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We perform the three-dimensional lattice simulation of the magnetic field and gravitational wave
productions from bubble collisions during the first-order electroweak phase transition. Except for the
gravitational wave, the power-law spectrum of the magnetic field strength is numerically calculated for
the first time, which is of a broken power-law spectrum: Bξ ∝ f0.91 for the low-frequency region of f < f⋆
and Bξ ∝ f−1.65 for the high-frequency region of f > f⋆ in the thin-wall limit, with the peak frequency
being f⋆ ∼ 5 Hz at the phase transition temperature 100 GeV. When the hydrodynamics is taken into
account, the generated magnetic field strength can reach Bξ ∼ 10−7 G at a correlation length ξ ∼ 10−7 pc,
which may seed the large scale magnetic fields. Our study shows that the measurements of cosmic magnetic
field strength and gravitational waves are complementary to probe new physics admitting electroweak
phase transition.

DOI: 10.1103/PhysRevLett.126.251102

Introduction.—Recent lattice simulation confirms that
there is no first-order phase transition (PT) in the Standard
Model (SM) [1]. However, a first-order electroweak PT is a
general feature in many new physics models beyond the
SM, which provides one crucial Sakharov condition for
the explanation of the baryon asymmetry of the Universe in
the paradigm of electroweak baryogenesis [2]. New physics
models admitting a first-order PT can be explored at future
high-energy colliders through the probe of the Higgs pair
production [3]. The study of first-order PT has seen
growing interest of particle physicists after the LIGO
and Virgo Collaborations released their direct detection
of gravitational waves (GWs) [4], since a general prediction
of the first-order PT, i.e., the stochastic gravitational waves
backgrounds, open a new astronomy window to probe new
physics beyond the SM [5–7]. The GWs from the first-
order electroweak PT is an important scientific goal of
Laser Interferometer Space Antenna (LISA) [8], Taiji [9],
TianQin [10], Big Bang Observer (BBO) [11], and
Decihertz Interferometer Gravitational Wave Observatory
(DECIGO) [12]. On the other hand, the ubiquitous exist-
ence of the cosmological magnetic fields (MFs) is

confirmed by observations [13–16], especially the lower
bounds on intergalactic MFs were derived from gamma-ray
observations of blazars [17–19]. However, the origin of the
large scale MFs is still a mystery. The first-order PT is
proposed to produce the MFs [20–25], which may seed the
cosmic MFs. Vachaspati [20] proposed to generate the MFs
with the nonvanishing gradients of the Higgs fields when
the bubbles collide during the first-order electroweak PT.
In this Letter, we intend to numerically study the

production of MFs and GWs during the PT process where
bubble collision occurs and investigate the possibility to
probe the first-order electroweak PT directly with obser-
vations of MFs and GWs. We numerically calculate the MF
spectrum and GWenergy spectrum, where the effects of the
bubble wall thickness and the Higgs gradients’ contribution
to the MFs generation are explored. The previous study
of MFs generation in Ref. [26] did not consider the GW
production. We study the generations of the MFs and GWs
together for the first time. We perform a three-dimensional
lattice simulation of Higgs and electroweak gauge fields
rather than solely adopting a scalar theory as the previous
GWs simulations [27]. [References [28,29] studied the

PHYSICAL REVIEW LETTERS 126, 251102 (2021)

0031-9007=21=126(25)=251102(7) 251102-1 © 2021 American Physical Society

https://orcid.org/0000-0002-6642-6851
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevLett.126.251102&domain=pdf&date_stamp=2021-06-24
https://doi.org/10.1103/PhysRevLett.126.251102
https://doi.org/10.1103/PhysRevLett.126.251102
https://doi.org/10.1103/PhysRevLett.126.251102
https://doi.org/10.1103/PhysRevLett.126.251102


bubble collision in the U(1) gauge theory.] Our simulations
consider the first-order PT, admitting GWs production from
bubble collisions rather than preheating in the hybrid
inflation [30,31]. Since the duration time of the first-order
PT is much smaller than the Hubble time, we neglect the
effect of expansion of the Universe throughout this Letter.
The PT model.—To study the generation of MFs, we first

present the relevant Lagrangian in the electroweak theory,

L ¼ jDμΦj2 − 1

4
Wa

μνWaμν −
1

4
BμνBμν − VðΦÞ: ð1Þ

Here Φ and VðΦÞ denote Higgs field and the
Higgs potential, the covariant derivative is Dμ ¼
∂μ − iðg=2ÞσaWa

μ − iðg0=2ÞBμ, where σa (a ¼ 1, 2, 3) are
the Pauli matrices, and the SUð2ÞL and Uð1ÞY field strengths
are Wa

μν and Bμν, respectively. The physical values of the
coupling constants are g ¼ 0.65 and g0 ¼ 0.53g. A first-
order PT can be realized in many models beyond the SM,
such as SM extended with a dimensional-six operator
ðΦ†ΦÞ3=Λ2 [32–34], real singlet-extended standard model
[35–41], two-Higgs-doublet model [42–47], the George-
Macheck model [48], and next-to minimal supersymmetric
standard model [49,50]. In these models, the Higgs potential
VðϕÞ embracing a barrier at finite temperature that can
trigger a first-order PT proceeding with bubble nucleations
and collisions [32] that are expected to produce MFs
[21,23,24] and GWs [33]. The correspondence between
model parameters of the VðϕÞ at the PT temperature and
bubble characteristics (mean bubble separation, wall thick-
ness, and wall velocity) can be obtained as in Refs. [51–54].
The initial conditions are set as Φ ¼ _Φ ¼ 0, and the profile
of generated bubbles is adopted as

Φðt ¼ 0; rÞ ¼ v
2

�
1 − tanh

�
r − R0

Lw

���
0

1

�
; ð2Þ

where R0 is the initial bubble radius and Lw is the thickness
of the critical bubble wall, which is highly related with
the potential barrier when the phase transition occurs.
Following Ref. [27], we define the “wall” of the bubble
corresponding to the section of the field profile between
rinðtÞ and routðtÞ, where ϕðt; rinÞ ¼ v½1 − tanh ð−1=2Þ�=2
and ϕðt; routÞ ¼ v½1 − tanh ð1=2Þ�=2. Here v is the Higgs
expectation value of the true vacuum. We consider that
the bubbles randomly nucleate in the regions where the
symmetry is unbroken to capture the dynamic of the first-
order PT, where the bubble nucleation rate is directly
connected with the mean bubble separation (see
Supplemental Material [55], which includes [27,51,
56,57]). We use the temporal gauge, Wa

0 ¼ B0 ¼ 0, and
evolve the equations of motion (EOM) for bosonic fields on
the lattice as Refs. [58,59] (see Supplemental Material [55])
to generate the MFs and GWs. We note that, in the previous
simulations of GWs from first-order PT, the electroweak

gauge fields are absent in the EOM of bosonic fields; our
simulation shows that its effect is indeed negligible for GW
production, due to the smallness of the MF energy, as can be
found in Fig. 1. Meanwhile, the evolution of gauge fields
here seeds the MFs production during the first-order PT.
MF and GW production.—We define the electromag-

netic fields after the Higgs field leaves the symmetric
phase as Aμ ¼ sin θwnaWa

μ þ cos θwBμ, where θw is the
weak mixing angle satisfying sin2 θw ¼ 0.22, and na ≡
−ðΦ†σaΦÞ=v2 presents the direction of the Higgs field. The
corresponding field strength is constructed as [60,61]

Aμν ¼ sin θwnaWa
μν þ cos θwBμν − i

2

gv2
sin θw

× ½ðDμΦÞ†ðDνΦÞ − ðDνΦÞ†ðDμΦÞ�: ð3Þ

One can see that the field strength tensor [Eq. (3)] for
the calculation of MF strength includes the contributions
from the Higgs gradients, whose effects depend on the
bubble collision dynamics that will be investigated later.
Following the conventions in Refs. [62,63], MFs can be
described in terms of the equal-time correlation function
of hB�

i ðk; tÞBjðk0; tÞi ¼ ð2πÞ3δð3Þðk − k0ÞFijðk; tÞ, where
Biðk; tÞ is the Fourier transformation of Biðx; tÞ [the
magnetic component of Aμν in Eq. (3)]. Since parity
violation of the Lagrangian is not considered in this

FIG. 1. The energy density evolution of different ingredients for
bubble nucleation rates pB¼10−8 (top) and pB ¼ 10−9 (bottom).
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Letter, the antisymmetric part of Fijðk; tÞ vanishes, with

Fijðk; tÞ=ð2πÞ3 ¼ ðδij − k̂ik̂jÞEMðk; tÞ=ð4πk2Þ, and the
magnetic energy density is obtained as [21] ρBðtÞ ¼R∞
0 EMðk; tÞdk. The MF strength can be obtained as
Bξ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2dρB=d logðkÞ

p
. With the “characteristic” correlation

length being defined as ξMðtÞ ¼
R
dkk−1EMðk; tÞ=ρBðtÞ,

the corresponding root-mean-square (scale-averaged) MF
strength is [62] BrmsðtÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2ρBðtÞ

p
.

The GWs sources from the first-order PT mainly include
bubble collisions, sound waves, and turbulence. We focus
on GWs produced from bubble collisions when the MFs
are produced. Recently, significant progress has been
made on lattice simulations of the GW production from
the first-order PT [27,51–54,57,64,65]. For the calculation
approach, we adopt the straightforward procedure detailed
in Ref. [66] rather than the envelope approximation,
which is still under improvement and cannot tell the whole
story (see Refs. [27,57] for recent lattice realization and
Refs. [28,29,67,68] for theoretical studies). The EOM of
tensor perturbations hij reads

ḧij −∇2hij ¼ 16πGTTT
ij : ð4Þ

Here the superscript TT denotes the transverse
traceless projection, and the energy-momentum tensor is
dominated by

Tμν ¼ ∂μΦ†∂νΦ − gμν
1

2
Re½ð∂iΦ†∂iΦÞ�; ð5Þ

where we neglected the contribution from the subdominant
MFs, but the MF’s contribution affects the evolution of
Higgs field through EOM (see Supplemental Material [55]
and Ref. [69]). The energy spectrum of GWs is defined as
the GW energy density fraction per logarithmic frequency
interval,

ΩGW ¼ 1

ρc

dρGWðkÞ
d ln k

: ð6Þ

Numerical results.—Numerical-SimulationOur simula-
tions are performed on a cubic lattice with the resolution
5123, and the lattice size L3 is related with the number of
bubbles initially placed in the lattice. The time spacing is
chosen to be Δt ¼ L=2048, which is much smaller than the
spacial resolution Δx ¼ L=512. This choice of lattice
spacing gives us enough resolution to ensure that we
capture all the dynamics for MF and GW production.
The mean bubble separation in the simulations is obtained
as R⋆ ¼ ðL3=NbÞ1=3, with Nb being the number of the
generated bubbles at the simulation, which determines
the Lorentz factor for a bubble to be γ⋆ ¼ R⋆=ð2R0Þ,
and the wall width as L⋆

w ¼ Lw=γ⋆ at bubble collision time.
We assume the nucleation rate is a constant during the

simulation, which is denoted by pB [72]. We simulate the
cases of pB ¼ 10−8 and pB ¼ 10−9 to investigate the wall
thickness effects on the GW and MF productions. For the
bubble nucleation rate pB ¼ 10−8, we have γ⋆ ¼ 2.98, with
the wall velocity being vw ¼ 0.94 and the mean bubble
separation R⋆ ≈ 35.6ðLw=γ⋆Þ at the time of bubble colli-
sion. To reach the thin-wall limit, we consider a much lower
nucleation rate pB ¼ 10−9, which yields γ⋆ ¼ 4.84, the
wall velocity vw ¼ 0.98, and R⋆ ≈ 93.9ðLw=γ⋆Þ.
The bubble walls are pushed outward by the vacuum

energy after bubble nucleation and finally collide with each
other. Bubble nucleation scenarios of pB ¼ 10−8 and 10−9

are presented to show the connection between the magnetic
energy density and the bubble nucleation rate. The two
panels of Fig. 1 show that a large pB predicts an early
generation and increase of ρB, since the bubbles’ nucleation
and collision for large pB occur early (see Fig. 1 in the
Supplemental Material [55] for the illustration of bubble
expansion and collision.). After the PT, ρB constitutes about
1% of the total energy at the end of the simulation, which is
much lower than the bounds from the big bang nucleo-
synthesis, ρB=ρrad < 0.1 [73]. To obtain the observables
at present, we redshift the GW energy spectrum and MF
spectrum by taking into account the temperature T and
the duration time of the PT (β−1), which depend on the
underlying PT models, and we set them to be free
parameters in this Letter.
We first numerically calculate the spectrum of the MF

strength generated during the first-order electroweak PT
when the GWs are produced (we consider the PT temper-
ature T ¼ 100 GeV). As shown in the top panel of Fig. 2,
our simulation results in a broken power-law spectrum,
with Bξ ∝ f0.91ð1.1Þ for f < f⋆ (here f⋆ indicates the peak
frequency) and Bξ ∝ f−1.65ð−0.99Þ for f > f⋆ for γ⋆ ¼ 4.84
with pB ¼ 10−9 (γ⋆ ¼ 2.98 with pB ¼ 10−8), which means
that the spectra of MFs from PT can be used to differentiate
different bubble collision scenarios. In comparison with a
thicker wall (pB ¼ 10−8), the MF spectrum falls off more
quickly for a thin-wall scenario (pB ¼ 10−9). (See Fig. 2 in
the Supplemental Material [55] for the time evolution of the
MF spectra.) The MF strength can reach Bξ ∼ 10−7 G at the
peak frequency for the thin-wall scenario, with the corre-
lation length being ξ ∼ 10−7 pc. The effects of the Higgs
gradients’ contributions [the terms of the second line in
Eq. (4)] to the MF generation are also shown there, which
emerges after collisions, and increases and dominates the
MFs production in the oscillation phase, with the magni-
tude of MFs increasing by around 3 times after bubble
collisions. This characteristic is observed for the first time
and strongly supports the MFs production mechanism
proposed by Vachaspati and co-workers [20,61]. The
MFs spectrum here is different from Ref. [26], where they
did not consider the effects of the bubble wall thickness.
Taking into account the effects of the hydromagnetic
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turbulence for MFs produced in the electroweak PT allows
us to constrain the PT parameter spaces by the cosmic MFs
observations. In bottom panel of Fig. 2, we present the
bounds on the MFs from the intergalactic MFs blazar
observations for the thin-wall scenario. We adopt scaling
law that governs the evolution of MFs and the correlation
length for the case where MFs do not have enough time to
reach the fully helical stage before recombination, as
suggested by the numerical simulation of MFs evolution
under the magnetohydrodynamic turbulence [62]: Brms ¼
B⋆ðξM=ξ⋆Þ−ðθþ1Þ=2 for θ ¼ 0, 1. We did not present the
bounds coming from the big bang nucleosynthesis [74,75]
and the spectrum and anisotropies of the cosmic microwave
background measurements [76–81], since the two yield
null result for the current study.
We now turn to study the property of the GW spectrum

generated from the first-order electroweak PT. To show the
wall width effects on the GW spectra, we present the GW

production from the bubble collisions during the first-order
PT with pB ¼ 10−8 and 10−9 in the top panel of Fig. 3. In
both cases, the GWenergy densities increase by around one
order from bubble collision to the oscillation phase where
MFs are generated (see Fig. 3 in the Supplemental Material
[55] for the time evolution of the GW spectra). Our
simulation shows that the MF’s contribution to the GW
production is negligible. We reconfirm the observation of
Refs. [27,57,83]: (1) before t < R⋆, the dominant contri-
bution to GWs is from the bubble collisions; (2) after
t > R⋆, the GW energy spectrum continues growing and
the peak of ΩGW shifts toward a higher frequency in the
oscillation-coalescence phase. We find that the magnitude
of the GW spectrum falls into a valley at the length scale of
the wall thickness Lw, and we do not find the negligible
contribution of GWs corresponds to the wall thickness
observed in Refs. [27,57]. We find that the GW energy
spectrum at t=R⋆ ¼ 1.45 (the bubble collision phase) has a
broken power-law form with ΩGW ∝ f3.0;−1.11 for infrared
and large frequency regions when pB ¼ 10−9, which is
consistent with the previous envelope approximation study
for the thin-wall limit [67,84–86], where the low-frequency

FIG. 2. Top: the frequency-dependent MF spectrum for differ-
ent times during the first-order PT with Nb ¼ 160 (with
γ⋆ ¼ 2.98) and Nb ¼ 36 (with γ⋆ ¼ 4.84). The length scale
associated with the R⋆ and Lw are plotted as vertical black
dotted line and vertical dashed line. Bottom: the MF strength as a
function of correlation length, with cyan and blue regions
corresponding to lower bounds set by blazars in Refs. [18,82].
We perform the simulation until the time of t=R⋆ ¼ 2.42, 2.62 as
shown in the top plots, which are long enough for the generation
of GWs and MFs, as the stop growth of amplitudes of GW and
MF can be found there, see Supplemental Material [55].

FIG. 3. Top: the frequency-dependent GW energy spectrum for
different times during the first-order PT with Nb ¼ 160, γ⋆ ¼
2.98 and Nb ¼ 36, γ⋆ ¼ 4.84. The length scale associated with
the R⋆ and Lw are plotted as the vertical black dotted line and
vertical dashed line. Bottom: sensitivity of future GW detectors
on the GW spectrum rescaled from the plots in the top panel
(t=R⋆ ¼ 1.45 and t=R⋆ ¼ 2.42).
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behavior reveals the causality requirement [87], and the
high-frequency behavior is consistent with the analytical
calculations [85] in which the single bubble contribution
is dominant [88]. At the simulation time of t=R� ¼ 2.42,
the GW energy spectrum grows to be ΩGW ∝ f2.59;−1.13 in
the oscillation phase. Note that ΩGW ∝ f3 in the far
infrared region is a universal result as found in
Ref. [89]. Since GWs in the infrared region are sourced
at the scale larger than R�, in this case ΩGW ∝ f2.59 may
result from the limited length scale of the lattice, and also
may come from the fact that we fitted this form in the
region not very far from the peak frequency; we expect
ΩGW ∝ f3 could be reproduced with larger resolution
simulations and in the lower frequency region. Similar
to the MF production, the behavior of the high-frequency
tail of ΩGW (top panel of Fig. 3) is affected by the
oscillations of the Higgs fields in bubble overlap regions
during the coalescence stage after the bubble collision.
Different PT models can be realized in particular particle
physics models beyond the SM, with different PT temper-
atures (T) and PT duration times (β=H). For example,
the electroweak PT can be first-order in the real singlet-
extended standard model and standard model effective
field theory (see Ref. [37]), with T ¼ 0.1 TeV and
β ¼ 10−2H⋆, and the peak frequency of the GW spectrum
is located at f ∼ 0.1 Hz. To illustrate the sensitivities
of variant GW detectors (including LISA [8], Taiji [9],
TianQin [10], DECIGO [12], BBO [11], LIGO [4,90,91],
Einstein Telescope [92,93], and Cosmic Explorer [94]) for
the GWs produced from variant PT models, we plot the
bottom panel of Fig. 3, where the GWs are rescaled from
the GW spectra generated with pB ¼ 10−9 at t=R⋆ ¼ 1.45
(dashed curves) and t=R⋆ ¼ 2.42 (dotted curves).
Conclusions.—In this Letter, we performed a simulta-

neous study of the MFs and GWs production at the first-
order electroweak PT. Given the evolution of magnetohy-
drodynamics turbulence after the PT, we obtain the MFs at
the characteristic correlation length [62,95] that may seed
the observed MFs in galaxy clusters. Our simulation
suggests that the MF strength generated from the bubble
collisions during the electroweak PT can reach Brms ∼
10−7 G at a typical characteristic correlation length
ξ ∼ 10−7 pc. The signature can be used to distinguish
the MFs from the PT from other sources of MFs in future
observations. We note that, although the maximum
MF strength here is comparable with the helical MFs
generated by sphaleron decay when CP violation shows up
[20,96,97], the MF spectrum is totally different, which can
be probed by future MF observations. Furthermore, the
probe of GW’s spectrum at future GW detectors (such as
LISA) is expected to discriminate GWs from the PT and
other GW sources. We therefore establish the possibility for
probing the first-order electroweak PT directly through the
observation MFs at the correlation length and the detection
of its predicted GWs at space-based interferometers.

This can serve as an inspection of the underlying new
physics beyond the standard model (for practical models’
studies of intergalactic MFs and GWs, see Refs. [98,99]).
In the present Letter, we did not consider the interaction

between fields and plasma since we focus on the MF and
GW generation during the bubble collision stage. For
vacuum phase transition where the sound wave is absent,
one only needs to consider bubble collisions. Generally,
with the interaction between Higgs field and plasma, the
predicted GW signal might be amplified to some extent in
the high-frequency region in comparison with the case only
considering the bubble collision. For that situation, the
sound wave will dominate over the GWs from bubble
collisions [7]. We expect our observation still holds there
and leave the detailed study to another publications.
Different GW sources are distinguished by their different
spectra. For the GW spectrum produced by the first-order
PT, one of the key targets in the space-based GW detectors
like LISA [8], it is of typical broken power-law shape with
different slopes for low and high frequencies [7,100,101].
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