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We study Feynman integrals and scattering amplitudes in A/ = 4 super-Yang-Mills theory by exploiting
the duality with null polygonal Wilson loops. As the main application, we compute for the first time the
symbols of the general double pentagon integrals, which give the finite part of two-loop maximally helicity
violating (MHV) amplitudes and finite components of next-to-MHV (NMHV) amplitudes to all
multiplicities. The rational parts of the symbol consist of 164 letters, while the algebraic part contains
96 algebraic letters and cancel in MHV amplitudes and NMHYV components which are free of square roots.
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Introduction.—Scattering amplitudes are central objects
in fundamental physics: they are crucial for connecting
theory to experiments in particle accelerators such as the
Large Hadron Collider, and they play a central role in
discovering new structures of quantum field theory (QFT).
As arguably the simplest QFT, tremendous progress has
been made for planar N' = 4 supersymmetric Yang-Mills
theory (SYM); not only have hidden mathematical struc-
tures for all-loop integrands been unraveled [1-3], but the
integrated amplitudes have also been computed to impres-
sively high loops, for n = 6, 7 [4] and for higher multi-
plicities [5-8]. Moreover, these studies have made N = 4
SYM an extremely fruitful playground for new methods of
evaluating Feynman integrals, which is a subject of
enormous interest (cf. [9—11] and references therein).

In planar N'=4 SYM, a remarkable duality between
maximally helicity violating (MHV) scattering amplitudes
and null polygonal Wilson loops (WL) was discovered at
both strong [12] and weak coupling [13,14]; later it was
established that superamplitudes (after stripping off MHV
tree prefactor) are dual to supersymmetric WL [15,16], and
quite a lot of what we have learned about amplitudes are from
this dual picture. Based on integrability [17] and operator
product expansions of WL [18], one can compute amplitudes
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at any value of the coupling around collinear limits [19]; the
powerful O anomaly equation [20] for computing multiloop
amplitudes [7,8] was derived from the dual WL as well. In
this Letter, we exploit the dual picture in yet another context:
the computation of certain Feynman integrals [21].

Recall that in computing (super-)WL, one inserts fields
in the supermultiplet at edges and vertices of the null
polygon, as well as chiral Lagrangians at dual points which
correspond to loop variables to be integrated over [15]. We
will see that, certain loop integrals for scattering amplitudes
are more easily performed as Feynman diagrams of WL
where (some) loop insertions can be trivially integrated out
and yield relatively simple integrations over edge insertions
(and remaining loops). In this way, we obtain the “dlog”
representation for loop integrals and amplitudes made of
them [22], which not only makes the evaluation much
simpler, but also various desired properties manifest. We
initiate the systematic study of dlog representations for a
wide range of simple loop integrals in [23], but here we
focus on the computation of a class of particularly
important integrals, the double pentagons [24]. We denote
such an integral as Idp(i, J.k,1) with massless corners
i, j, k, [ (which is finite for j > i+ 1 and [ > k + 1):

J k

Idp(ivja kvl) =
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FIG. 1. NMHV component of super-WL as difference of two
diagrams, each equal to a double-pentagon integral.

Remarkably, the two-loop MHV amplitudes are given by
the sum of I4,(i, j, k. 1) with i < j <k <1 < i cyclically
(including divergent boundary terms) [24], and these
integrals also give a large class of components of two-
loop NMHYV amplitudes. This fact can be derived from the
local-integral representation of amplitudes [24]; let us
review pictorially how /4,’s naturally give NMHV com-
ponents of supersymmetric WL. Recall that the polygonal
WL are most nicely formulated in terms of momentum
twistors [25], which correspond to null rays in the
dual spacetime and manifest the SL.(2,2) dual conformal
symmetries [26]: the vertices x; are given by
(Xi41 — %)% = 292%, and similarly for the Grassmann part
(0is1 — 0,)* = 297!, Then, we introduce the (super)
momentum twistors Z; = (Z¢[y4) = (A%, x30;,|0% i),
and hence the Pliicker coordinates  (ijkl) =
€apcaZ{Z0ZiZ] with the standard Levi-Civita symbol
€apeq- Consider the component yy%yiyy of NMHV
super-WL, with nonadjacent i < j < k < [. It is easy to
see that such a component is given by the difference of two
Feynman diagrams of WL (Fig. 1.).

To see that each diagram exactly gives a double
pentagon, we refer to the argument in [15]: after integrating
out fermion insertions along the edges, we obtain
all propagators and the numerators (“wavy lines”) of /g,
with loop integrations over the insertion points ¢y, 5.
Thus from the WL picture alone, we see that the
simplest NMHV component amplitudes at two loops
are given by a difference of two WL diagrams,
Lap(is .k, 1) = T (j. k1, 0).

The double pentagon Iy, has only been evaluated for
n <7 legs [10,27] [28]. Starting n =8, this integral
generically depends on functions of kinematics that contain
irreducible square roots of Gram determinants, which we
call “algebraic letters” [10]. The most general /4, (i. /. k. I)
depends on 12 legs, i — 1,i,i +1,....,1—1,1,1+ 1, which
has an identical kinematic space as that of the chiral
octagon [24]; the generic Iy, is expected to contain 16
square roots corresponding to 16 four-mass box configu-
rations of the latter, and similarly for all finite degener-
ations. Its analytic computation is currently beyond the
reach of conventional method, e.g., Feynman parametriza-
tion. The up-to-date result is the numeric computation of
14,(1,3,5,7) with n =8 at a particular kinematic point
[29], which suggests that 14, (i, j, k. [) — I4,(j. k. 1, i) is free

of square roots. This surprising observation has been
confirmed by an independent Q calculation for two-loop
NMHV amplitudes [7,8], which shows that the above
components are free of square roots for any n. However,
the O equation is for the full amplitude, thus has no access
to the individual /4, involving algebraic letters. In this
Letter, we solve this long-standing problem by evaluating
the symbol [30] of the most generic I4y(i,j,k,[) with
n > 12 from WL. This amounts to the first all-multiplicity
computation of all finite integrals for two-loop MHV
amplitudes and these special components of NMHV
amplitudes.

The key lies in the fact that we can swap the order of
integrations in WL diagrams: For I4, it is possible to
perform both loop integrations and be left with fourfold
integrals over edge insertions, but in practice a mixture of
integrations turns out to be more convenient. We apply
the trick only for one of the loop integrations and evaluate
the other one by the usual box expansion [31]. In this way,
we express 4, as a sum of twofold dlog integrals of some
polylogarithms of weight 2, which turn out to be similar to
O computations [7,8,20] and the predecessor [6]. An
important technical point is that when performing the
twofold integrations, one needs to “rationalize” square
roots in four-mass box integrals. Among other things,
we find remarkably compact “algebraic words” of the
symbol containing 16 square roots, where for each of them,
only 4 new algebraic letters appear compared with the
corresponding four-mass box. We see how these algebraic
words nicely cancel in the difference for NMHV
components, as well as in the cyclic sum for MHV
amplitudes. Even more remarkably, the complete
symbol for generic I4y(i, j, k,[) can be expressed com-
pactly using two independent weight-3 integrable
symbols, which we will present explicitly. The alphabet
contains 164 rational letters, in addition to the alge-
braic ones.

Warmup example: Chiral pentagon.—Before moving to
I4p, let us illustrate this method using the one-loop chiral
pentagon (Fig. 2), which is the ingredient of one-loop
MHV amplitudes. The integral has four propagators
associated with i, j, and the last one specified by a generic
line L:

F*6 0 ) (Lij)
(ein(einier)

(i, j. L) = (1)

where the loop momentum £ can be understood as a point
in dual space, and hence a line in twistor space. Here we
introduce a shorthand (¢i)) := (¢i — 1i)(¢ii + 1). The
numerator depends on the two solutions of the two-
mass-easy Schubert problem: (ij) and the intersection of
planes i := €427 | Z{Z¢ | and j [32].
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FIG. 2. The chiral pentagon written as a WL diagram, and loop
integral performed using “star-triangle” identity.

In [15], I, was interpreted as a (bosonic) WL diagram
with gluons inserted at edge i, j and a Lagrangian insertion
at Z. For our purpose, it is convenient to represent I,/ (Lij)
as a WL diagram with two fermions inserted at edge i, j,
both connected to the Yukawa vertex yy¢(¢), and a scalar
propagator from Z to the reference line L (Fig 2). To see
this, we write (Zi)~' as 1D integral [°(ZiX(z)) 2dx,
where we have introduced the twistor interpolating between
Zi_yand Z; | [15]: X(z) = Z;_y + ©Z;y,. Note x == (iX)
corresponds to the insertion point on edge i (with two
endpoints given by 7 — 0, o0) and similarly for y := (jY);
the numerator is obtained by taking into account that for
fermion  propagators  [i|(x — £)(¢ — y)|j] x (¢i N j).
Remarkably, one can easily perform the loop integration
for this diagram

/ dedling) /oo Po(LinT) o)
({CiX)X(¢jY)*(¢L)  Jo (LiX)(LjY){iXjY)’

where we have used a version of star-triangle identity
(Fig. 2) for three-point functions in conformal field theory
[33]. By (2), one can represent /,,(i, j, L) as a twofold line
integration over two dlog’s,

(L)
(@GY) 0 (L))

where the integration domain for X, Y are edge i and j. This
expression makes it clear that it is a pure function, that is a
linear combination of polylogarithms with numerical
coefficients, of weight 2. In this form, the integration is
trivial and yields the well-known result; this WL repre-
sentation not only trivializes the evaluation of integrals, but
also manifests properties of the answer, such as dual
conformal invariance (DCI) and uniform transcendental
weights.

The double pentagon as twofold integrals.—Now we
turn to the main object of interests: the double pentagon
integral,

(iXjY)
(LiX) "

I,(i,j.L) = /dlog dlog (3)

d*e,d* e, (i 0 J)Y(Eak 0 1) (ijkl)

loll-d kD)= | SN e ERN )

4)

Without explicitly using the WL diagram, we apply the
same manipulation as above for loop ¢ to write it as an
integration of a one-loop hexagon over edge i, j:

k-1 k
J Th
) Yy Lh+1
Iap(i, 4, k1) :/d27—<2.7kl> Y k+1
apii (iXjY) X -1
x X
) Ti41
Y41 !
(5)
where the one-loop hexagon is defined as
I = / d4f2<f2? N .}> <f2l_( n Z> (6)
] (GGG

Note that it has two “deformed” legs X, Y rather than
original i+ 1 and j—1. The computation of [y, is
standard—using the familiar box expansion or the general
algorithm provided in [34]. Either way, the result turns out
to be a linear combination of (§) = 15 box integrals with
some dlog 2-forms as the coefficients.

To describe our result, it is convenient to label
the six propagators of [, by the six points
X, ¥, Xg Xpa1, X, X1 in the dual spacetime [as in
Eq. (5)] and introduce the “y”-deformed four-mass box
function: F :=yF(u,v)—1/2logulogv, where we have
introduced y := r; — ry/r; + r, and

F(u,v):=Liy(1 —z)—Li(1-2) +%log <§> log(v)

with u=u,p,.0=22, v=upcq,=(1-2)(1-2),

and ug e q = X0 ,%2 4/ (X2.X3 ), 11 and ry are leading
singularities [24]' evaluated at two solutions of the four-
mass Schubert problem. Then, I4, can be compactly
expressed as

[ s, = k=1 ke 1) = o D+ e
(7)
where the second term is obtained by swapping k — 1 with

k+1, (k < ) denotes terms given by swapping k, x; or
X1 with [, x; or x;, for the first two terms [35], and
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Ky GGy (kD)
[x,y] = dlog (XjY) dlog YAD ,
_ (jYil) (iXjY)
beoxi) = dlog i d108 s G ek + 1)

Loy =FOx,y.x0,x) = Fx,y.x 0, x4)
—Ly(l+1,x,y, )+ Lo(I+1,x,k+1,0)
- LZ(I + l’y’ k + 19 l) + ]Og Ml+l,x.y,l 10g ux,y,kJrl,lJrl ’
I, = Lo(x, k,k+1,1) =Ly(x,k,k+1,14+1)
LI+ 1,x,k, )+ Lo(I+1,x,k+1,1)
—Ly(I+ 1,k k+1,0) +-logu g, 5108 Uy g g1 141

with L, (a, b, ¢, d) == Lir(1 — u,4). We remark that (7)
has a number of desirable properties. It is manifestly DCI
and expected to yield weight-4 polylogarithms, and one can
check that it remains finite even for special cases such as
j=k+1ori=1[+ 1 Moreover, for the generic case we
have 4 four-mass boxes involved, which depend on square
roots A(x,y, k1) = \/(1 —u—v)? — 4uv (where u, v are
defined as above for these four points) etc., and after
integrating over x, y, each needs to be evaluated at
endpoints x = x;,x;,; (similarly for y). Thus the result
must contain the 16 square roots A(i,j, k1),
AP+ 1,j, k1), A, j+ 1,k1), A(i+1,j+ 1,k,1) etc.
as expected.

Rationalization: Uniform transcendentality, algebraic
words and their cancellation.—Had there been no square
root in [y, it would have been straightforward to perform
the twofold integrations in (5). In addition to square roots in
F’s, what is worse is the presence of y’s which makes it
even obscure that the answer must be pure. It turns out that
these issues are resolved by “rationalizing” the square
roots, which have been exploited in the Q calculation [7,8].
The idea is very simple: we make a change of variables
such that there is no square root in /;., then the integral can
be performed e.g., at the symbol level using the
algorithm given in [20], and square roots only appear
via integration domains. Let us consider any of the 4 four-
mass boxes F(x(z), y(7'), *, ), where the square roots are
contained in z(z,7’) and z(z,7'). We make change of
variable from 7 to z(z) (suppressing the dependence
on 7). As for the Z, note that there exist a and b,
which depend on kinematics and 7/, but they are indepen-
dent of 7, such that au(z) + bv(r) = 1. This allows
us to relate 7(z) to z(r) by a Mobius transformation
7=A(z) =[bz+ (1-=b)]/[(a + b)z - b].

Something remarkable happens at this stage: the
prefactor y, together with dlog forms depending
on 7, becomes a beautiful dlog of a rational function
of z(z). The 7 integral for a four-mass box function
becomes

7(0) Z—w . .
/zw) dlogm <L12(1 —z) — Lip[1 = A(2)]

+%logﬁlog{(l -2)[1 —A(Z)]}), (8)

for some w and A(w), both of which are independent of 7.
At this stage, it becomes obvious that /g, is represented as
twofold dlog integrals of weight-2 pure functions.

In this form, one can perform the 7 integration directly,
and it suffices to give the part of the symbol only involving
square roots. The algebraic part of the above integral (8)
gives a beautiful weight-3 “algebraic word” (of the 7/
integrand):

W, el-2 &t (z=w)[A(z) = Aw)]|7=
4( Ot ®z>®<A<z>—w>[z—A<w>L_o’

where we evaluate the symbol at 7 = co, minus that at
7 =0, which results in square roots A(x;,y,*,*) and
A(x;,1,y,*,*). Note that the first two entries are exactly
the symbol of the four-mass box, F(u, v). One can easily
check that these weight-3 algebraic words cancel in the
difference I4,(i, j. k. 1) — 14, (j. k. 1. 7).

Next we need to rationalize the square roots in 7’ of the
above algebraic words to perform the 7’ integration. We
emphasize a major difference between this step and the
previous one from weight 2 to 3: the dlog factors are
manifestly rational due to the absence of a y factor, thus
after we change variable from 7’ to z(7’), the arguments of
dlog’s are given by products of the form (z—w)[z—
A'(w)] rather than ratios. The immediate consequence is
that the last entries of the resulting symbol are free of any
square roots [36]. In the end, we obtain a remarkably
compact expression for algebraic words of the final answer:
the first two entries are given by (the symbol of) four-mass
boxes, the third entry given by algebraic letters, and the last
entry rational ones. Since there are 16 square roots,
A(a,b,c,d) fora=i+o\,b=j+0,, ci=k+o03 d:=
[+ o4 with 6 = 0, 1, the algebraic part of the symbol of
I4(i, j.k,1) can be written as an alternating sum of 16
terms:

Z (_)ZGS[FU +01.j+02.k+03,14+04)]® nyljklm

c,{0,1}

©)

where each term is characterized by a four-mass box
F(a,b,c,d); it is accompanied by the last two entries
denoted as Wéljj,kj_lm, which contains the same square root
A(a,b,c,d) and depends on x,, ...,x; and i, j, k, [.
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(xajk) (xpil)
(xajl) (xpik)

1/z(1-2)

3 (z(l —7) HX)
(xajl) (xpik) (x jl) (xqik)
(xakl) (xpil) (xcij) (xajk)

where the first four terms are given by cyclic rotations of i,
J, k, [ (thus also of a, b, ¢, d), and in the last term, both
[z(1 = 2)]/[z(1 = 2)] and the product [] y are cyclic invari-
ant; the four new algebraic letters are given by

ijk,l ik
Wil ami *)(iz,b,c,d ®

+ cyclic

(10)

{xaxp) (xajk)
_ {xap) (xajk)
a, b cd’ (xaxb>(xdjk>
(xaxy) (xajk)

and cyclic images ;('g’,lcy da ;(]C’."d‘a’ » and ){’dfa p.- Note that the
algebraic letters are special multiplicative combinations of
those found for two-loop NMHV amplitudes in [8].

The way we present W makes manifest a nice symmetry,
Wf,’{j/;;l,%m = W{;z]fﬁ;{,%gl, which guarantees that all square
roots cancel in ldp(i, J. k1) — I4p(j. k. 1, i), as we have seen
at the level of weight-3 integrands. It is even more

|

interesting to see how square roots also drop out for
two-loop MHV amplitudes (given by a cyclic sum of all
I4’s). To see this, we collect algebraic words for a given
square root: it is easy to see that 16 /4,’s contribute, and the
result is given by the tensor product of S[F(x,, x4)] and
the combination

W T 7 (X X X Xg).- (11)
c,€{0,1}

This combination vanishes and hence guarantees the
absence of square roots from two-loop MHV amplitudes.

Final results and checks.—In addition to the algebraic
part, we also compute the remaining part that is free of any
square roots; the computation of the symbol can be done
trivially, as long as we apply the integration rule consis-
tently to the complete weight-3 symbol including the
algebraic words and the rest [37]. We record the symbol
for 14,(1,4,7,10) with n = 12 in [38]. Remarkably, we
find that the complete symbol can be written in a compact
form by organizing it using 8 + 16 combinations of the last
entries with manifest symmetries. Equivalently, we express
its total differential dldp(i, J. k1) as

(ii-li+1)(- 1])(k1)> ; (ij = 1jk)
AR Gy M oe
—(j=ljejj+ )+ <))+ (ko) +(ij < k) (12)

where only rwo independent weight-3 DCI functions,
R; ;; and MM, are needed; each relabeling applies to
all previous terms, giving 8 and 16 images of these
functions, respectively. The algebraic words (10) contrib-
ute to the symbol of M only, while the symbol of R is
rational. We present both symbols in [38], where one
can easily count out the 164 rational letters of the
alphabet.

We have performed thorough checks on our result, such
as the physical first entry conditions and first two entries
conditions which are manifest in terms of R’_,; and M", .
One can easily check that the symbol is DCI, and as shown
in (12) it is symmetric in exchanging (7, j) with (/, k) and in
simultaneous exchange i <> j and k < [, as well as
antisymmetric under i — 1 <> i 4+ 1 etc. A nontrivial check
is to see that the complete symbol is integrable. Moreover,
given the most generic /4, (i, /. k, 1), it is important that any
finite degeneration of the integral remains well defined.
This happens when j = i + 2 (similarly / = k + 2), or k =
J + 2 (similarly between / and i), and they can be viewed as
(multiple) collinear limits of the original integral. We have
checked that in all these cases the symbol remains finite,

|
which also gives results for these special cases. For
example, 74,(1,3,5,7) for n =8 can be obtained from
the generic case by taking four collinear limits; the symbol,
recorded in [38] as well, contains two square roots and 108
rational letters. Last but not least, we take the difference
Idp(l,3,5,7) —Idp(3,5,7, 1) and find perfect agreement
with the component yiysysy; of the 8-point NMHV
amplitude from the Q calculation [7].

Conclusions and outlook—We have computed
the symbol of all finite double-pentagon integrals
Idp(i,j, k,1) (with j > i+ 1 and [ > k+ 1), which also
amount to all-multiplicity, Feynman-integral computation
of the finite part of two-loop MHV amplitudes, and all

XiX jX k1 components with nonadjacent i, j, k, [ of two-loop

NMHYV amplitudes. The alphabet consists of 96 algebraic
letters (6 for each of the 16 square roots), and 164 rational
letters. We see not only desirable physical conditions on
the first two entries, but also more interesting patterns for
the complete symbol. The compact expression (12) with the
symbols of R and M in [38] deserves further investigation,
which also give a compact formula for the square-root-free
symbol of two-loop NMHV components. It would be

231601-5
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interesting to determine the weight-3 functions R and M,
which may have interesting physical meaning themselves.
Of course, it would also be nice to upgrade the symbol to
weight-4 functions (one possibility being the bootstrap
method along the lines of [10]).
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