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Relativistic Bell Test within Quantum Reference Frames
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A still widely debated question in the field of relativistic quantum information is whether entanglement
and the degree of violation of Bell’s inequalities for massive relativistic particles are frame independent or
not. At the core of this question is the effect that spin gets entangled with the momentum degree of freedom
at relativistic velocities. Here, we show that Bell’s inequalities for a pair of particles can be maximally
violated in a special-relativistic regime, even without any postselection of the momentum of the particles.
To this end, we use the methodology of quantum reference frames, which allows us to transform the
problem to the rest frame of a particle, whose state can be in a superposition of relativistic momenta from
the viewpoint of the laboratory frame. We show that, when the relative motion of two particles is
noncollinear, the optimal measurements for violation of Bell’s inequalities in the laboratory frame involve
“coherent Wigner rotations.” Moreover, the degree of violation of Bell’s inequalities is independent of the
choice of the quantum reference frame. Our results open up the possibility of extending entanglement-
based quantum communication protocols to relativistic regimes.
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Introduction.—Since its formulation in 1964, Bell’s
theorem has played a crucial role in quantum theory, both
for its role in understanding the foundations of the theory,
and for its ubiquitous applications in quantum technolo-
gies. In 2015, the first experimental loophole-free violation
of the Clauser-Horne-Shimony-Holt (CHSH) Bell inequal-
ity was achieved [1-3], thereby showing that any locally
causal description of nature can be ruled out.

So far, Bell’s theorem has been verified for massive
quantum particles only in the nonrelativistic regime [4—10].
In the relativistic regime, entanglement and the violation of
Bell’s inequalities are still largely discussed in the liter-
ature, because of the fact that the spin degrees of freedom
lose their coherence due to entanglement with the momen-
tum degree of freedom [11]. If coherence were reduced in
the special-relativistic regime, protocols involving the
violation of Bell’s inequalities would break down for high
velocities of the particles, and the special-relativistic
corrections in the motion of the particles would result in
the introduction of noise. Related to this, there is still
ongoing discussion on whether the violation of Bell’s
inequalities depends on the reference frame: while some
authors claim that it is frame independent [12—19], others
found it to be frame dependent [20-31]. In fact, Lorentz
boosts of the full (spin and momentum) state lead in general
to a loss of coherence in the reduced spin states of two
particles such that different inertial observers seemingly do
not agree on the violation of the CHSH-Bell inequality.
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Moreover, the theoretical tools to address it in full general-
ity are still to be developed since, with the notable
exception of Ref. [28], only quantum particles having a
sharp state in momentum have been considered. In
Ref. [28], the authors conclude that no maximal violation
of Bell’s inequalities is possible without postselecting on
the momenta of the two particles.

The core of the problem in addressing the question on the
violation of Bell’s inequalities in the relativistic regime lies
in the correct identification of a relativistic spin operator.
Several proposals for a relativistic spin operator have been
used in the literature to test the violation of Bell’s inequal-
ities [12-30]. As a result, it is unknown if one can devise a
Bell test for two Dirac particles moving in an arbitrary
superposition of relativistic momenta, which would result
in a frame-independent statement on the violation of the
CHSH-Bell inequality.

Here, we show that the CHSH-Bell inequality for
massive particles in the special-relativistic regime can be
maximally violated without postselecting on the momen-
tum of the particles, thereby solving the open problem. The
key to this result is the definition of a quantum reference
frame (QRF) transformation to the rest frame of a particle
moving in a quantum superposition of velocities
(momenta). Here, by QRF we mean a coordinate system
associated to a quantum (physical) system, whose state can
be in a superposition or entangled with other surrounding
systems. We show that the violation of the CHSH-Bell
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FIG. 1. In A’s perspective (above), the spin sz of the Dirac
particle B depends on its momentum since B is moving in a
superposition of two sharp relativistic velocities vp; and vg,.
Moreover, the state of the laboratory C is in a superposition of
two relativistic velocities —v; and —wv, relative to A. In the initial
QRF A, the spin s, and the Dirac particle B are entangled
(similarly to the singlet state |¥~) = (|1]) = [{1))/V/2) which
is illustrated by the correlation between the dashed and between
the solid arrows. The QRF transformation 3'2 from A to C
coherently boosts the two Dirac particles by the velocity of C and
outputs the perspective of the laboratory (below). In the labo-
ratory frame C, the two Dirac particles A and B are entangled and
both spin s, and sz depend on the corresponding momentum
d.of. A and B.

inequality is independent of the QRF chosen and that, in
particular, it can be maximally violated with a specific
choice of the initial state and by transforming appropriately
the observables from the rest frame to the laboratory frame.
Thanks to the operational identification of the observables
that maximally violate Bell’s inequalities in the relativistic
regime, the range of application of the technologies
utilizing tools from the field of Bell nonlocality, among
which quantum key distribution, quantum communication
complexity, and device-independent protocols (see
Ref. [32] for a comprehensive review) can be extended
to special-relativistic quantum particles. This paves the way
for future applications of these techniques in relativistic
quantum information.

In Ref. [33] a formalism was introduced to generalize
reference frame transformations to when reference frames
are in a quantum relationship with each other, i.e., one QRF
is associated to a quantum state from the point of another
QRE. In addition, this method enables one to “jump” into
the rest frame of a system moving in a superposition of
velocities. The formalism of Ref. [33] was generalized in
Ref. [34] to when the particle constituting the reference
frame moves in a superposition of relativistic velocities. By
introducing a transformation corresponding to the “super-
position of Lorentz boosts,” it was possible to define the

spin operationally in the special-relativistic regime [34], via
a relativistic Stern-Gerlach experiment. A review of the
results obtained when one relativistic particle with spin is
considered is given in Appendix A in Supplemental
Material [35]. The present work extends the methodology
of QRFs to more than one particle to solve the open
problem on the violation of Bell’s inequalities for a pair of
Dirac particles. We note that using the theory of steering
and entanglement for qubit states, as well as our repre-
sentation of the relativistic spin particle as a qubit [34], one
may extend the present schemes to the tasks of steering and
entanglement tests for relativistic quantum Dirac particles.

We consider two entangled particles, A and B, with spin
and moving at relativistic velocities. We indicate with A (B)
the external momentum degree of freedom (d.o.f.) of the
particle, and with s, (sp) the spin d.o.f. of the particle. For
simplicity, we consider the motion of each particle to be
one dimensional, but assume that the two particles, in
general, move on a plane, i.e., the velocities need not be
collinear. In general, this involves a Wigner rotation under
change of QRF.

Collinear motion.—The simplest situation is when the
two particles A and B move along the same spatial
direction, either parallel or antiparallel, from the point of
view of the laboratory frame C. In an arbitrary frame, in
which particles of a multiparticle system can have different
states of momenta, there is the problem of finding a spin
operator which can describe operationally the spin of each
particle. Using techniques from QRFs, we build a trans-
formation to the rest frame of one of the two particles, say
A. In this frame, the operators describing the spin of A
coincide with the usual Pauli operators, and the spin of
particle B can be described relative to them using a suitable
transformation from the rest frame of B to the one of A
using the results of Ref. [34].

We consider a momentum space representation of the
total Hilbert space, where the basis in the rest frame of
A'is |a) |7p; 2(D)) gy, |mc) ¢, With a referring to the spin
state of A, g being the spatial part of the four-momentum
of particle B as seen from A, |75 X(D))p,, =
UBXB(L,,B/mBNO; b)gs,> and b referring to the spin of the
Dirac particle B in its rest frame, as well as the relative
momentum 7. between the laboratory C and the rest frame
of A. Notice that Up, (L,, /my) 1S @ unitary representation of
a pure Lorentz boost acting on particle B and the Lorentz
boost matrix is explicitly given in Appendix B in
Supplemental Material [35].

From the point of view of particle A, the total state is
described by

|’7>SABSB|¢>C7 (1)

|A _
l//>sABsBC -

where
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My = 3 Cap / dus(za)n()la),, |mg 2(B)) g, (2)

ab

is an arbitrary state of spin s, and particle B and

e = / duc(me)p(ae)|me)e (3)

is an arbitrary state of laboratory C. Here, the

(1+1) momentum is 7} = (y/mic* + n7,m;) and the

Lorentz-invariant integration measure is du(m;) =

dmy/(4zy/mic? + n7), with k = B, C. Hence, in A’s per-

spective the Dirac particle B moves in a superposition of
momenta and it can be entangled with the state of spin s,.
This situation is graphically illustrated in Fig. 1.

The QRF transformation S,: HL’: ® H;SB ® ng >
H,le ® H‘BCXB to the laboratory frame is a Lorentz boost
of particle B, controlled on the velocity of the laboratory
from the perspective of A, composed with the QRF trans-
formation S 1 introduced in Ref. [34] and reviewed in
Appendix A in Supplemental Material [35]. Specifically, it
is given by

8, =8,Upy, (L s p/mc). 4)

where §; (defined in Appendix A in Supplemental Material
[35]) corresponds to the QRF transformation from the rest
frame of A to the laboratory frame C acting on the spin s
and the momentum d.o.f. of the laboratory C. Specifically,
S, acts on an arbitrary element of the basis of the total
Hilbert space of the spin s, and on the momentum of
C as S’L|a>sA [7)c = [=(my/mc)m;Z(a)),,,- In addition,
U Bs, (L_#./m.) 18 @ unitary representation of a pure Lorentz
boost acting on the Dirac particle B, where the boost
parameter is promoted to an operator. Since two successive
collinear Lorentz boosts are a pure Lorentz boost, the action
of the QRF transformation 3‘2 on the basis is

$sla),,1wg; 2(b)) py, 7c)

:‘_mmz<a>>ASA|LnB;z'<b>>BsB, (5)

mc

where in C’s perspective the spin of A is entangled with its
momentum d.o.f. and B propagates with the boosted
momentum Lag. Lag refers to the spatial part of
(L_goymo)imy = ply,  where % = (\/mjc? + n, mp).
Notice that the transformation acts nontrivially on the spin
state s, and that, as a result, £’ depends on the momentum.
Furthermore, after the transformation to the laboratory
frame, the relative state of the laboratory from the per-
spective of A is transformed to the relative state of A from

the perspective of the laboratory C, in line with the
formalism for QRFs [33,34] (see also Appendix A in
Supplemental Material [35]).

The state of A and B in the laboratory frame is found by
transforming the state in Eq. (1) with the transformation in

. C & A
Eq. @), ie. W)l 5 = Soly) 5, 0 where

W)k pey = D Cab / dus(pa)dup(pp)n(L™" pp)

a,b
¢<—’;pr)|pA;z<a>>AsA|pB;z/<b>>BsB, (6)

pa = —(my/me)ne, pp refers to the spatial part of ply =
(L_yojm)imy and L™'py refers to the spatial part of
= (L;:/mA)’,fpg, and duy(py), k=A, B is the
Lorentz-invariant integration measure previously intro-
duced. Thus, in C’s perspective the two Dirac particles
A and B are entangled and their spin d.o.f., s4 and sp, are
momentum dependent, see Fig. 1.

In the rest frame of the Dirac particle A a proper spin
observable for its spin state s, is given (as in nonrelativistic
quantum mechanics) by the Pauli operators & .- In
analogy to the one particle case [34], the observable

A
-

55%3 = S’L(ﬂ 3 ® 8§B)3"]L', where the S‘L operator acts on
B, is used as relativistic spin observable for B in the rest
frame of A. Consequently, the joint spin measurement in
A’s rest frame is described by

X'&SA ®y-éﬁE®HC:inyj3§A ®é‘£g®ﬂc7 (7)

ij

where the vectors x and y denote the measurement settings.
Evaluating Eq. (7) for the general state of Eq. (1) requires
the calculation of the corresponding entries of the corre-
lation tensor, which is detailed in Appendix C in
Supplemental Material [35]. For the CHSH-Bell inequality
and the general definition, see Appendix D in Supplemental
Material [35]. With this result, it is easy to show that the
CHSH-Bell inequality is maximally violated for the state

W) e = 1) g s, 1) (8)

where |’7_>SABSR = D itz O fdﬂB(”BM(”B)M)sA
753 2(=4)) s, and oo = +1/V2.

The Bell observable in the laboratory frame is
(see Appendix E in Supplemental Material [35] for
details)

SQ(X'&SA®y'éﬁ8®ﬂc)S;:X'éi,A®y'éi)8. (9)
Note that the observables on A and B are factorized, and

that the two spin measurements on the two Dirac particles A
and B can be performed independently in spacelike
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separated regions; thus, we have shown that it is possible to
extend the Bell test to the special-relativistic domain in the
laboratory C. Because of the unitarity of the QRF trans-
formation 3‘2, the amount of the violation of the CHSH-Bell
inequality is QRF independent. In addition, we find that, in
this configuration, the measurement settings x as well as y
do not change after the QRF transformation (albeit the
observables measured are changed and involve spin and
momenta degrees of freedom on both sides).
Noncollinear relative motion.—The previous treatment
can be generalized to scenarios where the Dirac particle B
and the laboratory C move along different spatial directions
from the QRF of particle A. For simplicity, we demand the
motion of each particle to be one dimensional, so that the
angle £ between the momentum of the Dirac particle 7z and
the laboratory 7 is fixed, i.e., the two systems do not move
in a superposition of directions. Without loss of generality,
we replace the previously considered one-dimensional
momenta by three-dimensional vectors according
to np > wp = (73,0,0) = nge, and - — wc = 7cu,
where u = (u,,u,,0) and |u| = 1. Since ¢ is fixed, we
can treat the motion of each particle as one dimensional by
introducing the projections 7z = @y - €, and 70 = 7 - u.
Thanks to this condition, the state in the QRF of particle A
is formally written in the same way as in the previous case,

ie., |1//>3AB‘BC 1), 55, @) c» Where state vectors are now
printed in bold to differentiate between the collinear case.
Crucially, this allows us to conclude immediately that the
CHSH-Bell inequality is violated in the rest frame of
particle A if we consider the quantum state in Eq. (8)
and the observable x -6, ® y-é;,ﬁ ® 1, with proper
measurement settings x and y.

However, the description in the laboratory frame
is different now due to an additional Wigner rotation
[36,37] of the spin d.of. sz. The Wigner rotation
appears, in contrast to the previous discussion, because
the laboratory C and the Dirac particle B do not move
along the same spatial direction from the viewpoint
of the rest frame of A. Specifically, with the (1 + 3)-
dimensional extension of the previous QRF transformation
S, = S‘LUBSB(L ), we get

—fc/me

my

Sola), 25 E(6)) gy Imche = '—m—cnc;z<a>>
Asy

UBsB(L—n:c/mc)f]BsB(Ln:B/mB)lO;b>BsB' (10)

The two successive noncollinear (3 # 7) Lorentz boosts
on particle B result in a Wigner rotation of its spin
and a pure boost taking its momentum to pp, where

(L—Jrc/mc) g = PB = (PB,pB) according to

- UBS‘B(LPE/"‘! [HB ® Rs,;( )]|O;b>BSB

UBSB( —n:c/mc)f] ( nB/mB)|0;b>BsB
)
(b)) ps,»

= |ps; Z(R (11)
where IAQSB(Q) is the Wigner rotation about the axis
orthogonal to the directions of the two boosts
U Bsy(L_z./m.) and U Bsy (L, /m,)- In general, the spin is
rotated in a superposition of angles, depending on the
eigenvalue of the operators 7z~ and &z when they act on a
basis of the total Hilbert space.

The rotation is specified through Q = Qn, |n| = 1. More
specifically, the spin sy is rotated about the axis

X
_ B XTc _ e, =(0,0,1)
g X 7|

(12)
by the angle Q which is given by

I+ 771'3 + 771C + }/LnB

cosQ =
<1 + 77(3)(1 + yﬂ(_‘)(l + yLn'B)

-1, (13)

where Lmp refers to the spatial part of

(L—ﬂc/mc) ”B’ Ya, = \/ 1 +7t%/m%627 Virmy = 7/71'3]/7!'(7(1_

Bz, Pr.), and B, =m;/y/mic* + m; with k = B, C.

Consequently, the rotation operator is R(Q) =
e ¥%/2 = 1 cos(Q/2) — i6, sin(Q/2). Thus, the axis of
rotation is fixed and the rotation angle Q depends on the
relative orientation as well as on the magnitude of the two
momenta g and 7, i.e., Q = Q(xp, 7). This implies that
the Wigner rotation is controlled on the momentum of the
two particles.

Starting in A’s rest frame with the state

W) s = ) s, ) (14)

where |71>5ABSB :Za,bcabfdﬂB (7[3)7’](753) |a>sA |”B;Z(b)>BsB
and |@)c = [duc(nc)p(zc)|me) c we obtain the total state
in the laboratory frame

|'I/>IACKABSB = SZ|W>LI:BSEC = anb / dus(pa)dus(pg)
a,b

n(L~'pg)e (‘ Z_ij> IPas2(a)) as, IP5; Z(R(D))) gy,
(15)

where p, = —(my/m¢)me and L' py refers to the spatial
part of = (L, )/ph With this, we find Q=
Q(p4,pp) in the laboratory frame C, where the rotation
is also about the z axis and
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1+ Tps + Vps + Vipg

cosQ =
(I +yp )1+ 7p,) (L +72p,)

-1, (16)

where the notation is consistent with the one adopted
in Eq. (13).

The calculation of the Bell observables in the laboratory
frame G‘ch = Sz(-x 6, QY Bz, ® 1¢)35, carried out in
detail in Appendix F in Supplemental Material [35], yields

Go = (x8, ®lg,,)

S 0 (Barbs) ® Ty, ® 1,,)(Ta,, ®EFL ), (17)

J

where yf(f) A1, Pp) refers to the jth component of
Y (Pas Pp) = ¥ cos[Q(Pa, Ps)] + n(n - y)(1 — cos[Q(Pa,
Pz)]) + (n x y) sin[Q(P4, Pg)]. Notice that in the case of
sharp momenta p, and pp the rotation is specified by a single
angle, however, if the particles move in a superposition of
momenta, the measurement setting y® is ‘“coherently
rotated” with respect to its initial setting y. In order to
measure the observable of Eq. (17), one observer (Alice)
measures a local observable on particle A, but another (Bob)
measures the spin sp along a direction depending on A’s
momentum, because CA}‘XCy # G}, ® (A}%RSB. Instead, the
measurement setting y® (p4, p5) depends on both momenta
of the particles A and B. Nonetheless, the fact that the
operators no longer factorize does not violate the locality
assumption of Bell’s theorem: it is possible to devise a Bell
experiment in which the events, consisting of choosing the
settings for the spin and observing spin outcome in the two
laboratories, are spacelike separated. Specifically, Alice
could entangle an auxiliary system M with the momentum
of her particle before choosing the settings, and then send M
to Bob. In that case, the observable becomes

[

G = [x-&p, ® Tn,)[Vay, ® Y (Bus-Bs) - Ep,]

= 6Y, ® Gl (13)

where x - é‘fu and yR (P, Pg) - éf,g are the scalar products
between the measurement settings in the reference frame of
C and the spin operators of the two particles. In the rest
frame of A, we consider the measurement settings
x; = (0,1,1)/v2, x,=(0,1,-1)/v/2, y, =(0,1,0)
andy, = (0,0, 1). Hence, the rotated measurement settings
in the laboratory frame yX(p,,, p3) are

—sin [Q(Py, P)]
cos[Q(Py. Ps)]
0

—%
I

0
and y¥=10|=y.
1

(19)

This rotated setting is obtained simply by inserting y;
and y, in Y*(Py, Pg) = ¥ cos[Q(Py, Ps)] + n(n - y)x
(1 = cos[Q(Py. P5)]) + (m x y) sin[Q(Py. Pp)] Where
n=e,.

Conclusions.—We have shown how to devise a relativ-
istic Bell test with Dirac particles, by introducing opera-
tionally well-defined spin operators. Key to the result is the
introduction of a transformation to “jump” to the rest frame
of a general quantum system, in the case where two Dirac
particles are moving in a superposition of relativistic
velocities. This transformation is built by making use of
a formalism to describe physics from the perspective of a
quantum reference frame introduced in Refs. [33,34]. We
hence settle the controversy on the violation of Bell’s
inequalities in different (quantum) reference frames, and by
providing an operational identification of the observables
that maximally violate Bell’s inequalities in a special
relativistic setting, we show that, regardless of what the
state of the external degrees of freedom of the particle is,
such a maximal violation can be always achieved for
particles moving in a superposition of relativistic velocities.
This paves the way for the extension of known quantum
information technologies, such as quantum communi-
cation complexity, quantum key distribution, and device-
independent protocols, to massive relativistic spin-1/2
particles moving in a superposition of velocities.
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