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In this Letter we study how fast the energy density of a quantum gas can increase in time, when the
interatomic interaction characterized by the s-wave scattering length a, is increased from zero with
arbitrary time dependence. We show that, at short time, the energy density can at most increase as /7,
which can be achieved when the time dependence of a, is also proportional to /7, and especially, a

universal maximum energy growth rate can be reached when a; varies as 2+/#t/(zm). If a, varies faster or

slower than /%, it is, respectively, proximate to the quench process and the adiabatic process, and both
result in a slower energy growth rate. These results are obtained by analyzing the short time dynamics of the
short-range behavior of the many-body wave function characterized by the contact, and are also confirmed
by numerically solving an example of interacting bosons with time-dependent Bogoliubov theory. These
results can also be verified experimentally in ultracold atomic gases.
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The ability of tuning interactions between particles is a
major advantage of ultracold atomic systems [1,2].
Especially, by utilizing magnetic and optical tools, the
interaction strength between atoms, usually characterized
by the s-wave scattering length a,, can be tuned over a few
thousand of Bohr radius over a few microseconds, which is
a timescale much faster than the many-body relaxation
time. This has led to a number of interesting ultracold
atomic experiments reported in recent years, such as
universal quench dynamics observed by quenching inter-
action to unitarity [3,4], and coherent excitation of the
Higgs mode in superfluid Fermi gases and the Bogoliubov
quasiparticles in Bose condensates by periodically modu-
lating interactions [5-8]. This experimental progress
has also been accompanied by lots of theoretical interest
on studying nonequilibrium dynamics driven by time-
dependent interactions [9-30].

Energy is a fundamental quantity characterizing quan-
tum matters. It is therefore of broad interest to consider
energy dynamics in the nonequilibrium process. Especially,
we address a fundamental issue of how fast we can pump
energy into a system by changing the interaction parameter
and whether there is a universal upper limit for the energy
increasing rate. To be concrete, suppose that we start with a
noninteracting quantum gas with a; = 0 and then vary a; in
time, and suppose that a,(z) can be controlled in any
function form, the question is whether there is an upper
bound for the rate of how fast the total energy can increase
as a function of time. In this Letter we show that there does
exist such a universal rate limit, as far as the initial growth
rate is concerned. This result is quite counterintuitive,
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because normally the interaction energy increases as the
interaction strength increases. Thus, intuitively, one would
think that a faster increasing of interaction strength should
result in a faster increasing of interaction energy, and
consequently, a faster increasing of the total energy. Since
we consider that a, can be increased as fast as one wants, it
seems to indicate that there should not exist such a bound.

However, our results show that this intuition is not
correct. Before presenting the rigorous mathematical state-
ment, we first emphasize that our result is closely tied to a
key quantity in ultracold atomic gases called the contact
[31-39]. It is now well known that for quantum gases with
zero-range interactions, one can define contact C through
the short-range behavior of the many-body wave function
when any two atoms are brought close to each other, or
equivalently, through the high-momentum tail of the
momentum distribution. It has been shown that the total
energy of a quantum gas is directly related to the contact
[31-39].

To gain an intuitive understanding of our results, let us
first consider two limits. On one limit, the fastest change of
the interaction strength is the quench process, during which
a, instantaneously jumps from zero to any non-zero value.
However, it can be shown that the contact does not change
and retains zero right after the quench [32], and therefore,
the total energy also does not change after the quench [27].
This means that the fastest change of interaction actually
does not result in a fast change of the total energy, and in
contrast, the interaction energy does not change at all. On
the opposite limit, we can consider an adiabatic varying of
the interaction strength, during which the interaction
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energy does vary in time but it varies adiabatically with
sufficiently slow rate. The physical pictures in these two
limits motivate us to expect a universal maximum growth
rate driven by intermediate rates of varying the interaction
strength. Our studies rigorously establish this physical
picture, and this physical picture is quite general and
can inspire a similar phenomenon in other systems.

General expression for the contact growth.—Here we
consider a uniform Bose gas or spin-1/2 Fermi gas starting
from any noninteracting state |¥,) at = 0, and then the
s-wave scattering length a, () can vary with arbitrary time
dependence. Below we use n and n, to denote the densities
of bosons and fermions with spin-c (6 = 1, ), respec-
tively, and i and y,, to denote boson operator and fermion
operator with spin-o, respectively. One of the main results
of this work states as follows:

In the short-time limit, the dynamics of the contact C(¢) is
given by

C(1) = g2(0)In(1) . (1)

Here, g,(r) is defined as (Wo|y' (r/2)¢" (—=r/2)(-r/2)
w(r/2)|¥,) for bosons and <‘I‘O|lﬂ (r/2)dr) (=x/2)i,
(=r/2)yr4(r/2)|¥,) for fermions, and g,(0) means g,(r)
evaluated at r = 0. Especially, if |¥,) is the noninteracting
ground state, then g,(r) = n* or nyn for the Bose or the
spin-1/2 Fermi gas. The key result is that the function #(7)
obeys the following integral equation

{t +4m+(t)]n<t> -1, )

where L is a linear operator acting on 7() as

[ a2

This result is motivated by solving the two-body prob-
lem, which satisfies the following Schrodinger equation in
the relative coordinate r frame as

2v2 4 2 ]
i _ MV dxhia,(0) 5(r)%rw. 4)

ot m m

Starting from an initial state y(r) = 1/1/V (V is the total
volume of the system), the time evolution of the wave
function always obeys the following asymptotic form in the
short-range r — 0 limit, that is

B n(t) [1 1
v = v [? 0

] + O(r), (5)

and it can be shown that #(r) satisfies Eq. (2) [40].
Generalizing this result from the two-body problem to
the many-body problem utilizes the short-time expansion
and is quite straightforward, which yields Eq. (1) [40]. Here
we note that for the two-body problem, () satisfies Eq. (2)
for all timescales, but for the many-body problem, the result
is only valid for the short timescale. Here short time is
defined as the timescale much shorter than the typical
many-body timescale t, = h/E,, where E, = h*k2/(2m)
and k, = (62°n)'/3 (with n replaced by n,, for fermions). In
other words, in such a short timescale, the short-range
behavior of the many-body wave function is still dominated
by the two-body physics.

Contact growth rate.—Here, without loss of generality,
we consider that a,(t) grows from zero to a positive value
in a power-law function as

() = Vi (1) (©)

where [, is an arbitrary length unit and ¢, is the time units,
and [, and £, are both related to the same energy unit as
h/ty = h*/(2ml3). For example, when [, is taken as a few
thousands of Bohr radius, 7, varies from a few tenths to a
thousand of microseconds, depending on the mass of
atoms. «a,f are two constants describing the power and
the coefficient, respectively, and a factor V/2 is introduced
just for the later convenience. The operator L has an
important property that

1
i = (%)23(01);&—%, (7)
where B(a) is a constant given by B(a)=

PPT(a+ 1)/[4al(a + 1/2)]. That is to say, suppose
n(r) is a power-law function in 7, when L acts on (1),
it lowers the power of n(z) by 1/2. This property plays a
crucial role in the following analysis because it means
whether « in Eq. (6) is greater or smaller than 1/2 makes
significant difference.

Case I > 1/2. In this case, the 1/(4za,) term
dominates Eq. (2), and thus, to the leading order of t,
n(t), and C(t) are given by

n(t) = —4ma,(1);  C(t) = 162°a3(1)g2(0).  (8)

This is consistent with the adiabatic regime where the
physical quantities only depend on the instantaneous
scattering length at time ¢.

Case II: @ < 1/2. In this case, the [ term dominates
Eq. (2), and thus, to the leading order of ¢, n(t), and C(t) are
given by
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where B(1/2) = —1/(8+/ix). Surprisingly, in this case this
result shows that the growth of contact at the short time is
independent of parameters [, ¢, @, and f in Eq. (6). That is
to say, it is independent of how fast a, varies in time. Even
if [ or /3 is infinitely large, or « is infinitesimally small, and
then a,(¢) initially grows infinitely fast, the contact always
grows linearly in time with a constant rate. This means that
as long as a < 1/2, the short-range physics at the short time
is the same as a quench process where the scattering length
instantaneously jumps to unitarity.
Case III: @ = 1/2. In this case, Eq. (6) becomes

a,(1) =ﬂ\/§ (10)

By dimension analysis, it is easy to see that /; and #; cancel
each other and only the coefficient # enters the expression.
In this case, both the L term and the 1/(4za,) term are
equally important. Also to the leading order of ¢, we obtain

n(t) = -AB)Ve.  C(1) = |A(B)Pg(0)r.  (11)

where A(f) is also a constant given by

AB) = (ﬁf%- (12)

m) B(3) + 2.5

As one can see from here, this is a critical case. In case III,
by taking f — o0, Eq. (11) recovers Eq. (9), consistent with
the quench limit, and by taking f — 0, Eq. (11) recovers
Eq. (8), consistent with the adiabatic limit.

Here an important point is that |A(f)|? is not a monotonic
function in 3. For a given initial state, g,(0) is fixed, and we
can then define the initial growth rate for contact as
ve = lim,_odC(t)/dt. As one can see from Eq. (8),
ve =0 for case I. And for both case II and case III,
ve is a constant, given by |A(B)|?g,(0) for case III
and |A(f = )|?¢,(0) for case IL. It turns out that

|A(B)|* reaches its maximum at S, = 2/2/7 ~ 1.596,
at which vp™ = (h/m)1287g,(0).

Energy growth rate.—The total energy density of a
uniform zero-range interacting quantum gas can be mea-
sured through its momentum distribution ny. For example,
for spin-1/2 fermions, it is given by

&’k 2C C
€= / (27)3 K (nk _F> +47zma‘.’ (13)

where ny = nyy + ny |, e, = A?k?/(2m), and the contact
C is related to ny, through C = lim;_ o k*ny, [31]. The
same expression, replacing all C by C/2, also holds for the

spinless Bose gas as long as the three-body contact can be
ignored [38].

On the other hand, there is a direct relation between the
time evolution of the energy and the contact. For spin-1/2
fermions it is given as

d_. . 1C() da,

Ly = D _das
dt (1) drma(t) dt

(14)

For spinless bosons, an extra 1/2 factor should also be
added in the right-hand side of Eq. (14). Therefore, based
on the contact growth discussed above, we can determine
the energy growth.

Case I: a > 1/2. With the help of Eq. (8), one can obtain
that

 4mh*ag(t)
o om

SE(1) 92(0). (15)
where 6E(1) = E(t) — E(t = 0). This result again shows
that the physics in this regime is consistent with the
adiabatic regime where the energy is determined by the
instantaneous scattering length. Since @ > 1/2, the energy
increases slower than /7 at the short time.

Case II: @ < 1/2. In this regime, Eq. (9) gives rise to

se0 =22 o (£) ™ )

Since a < 1/2, the energy also increases slower than +/ at
the short time. When taking the limit of @ — 0, or f — oo
or Iy — o0, 6&(t) — 0, and it is consistent with the fact
there is no energy change for the quench process as
discussed above.

Case III: @ = 1/2. In this regime, Eq. (11) yields

seie) — ([ IABP

OV (1)

It is in this case that the energy growth at the short time is
the fastest. Now we can define an energy growth rate
vg = lim,_y d€(t)/d+/t. For cases I and 1, this rate is zero.
In case II, vp is given by +/A*/m|A(B)[>9,(0)/(4xp),
which reaches its maximum at ., = 2//7 ~ 1.128 with
VI = 4(2 + v/2)/mgr(0)\/ 13/ m = 24.24,(0) /B> /m.
Note that this value of v}t** applies for the spin-1/2 Fermi
gas, and for the spinless Bose gas an extra 1 /2 factor should
be added.

This maximum energy growth rate is the main result of
this work. We note that, although this result is obtained by
assuming a power-law function of a,(z) and by considering
positive a(1), it can be extended to other function forms,
such as including the logarithmic function corrections and
starting from nonzero scattering length, and including the
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FIG. 1. (al)—(a2) The time dependence of the scattering length
a(t) (in units of ;) with different power-law functions of Eq. (6).
(al)a =1/4,1/2,3/4, and j is fixed at f = 1. (a2) a is fixed at
a=1/2 and p=1/2,1.128,1.596, and 4. (b1)—(b2) The short
time behavior of the contact C [in units of g,(0)/3] with a,(r)
plotted in (al) and (a2), respectively. (cl)—(c2) The time
dependence of the energy density change &€ [in units of
92(0)1yh*/m] with ay(¢) plotted in (al) and (a2), respectively.

situations where a, varies to negative values. The
results discussed above are summarized in Figs. 1 and 2.
Figures 1(al) and (a2) show different power-law functions
of a,(t) given by Eq. (6), either with different power
a, or with different coefficient f and fixed a = 1/2.
Figures 1(bl) and 1(b2) show the corresponding contact
growth, and Figs. 1(c1) and 1(c2) show the corresponding
energy growth, using spinless bosons as an example. It
clearly shows that a faster increasing of a, does not
necessarily lead to a faster increasing of the contact and
the energy density. One can see that for different powers,
a = 1/2 gives the fastest contact growth and energy growth
at the short time. And for « fixed at 1/2, # = ., yields the
fastest contact growth and = 3., yields the fastest energy
growth, as also shown in Fig. 2. In the inset of
Fig. 2(b), we have also shown that a maximum energy
growth rate can also be found for negative f, where a;
varies to the negative value.
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FIG. 2. Initial growth rate for contact (a) and for energy (b) as a

function of g for a,(t) = f+/hAt/m. Arrows mark B, and f.,
where the maximum contact growth rate and the maximum
energy growth rate are reached. v- and vy are plotted in units of
92(0)/m and g,(0)+/%>/m, respectively. The inset in (b) high-
lights the peak at the negative /3 side where a, changes to negative
values.

Example.—The analysis above is based on the short
time expansion. To support the validity of this expansion,
here we consider a concrete example of spinless bosons,
which can be described by the following time-dependent
Hamiltonian

= Sebihe + A0 S bbb, (18)
k

k.k'q

where by are boson creation operators with momentum k.
U(1) is related to a,(r) through the renormalization relation

1 m 1 1

U(t)  4ahla,(t) V4=2e, (19)

We solve this Hamiltonian by adopting the Bogoliubov-
type variational ansatz as

(1)) = N (1) exp [gomé; n ngmzéltiik} 0. (0)

k0

where N (7) is a normalization factor, |0) is vacuum of
particles, and g, and gy are all variational parameters. This
approach is not restricted to the short time and has been
successfully used in the previous studies of degenerate
Bose gas quenched to unitarity [10,13,26]. The evolution of
variational parameters ¢q(z) and ¢ (¢f) can be obtained
from the Euler-Lagrange equation for the Lagrangian
L =3[{P@)|¥(1) = (P(1)]P(r))] = (P(0)[H (1) ®(2)).

which yields a set of differential equations for g, and g.
Since we start with a noninteracting Bose condensate, we
take gy = 1 and g, = 0 at r = 0 as the initial conditions for
these differential equations. We can obtain the variational
wave function by solving these equations, and sub-
sequently, we can determine the total energy density with
Eq. (13). The results for the total energy density are shown
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FIG. 3. Dynamics of the total energy density of Bose gas for
ay(t) with different power-law functions of Eq. (6). (a) # = 1 and
a=1/4,1/2,3/4. (b) a=1/2 and =4, 0.5, 1.128. 5¢ is
plotted in units of n*l,A%/m and we have set t, = t, and thus
lo = 1/k, in the numerical calculation.

in Fig. 3 for different powers and different coefficients. One
can see that the short time behaviors agree very well with
that given by Figs. 1(cl) and 1(c2).

Summary.—In summary, we have studied the energy
growth rate of degenerate quantum gas driven by increasing
the s-wave scattering length a, from zero, by both
analyzing the short time behavior on general situations
and numerically solving a concrete example of interacting
bosons. Two main results are summarized as follows: (i) At
short time, the energy density increases as * and a cannot
be smaller than 1/2, and @ = 1/2 is achieved when a,()
varies as o /7. (ii) When a,(¢) varies as o /¢, the fastest

energy increasing is achieved when a,(t) = 2+/At/(zm),
with a maximum energy growth given by 4(2 +/2)

ah’t/mg,(0) for the spin-1/2 Fermi gas and half of
that for the spinless Bose gas. These results also hold for
harmonic trapped and finite temperature cases when
the trap and the temperature average are performed.
This prediction can be directly verified in cold atom
experiments.

We emphasize that this maximum energy growth rate is
universal, that is, it is independent of any length or energy
scale. This is because when a, varies as +/7, the entire
many-body Schrodinger equation is invariant under a
space-time scaling transformation ¢ — A’t and r — Ar.
Similar examples of such scale invariant many-body
dynamics have been studied in Refs. [41-43]. Hence, this
result ties together the fastest energy growth with the
scaling symmetry, and this is also reminiscent of the
equilibrium situation, where the interaction effect is the
strongest at unitarity when the system is also scale
invariant.

We thank Peng Zhang for helpful discussions. The
project was supported by NSFC under Grants
No. 12022405 (R.Q.), No. 11774426 (R.Q.) and
No. 11734010 (H.Z. and R.Q.), Beijing Outstanding
Young Scholar Program (H.Z.), the National Key R and

D Program of China under Grant No. 2018YFA0306501
(R. Q.), the Research Funds of Renmin University of China
under Grant No. 19XNLG12 (R. Q.), the Beijing Natural
Science Foundation under Grant No. Z180013 (RQ),
and Program of Shanghai Sailing Program Grant
No. 20YF1411600 (Z. Y. S.).

*qiran@ruc.edu.cn
"hzhai @tsinghua.edu.cn

[1] T. Kohler, K. Goral, and P. S. Julienne, Rev. Mod. Phys. 78,
1311 (20006).

[2] C. Chin, R. Grimm, P.S. Julienne, and E. Tiesinga, Rev.
Mod. Phys. 82, 1225 (2010).

[3] P. Makotyn, C. E. Klauss, D. L. Goldberger, E. A. Cornell,
and D. S. Jin, Nat. Phys. 10, 116 (2014).

[4] C. Eigen, J. A. Glidden, R. Lopes, E. A. Cornell, R.P.
Smith, and Z. Hadzibabic, Nature (London) 563, 221
(2018).

[5] A. Behrle, T. Harrison, J. Kombe, K. Gao, M. Link, J.-S.
Bernier, C. Kollath, and M. Kohl, Nat. Phys. 14, 781 (2018).

[6] L. W. Clark, A. Gaj, L. Feng, and C. Chin, Nature (London)
551, 356 (2017).

[7] L. Feng, J. Hu, L. W. Clark, and C. Chin, Science 363, 521
(2019).

[8] J. Hu, L. Feng, Z. Zhang, and C. Chin, Nat. Phys. 15, 785
(2019).

[9] X. Yin and L. Radzihovsky, Phys. Rev. A 88, 063611
(2013).

[10] A.G. Sykes, J. P. Corson, J. P. D’Incao, A.P. Koller, C. H.
Greene, A. M. Rey, K. R. A. Hazzard, and J. L. Bohn, Phys.
Rev. A 89, 021601(R) (2014).

[11] A. Rancon and K. Levin, Phys. Rev. A 90, 021602(R)
(2014).

[12] B. Kain and H. Y. Ling, Phys. Rev. A 90, 063626 (2014).

[13] J.P. Corson and J.L. Bohn, Phys. Rev. A 91, 013616
(2015).

[14] F. Ancilotto, M. Rossi, L. Salasnich, and F. Toigo, Few-
Body Syst. 56, 801 (2015).

[15] X. Yin and L. Radzihovsky, Phys. Rev. A 93, 033653
(2016).

[16] A. Eckardt, Rev. Mod. Phys. 89, 011004 (2017).

[17] V.E. Colussi, J.P. Corson, and J.P. D’Incao, Phys. Rev.
Lett. 120, 100401 (2018).

[18] V.E. Colussi, S. Musolino, and S.J.J. M. F. Kokkelmans,
Phys. Rev. A 98, 051601(R) (2018).

[19] M. Van Regemortel, H. Kurkjian, M. Wouters, and I.
Carusotto, Phys. Rev. A 98, 053612 (2018).

[20] J.P. D’Incao, J. Wang, and V. E. Colussi, Phys. Rev. Lett.
121, 023401 (2018).

[21] H. Fu, L. Feng, B. M. Anderson, L. W. Clark, J. Hu, J. W.
Andrade, C. Chin, and K. Levin, Phys. Rev. Lett. 121,
243001 (2018).

[22] T. Chen and B. Yan, Phys. Rev. A 98, 063615 (2018).

[23] S. Musolino, V.E. Colussi, and S.J.J. M. F. Kokkelmans,
Phys. Rev. A 100, 013612 (2019).

[24] A.M. de las Heras, M. M. Parish, and F. M. Marchetti, Phys.
Rev. A 99, 023623 (2019).

[25] Z. Wu and H. Zhai, Phys. Rev. A 99, 063624 (2019).

240401-5


https://doi.org/10.1103/RevModPhys.78.1311
https://doi.org/10.1103/RevModPhys.78.1311
https://doi.org/10.1103/RevModPhys.82.1225
https://doi.org/10.1103/RevModPhys.82.1225
https://doi.org/10.1038/nphys2850
https://doi.org/10.1038/s41586-018-0674-1
https://doi.org/10.1038/s41586-018-0674-1
https://doi.org/10.1038/s41567-018-0128-6
https://doi.org/10.1038/nature24272
https://doi.org/10.1038/nature24272
https://doi.org/10.1126/science.aat5008
https://doi.org/10.1126/science.aat5008
https://doi.org/10.1038/s41567-019-0537-1
https://doi.org/10.1038/s41567-019-0537-1
https://doi.org/10.1103/PhysRevA.88.063611
https://doi.org/10.1103/PhysRevA.88.063611
https://doi.org/10.1103/PhysRevA.89.021601
https://doi.org/10.1103/PhysRevA.89.021601
https://doi.org/10.1103/PhysRevA.90.021602
https://doi.org/10.1103/PhysRevA.90.021602
https://doi.org/10.1103/PhysRevA.90.063626
https://doi.org/10.1103/PhysRevA.91.013616
https://doi.org/10.1103/PhysRevA.91.013616
https://doi.org/10.1007/s00601-015-0971-2
https://doi.org/10.1007/s00601-015-0971-2
https://doi.org/10.1103/PhysRevA.93.033653
https://doi.org/10.1103/PhysRevA.93.033653
https://doi.org/10.1103/RevModPhys.89.011004
https://doi.org/10.1103/PhysRevLett.120.100401
https://doi.org/10.1103/PhysRevLett.120.100401
https://doi.org/10.1103/PhysRevA.98.051601
https://doi.org/10.1103/PhysRevA.98.053612
https://doi.org/10.1103/PhysRevLett.121.023401
https://doi.org/10.1103/PhysRevLett.121.023401
https://doi.org/10.1103/PhysRevLett.121.243001
https://doi.org/10.1103/PhysRevLett.121.243001
https://doi.org/10.1103/PhysRevA.98.063615
https://doi.org/10.1103/PhysRevA.100.013612
https://doi.org/10.1103/PhysRevA.99.023623
https://doi.org/10.1103/PhysRevA.99.023623
https://doi.org/10.1103/PhysRevA.99.063624

PHYSICAL REVIEW LETTERS 126, 240401 (2021)

[26] C. Gao, M. Sun, P. Zhang, and H. Zhai, Phys. Rev. Lett. 124,
040403 (2020).

[27] M. Sun, P. Zhang, and H. Zhai, Phys. Rev. Lett. 125, 110404
(2020).

[28] Y.-Y. Chen, P. Zhang, W. Zheng, Z. Wu, and H. Zhai, Phys.
Rev. A 102, 011301(R) (2020).

[29] Y. Cheng and Z.Y. Shi, arXiv:2004.12754.

[30] C. Ly, R. Zhang, and Q. Zhou, Phys. Rev. Lett. 125, 253002
(2020).

[31] S. Tan, Ann. Phys. (Amsterdam) 323, 2952 (2008).

[32] S. Tan, Ann. Phys. (Amsterdam) 323, 2971 (2008).

[33] S. Tan, Ann. Phys. (Amsterdam) 323, 2987 (2008).

[34] M. Punk and W. Zwerger, Phys. Rev. Lett. 99, 170404
(2007).

[35] G. Baym, C.J. Pethick, Z. Yu, and M. W. Zwierlein, Phys.
Rev. Lett. 99, 190407 (2007).

[36] E. Braaten and L. Platter, Phys. Rev. Lett. 100, 205301
(2008).

[37] S.Zhang and A.J. Leggett, Phys. Rev. A 79, 023601 (2009).

[38] E. Braaten, D. Kang, and L. Platter, Phys. Rev. Lett. 106,
153005 (2011).

[39] Z. Yu, J. H. Thywissen, and S. Zhang, Phys. Rev. Lett. 115,
135304 (2015).

[40] See  Supplemental Material at http://link.aps.org/
supplemental/10.1103/PhysRevLett.126.240401 for the
detailed proof.

[41] S. Deng, Z.-Y. Shi, P. Diao, Q. Yu, H. Zhai, R. Qi, and H.
Wu, Science 353, 371 (2016).

[42] Z.-Y. Shi, R. Qi, H. Zhai, and Z. Yu, Phys. Rev. A 96,
050702(R) (2017).

[43] S. Deng, P. Diao, F. Li, Q. Yu, S. Yu, and H. Wu, Phys. Rev.
Lett. 120, 125301 (2018).

240401-6


https://doi.org/10.1103/PhysRevLett.124.040403
https://doi.org/10.1103/PhysRevLett.124.040403
https://doi.org/10.1103/PhysRevLett.125.110404
https://doi.org/10.1103/PhysRevLett.125.110404
https://doi.org/10.1103/PhysRevA.102.011301
https://doi.org/10.1103/PhysRevA.102.011301
https://arXiv.org/abs/2004.12754
https://doi.org/10.1103/PhysRevLett.125.253002
https://doi.org/10.1103/PhysRevLett.125.253002
https://doi.org/10.1016/j.aop.2008.03.004
https://doi.org/10.1016/j.aop.2008.03.005
https://doi.org/10.1016/j.aop.2008.03.003
https://doi.org/10.1103/PhysRevLett.99.170404
https://doi.org/10.1103/PhysRevLett.99.170404
https://doi.org/10.1103/PhysRevLett.99.190407
https://doi.org/10.1103/PhysRevLett.99.190407
https://doi.org/10.1103/PhysRevLett.100.205301
https://doi.org/10.1103/PhysRevLett.100.205301
https://doi.org/10.1103/PhysRevA.79.023601
https://doi.org/10.1103/PhysRevLett.106.153005
https://doi.org/10.1103/PhysRevLett.106.153005
https://doi.org/10.1103/PhysRevLett.115.135304
https://doi.org/10.1103/PhysRevLett.115.135304
http://link.aps.org/supplemental/10.1103/PhysRevLett.126.240401
http://link.aps.org/supplemental/10.1103/PhysRevLett.126.240401
http://link.aps.org/supplemental/10.1103/PhysRevLett.126.240401
http://link.aps.org/supplemental/10.1103/PhysRevLett.126.240401
http://link.aps.org/supplemental/10.1103/PhysRevLett.126.240401
http://link.aps.org/supplemental/10.1103/PhysRevLett.126.240401
http://link.aps.org/supplemental/10.1103/PhysRevLett.126.240401
https://doi.org/10.1126/science.aaf0666
https://doi.org/10.1103/PhysRevA.96.050702
https://doi.org/10.1103/PhysRevA.96.050702
https://doi.org/10.1103/PhysRevLett.120.125301
https://doi.org/10.1103/PhysRevLett.120.125301

