM sacrifices a bit
of confinement, whereas the host mode becomes extremely
concentrated to around 1 nm3. Interestingly the radiation
efficiencies of these hybridized ELMs are significantly
boosted. Strikingly, for h ¼ 80 nm, the radiation efficiency
of the main-contributing ELM with a mode volume of
1.5 nm3 reaches 30%. For h ¼ 55 nm, the emission
enhancement around 808 nm has a radiation efficiency
of 18% and is contributed to vastly (∼84%) by an ELM
with the mode volume of only 0.78 nm3.
Efficient radiation from an ELM implies it could be

accessible from the far field. To exploit this possibility, we
launch a focused radially polarized beam [37,61] to
illuminate the antenna structure shown in Fig. 3(b) with
h ¼ 55 nm. The calculated scattering and absorption spec-
tra of the antenna with and without the protrusion are
shown in Fig. 4(a). The effect of the protrusion is
pronounced with both the scattering and absorption spectra
split into two resonances corresponding to the ELMs. This
suggests an efficient delivery of the far field optical energy
into a tiny space. Figure 4(b) displays the distribution of the
intensity enhancement with respect to the case without the
antenna at the resonant wavelength of 808 nm. The far field
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excitation is effectively concentrated to a volume of
∼1 nm3 with an unprecedented enhancement up to
4 × 107. In view of such ultrahigh enhancement, the weak
excitation limit could be easily surpassed and our linearized
treatment of QHDM may become insufficient due to the
nonlinear effects [62–64]. For this case, we estimate the
influence of the nonlinear effects on the linear response
should be negligible for incident electric field with an
amplitude below 1000 V=m [64]. An optical mode with
about 1 nm3 volume also promises an extremely strong
coupling with a single emitter. The coupling strength
with a dipolar emitter can be characterized by the coupling
constant [24,65] g ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

γ0γqρðr;ωqÞ=2
p

, with γq ¼ 74 meV
being the decay rate of the ELM at ωq ¼ 1.5 eV and
γ0 ¼ ð10 nsÞ−1 being the spontaneous decay rate of a
typical emitter. The local density of states ρðrÞ can be
approximated by the modal emission enhancement fP;qðrÞ.
Figure 4(c) maps the coupling constant. The white contour
indicates the strong coupling threshold of g ¼ γq=2 and the
black contour denotes the ultrastrong coupling criterion of
g ¼ 0.1ωq [66]. The calculated maximum coupling energy
under the electric-dipole approximation reaches 790 meV.
The ultrastrong coupling phenomena with single emitters
have mainly been discussed in the microwave range [66]
and now it seems possible with the ELMs at optical
frequencies.
We have shown the robust existence of extremely

localized modes around atomistic protrusions on a host
nanoparticle. The predictions from our QHDM-based
QNM analysis are reliable and tolerant to the changes of
various approximations, including the von Weizsäcker
parameter in Tw and correlation approximation [37].
Bright, extremely localized modes promise ultrafast light
sources and huge enhancement of various low cross section
processes at subnanometer scale, such as Raman scattering
[20,21,67–71] and nonlinear phenomena [63]. Our findings
should be extendable to other materials and geo-
metries and underpin exciting new sciences, for instance,
unlocking forbidden transitions [72] and atomic-scale
photochemistry [73].
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